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Maximum likelihood estimators have been developed for the gamma distribution when there is missing time-to-failure informa-
tion. Data sets with missing time-to-failure data can arise from ®eld data collection systems that rely on recorded observations of
the system by the operators and maintenance personnel. In many regards, this type of data is highly desirable because it implicitly
accounts for all actual usage and environmental stresses. Unfortunately the component times-to-failure are not always recorded for
®elded systems because of a lack of elapsed time meters, unsatisfactory data reporting requirements, or incomplete or lost
information. When only data of this type is available, it creates a non-standard form of data censoring and it has generally not been
possible to ®t most common time-to-failure distributions. Reliability practitioners have sometimes made unsubstantiated sim-
plifying assumptions so the data can be used. In this paper, a more rigorous approach is presented. Maximum likelihood estimators
are derived and demonstrated for the gamma distribution based on merged data records where the individual failure times have not
been recorded. These results are important because the gamma distribution can model diverse time-to-failure behavior. This
provides a particularly useful tool for data sets that may otherwise not be satisfactorily analyzed.

1. Introduction

Timely and accurate reliability data is needed to analyze
system designs and to aid in decision making. Reliability
data pertaining to components installed in ®elded systems
is desirable because this type of data inherently captures
the usage and environmental stresses associated with the
actual usage conditions. It is not always possible to ac-
curately anticipate or simulate these stresses in a labora-
tory or even in a ®eld test.
Data from ®elded systems is often recorded by the

actual system owners as they use the system for its in-
tended purposes and then maintain the system upon
failure. Data collection is generally performed passively
by the system owner or user. This type of data collection
is often uncontrolled and important details are not always
recorded or they can be lost. In particular, the actual
times-to-failure are often not recorded even though the
failure itself has been faithfully noted. This is somewhat
understandable because the elapsed time meter records
time for the entire assembled system and not the indi-
vidual components. Additionally, many maintenance
personnel understand that their primary responsibility is
to maintain systems, and not to record data. While this is
understandable, it is also unfortunate because reliability
data is required to support many design and logistics
decisions.

Many large organizations such as the US Air Force
and Navy, and utility companies develop ambitious reli-
ability databases to track the ®eld reliability on the sys-
tems they operate and maintain. Inputs to the database
come from a variety of sources but generally include
maintenance and operator records. The magnitude of
such e�orts often leads to compromises in the level of
details tracked on system and component failures.
The Reliability Analysis Center (RAC) is a US DoD
Information Analysis Center, operated by IIT Research
Institute, dedicated to the collection and dissemination of
reliability data for components operated in ®elded sys-
tems [1,2]. It is the largest publicly available source of
reliability data. For a variety of reasons, over 90% of
their data does not have the individual failure times re-
corded. Table 1 presents data on aircraft indicator lights
[1] from this database. Individual time-to-failure infor-
mation is not available. However, the total number of
failures and the cumulative operating hours are available.
Parametric assumptions are often made to model

component time-to-failure and to estimate component
reliability based on empirical data. Estimation of the
distribution parameters relies on the explicit knowledge
of observed times-to-failure, censor times and the appli-
cable form of data censoring. If failures are observed in
®elded systems, but the failure times are not faithfully
recorded, it results in a non-standard form of random
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data censoring which can not be accommodated by
available techniques. To address this problem, Maximum
Likelihood Estimates (MLE) for the gamma distribution
with missing times-to-failure are developed and demon-
strated in this paper.
There has been other research concerned with the use

of data with missing attributes. Dey [3] has developed a
simulation model to observe the behavior of grouped
data and test an exponential distribution assumption.
Coit and Dey [4] have developed and demonstrated a
hypothesis test to evaluate an exponential distribution
assumption when there is missing time-to-failure data. In
this work, the grouped exponential data was modeled
using a k-Erlang distribution. The hypothesis test was
demonstrated to successfully reject the exponential
distribution when it was not appropriate even without
detailed knowledge of component time-to-failure.
Usher [5] and Lin et al. [6] have developed techniques

to analyze time-to-failure data and determine component
Weibull distribution parameters when every system time-
to-failure is observed and recorded, but not all system
failures have been su�ciently diagnosed to identify the
failed component. Wang [7] has developed a graphical
approach for evaluating repairable system reliability
when the data is grouped together and the populations
are changing.

2. Assumptions and notation

The following assumptions were made concerning the
component failures and data collection system.

· Component times-to-failure are iid.
· Component time-to-failure is distributed in accor-
dance with a gamma distribution.

· Repair times are insigni®cant compared to operating
time.

· System repair does not degrade or otherwise a�ect
the reliability of the unfailed components.

The following notation is used in the development of
the gamma distribution MLEs.

k,k = gamma distribution parameters,
f �t� � kktkÿ1 eÿkt=C�k�;

k̂; k̂ = Maximum Likelihood Estimates (MLE) of
k and k;

r = number of observed failures;
Trj = jth cumulative operating time with r fail-

ures = X1 � X2 � � � � � Xr
Xi = ith time-to-failure;
nr = number of data records with exactly r fail-

ures;
n = �n1; n2; . . . ; nm�;
m = maximum number of failures for any data

record within a data set = max r nr > 0jf g;
N = number of data records, N �Pm

r�1 nr;
M = total number of failures associated with all

N data records, M �Pm
r�1 r nr;

�t = average time-to-failure =
Pm

r�1
Pnr

j�1 Trj=M ;

G(z) = gamma function =
R1
0 uzÿ1eÿudu.

3. Attributes of ®eld data

For the assessment of component reliability, ®eld data
has many distinct advantages. The principal advantage is
that the operational and environmental stresses are those
which are of most importance, i.e., the actual usage en-
vironment. In the ®eld, the stresses are applied simulta-
neously and variable interactions are implicitly
considered. Alternatively, even the most faithful and
rigorous laboratory testing will fail to precisely simulate
all ®eld conditions. For this reason, there are many
dedicated company-speci®c and industry-speci®c ®eld
data collection programs.
For all of the advantages of ®eld data, there are also

disadvantages, including incomplete or inaccurate data
reporting, uncon®rmed component failures and others.
Several of these disadvantages are described in more de-
tail by Coit et al. [8]. The disadvantage to be addressed in
this paper is the fact that the individual times-to-failure
are often missing. The data is often only available in the
form of r collective failures observed in Trj cumulative
hours with no further delineation or detail available [1,2].
r and Trj are known but the individual failure times are
not. Analysts may have many of these merged data
records available for the same component. Table 1 pre-
sents a data set of this type.

3.1. Missing failure times

Generally, elapsed time meters record the operating hours
(or other measure) of an assembled system as opposed to
individual components within the system. Component-
level time-to-failure is then determined as the di�erence
between the system operating time when the component
was installed (perhaps as a replacement for a previous
failure) and the system operating time when the same
component fails. However, the system operating times are
not always faithfully recorded by ®eld operators and

Table 1. Airplane indicator light reliability data [1]

Failures Cumulative operating
time (hours)

2 T21 = 51 000
9 T91 = 194 900
8 T81 = 45 300
8 T82 = 112 400
6 T61 = 104 000
5 T51 = 44 800
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maintenance technicians. This is unfortunate because
accurate estimation of component time-to-failure distri-
bution parameters is needed to determine preventive
maintenance intervals and warranty periods, to study the
failure patterns of various failure mechanisms, and to
evaluate whether the component should be used in future
designs.
When the system operating time associated with a

component ®eld failure is observed and accurately re-
corded, the only information that may be known is the
total number of component failures since the previously
recorded failure time for that component. The interme-
diate times-to-failure are not known although the total
number of failure events is known. The system operating
times for the other failures, since the last one recorded,
may not have been recorded or were lost due to poor
record keeping.
If only the cumulative number of failures and operating

hours are known, the MLE for the exponential distribu-
tion can still be used because this information is su�cient.
However, the exponential distribution may be inappro-
priate for the failure mechanisms being studied.
Consider the graphical depiction of a data set given in

Fig. 1 for a system that is designed with a single critical
component of interest. In the ®gure, S represents the
elapsed time recorded for the system. When the compo-
nent fails, the repair action is to remove the failed com-
ponent and install a replacement. In the ®gure, eight
successive failures are observed for the particular com-
ponent corresponding to eight system failures. The total
number of failures is known from maintenance logs but
the system operating time was only accurately recorded
for the ®rst, fourth, sixth and eighth failure. Therefore all
component times-to-failure are missing (i.e., unknown)
except the ®rst, X1. For this data set m = 3, N = 4,
M = 8 and n = (1, 2, 1). The resulting data set consists
of T11, T21, T22 and T31.
More advanced analytical techniques are presented

here to address this non-standard data type. However,
it needs to be emphasized that the best solution to
this problem is not achieved via analytical means.
This problem can only truly be resolved through the
implementation of better data collection policies and real-

time data-capture technology to minimize the reliance on
maintenance and operator personnel records.

3.2. Time-to-failure distributions

For standard data sets, there are well-known techniques
to estimate parameters for many distributions and types
of censoring, and to objectively evaluate the applicabil-
ity of these distributions. Thorough descriptions of these
techniques are presented in Mann et al. [9], and also
Barlow and Proschan [10]. However, the analysis of
reliability data with missing times-to-failure is a non-
standard problem and it is not addressed in these ref-
erences.
Without individual time-to-failure data, it is impos-

sible to ®t the data to most popular distributions (e.g.,
gamma, Weibull, lognormal) using standard techniques
such as MLE or regression analysis. However, the
MLE for the exponential distribution with Type I or II
censoring only depends on the number of failures and
the cumulative hours. This is a product of the well
known memoryless property associated with the expo-
nential distribution.
The limitations of the available ®eld data and the

simplicity of the exponential MLE have been used to
rationalize the exponential distribution in applications
where it would seemingly be a poor choice. The constant
hazard function associated with the exponential distri-
bution is not intuitively appropriate for most failure
mechanisms which can be attributed to the accumulation
of stress, such as fracture, fatigue, corrosion and wear
mechanisms. Unfortunately, it is di�cult to challenge the
exponential assumption empirically because of the nature
of the data that is often available from the ®eld data
systems.
Incorrect assumptions of the underlying distribution

can have dire consequences. For many ¯edgling compa-
nies, major decisions are made with limited data being
used as rationale. When an incorrect distribution is as-
sumed, particularly for reasons of convenience, it is par-
ticularly dangerous.
The gamma distribution is a well-known, ¯exible dis-

tribution that can model many particular component
failure mechanisms. Methods to determine MLE esti-
mates are available [11] for Type I, Type II and chrono-
logically grouped failure data. However, none of the
available MLE estimators pertain to the data type de-
scribed in this paper.

4. Gamma distribution maximum likelihood estimates

4.1. Distribution of cumulative time-to-failure

The approach to determine gamma distribution MLEs is
to develop a likelihood function based on theFig. 1. Example with missing component time-to-failure.
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distribution parameters (k, k) and observed r and Trj
values rather than times-to-failure and censor times
(which are not known). When time-to-failure, Xi, is dis-
tributed according to a gamma distribution, then Trj is
distributed in accordance with a related gamma distri-
butions for ®xed r.

Xi = component time to failure;

Xi � gamma(k, k), E�Xi� � k=k, Var�Xi� � k=k2;
Trj =

Pr
i�1 Xi;

Trj � gamma(k, rk), E�Trj� � rk=k, Var �Trj� � rk=k2.

Trj is a random variable depending on speci®ed r. If r
is also a random variable, then consider T as the as-
sociated cumulative time-to-failure for random r. The
density function for Trj is then a conditional probability
density function for T. Furthermore, the density func-
tion for T can be expressed as a sum of conditional
terms.

fTr�t� � fT �t jr� � krkt rkÿ1 exp ÿkt� �
C�rk� ; �1�

fT �t� �
X1
r�1

fT �t jr�Pr�R � r�;

where Pr(R = r) is the probability that a randomly
selected data record includes exactly r failures.
Consider a speci®c observed data set with N data

records. For each of the N data records, r and Trj are
known. The set of cumulative operating times (Trj)
form a non-homogeneous population that can be
modeled using a mixture model [11]. The Trj variables
are associated with di�erent distributions (depending on
r), but the distributions are related gamma distribu-
tions.
Mixture models are generally used when there is a non-

homogeneous population composed of distinct subpop-
ulations. The most common situation is when the
proportion of each subpopulation is known, or can be
estimated, but it is unknown which members belong to
which subpopulations. A common example is in semi-
conductor manufacturing where there is a subpopulation
of weak or ¯awed devices but it is di�cult or impossible
to sort the population into the two subpopulations
(¯awed and good) prior to introducing the components
into the ®eld.
The probability density function for a non-homoge-

neous population can be expressed as a weighted sum of
the respective probability density functions. The weights
represent the probability that a randomly selected mem-
ber of the population is from a particular subpopulation.
For the problem being addressed here, the subpopula-
tions are characterized by the number of failures within
the merged data set. The weights are the probabilities that
a randomly selected Trj, from the N data records, has r
failures. This probability is nr=N .

fT �t� �
X1
r�1

krktrkÿ1eÿkt

C�rk� Pr�R � r�;

fT �tjn� �
Xm

r�1

krktrkÿ1eÿkt

C�rk�
nr

N
;

fT �tjn� � 1

N

Xm

r�1

nrk
rktrkÿ1eÿkt

C�rk� : �2�

4.2. Maximum likelihood estimate

A likelihood function for k and k can be presented di-
rectly based on the observed data and Equation 2. The
likelihood function, L�k; k�, is expressed as a product of
fT �tjn� for the N data records within a data set.

L�k; k� �
Ym
r�1

Ynr

j�1

1

N

Xm

i�1

nik
ikT ikÿ1

rj eÿkTrj

C�ik�

" #( )
: �3�

Estimates of k and k can be obtained using a Newton
search to minimize L�k; k�. An alternative and preferred
likelihood function can be developed by exploiting the
observation that the subpopulations are clearly identi-
®ed within the overall population. The alternative like-
lihood function can be expressed as the product of the
conditional density functions for Trj, fT �tjr�, from
Equation 1.

L�k; k� �
Ym
r�1

Ynr

j�1
fT k; kjTrj
ÿ � �Ym

r�1

Ynr

j�1

krkT rkÿ1
rj eÿkTrj

C�rk� ;

� exp ÿk
Xm

r�1

Xnr

j�1
Trj

 ! !Ym
r�1

Ynr

j�1

krkT rkÿ1
rj

C�rk� : �4�

ln L�k; k� � ÿkM �t �Mk ln k� k
Xm

r�1

Xnr

j�1
r ln Trj

ÿ
Xm

r�1

Xnr

j�1
ln Trj ÿ

Xm

r�1
nr lnC�rk�: �5�

Taking partial derivatives of the log-likelihood func-
tion with respect to k and k yields,

k :
@

@k
lnL�k; k� � ÿM �t �Mk

k
� 0; k � k̂=�t: �6�

k :
@

@k
lnL�k; k� � M ln k=�t� � �

Xm

r�1

Xnr

j�1
r ln Trj

ÿ
Xm

r�1
rnrw�rk� � 0; �7�

where, w�rk� � C0�rk�=C�rk�.
The digamma function, w(rk), can be approximated

very accurately using the following Equation [11].
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w�rk� � ln�rk� ÿ 1

2rk
ÿ 1

12�rk�2

� 1

120�rk�4 ÿ
1

252�rk�6 � � � � : �8�

Therefore, k can now be readily solved, from Equations
(7) and (8), to determine k̂ using a Newton±Raphson
search or simply a bisection search. k̂ is then substituted
into Equation (6) to determine k̂. In summary,

k̂ � k
Xm

r�1
rnrw�rk� ÿM ln k � K 0

�����
( )

where K 0 �Pm
r�1
Pnr

j�1 r ln Trj ÿM ln �t and k̂ � k̂=�t
The resulting gamma estimates should then be for-

mally tested for goodness-of-®t using standard methods
such as the Chi-squared test, observed Trj data and
Equation (2).

5. Examples

The MLEs developed in the previous section were dem-
onstrated and evaluated on ®ve examples. The ®rst
example was the airplane indicator light example
presented in Table 1. This data is from the RAC database
[1]. For this example, m = 9, N = 6, M = 38 and n =
(0,1,0,0,1,1,0,2,1). The remaining examples use simulated
data. Simulated data is useful to evaluate statistical esti-
mators because the underlying distribution parameters
are known.
The simulated data sets are presented in Table 2. To

generate a simulated data set, gamma distribution
parameters and an n vector are required. For the four
simulated examples, gamma shape parameters of one and
three were selected. n and 2n were chosen using n from
Example 1 as typical values for ®eld data, and k � k=�t

was computed using the average failure time from Ex-
ample 1.
The MLEs are presented in Table 3. The estimates

were e�ciently found using a quasi-Newton search on a
Personal Computer using the data solver routine on a
readily available spreadsheet program.
To evaluate the MLEs, the simulation was repeated for

a total of 1000 iterations for Examples 2 through 5. For
each iteration, k̂ and k̂ were calculated. For a small
percentage of the simulated cases (<0.3%), the quasi-
Newton search would not converge to a solution. For the
remaining simulation cases, the results are presented in
Table 4. The table presents average parameter values and
standard errors. Also presented in Table 4 are the theo-
retical standard error estimates [12] from an analogous
hypothetical data set with no censoring.
As can be seen from Table 4, the parameter estimates

are biased. It is not unusual for MLEs to be biased with
limited data. As can be observed from the results in the
table, the bias is reduced as N increases. Recommenda-
tions to reduce bias for gamma distribution MLEs are
presented in Bain and Engelhardt [12] and Lee [13].
The Table 4 results also show that the standard error is

much lower for the case with M uncensored data records
compared to N merged data sets. This demonstrates that
there is a signi®cant penalty when time-to-failure data is
missing. These new MLE estimators provide additional

Table 2. Data for simulated examples

Example 2 (k = 1,
k = 0.000 068 79)

Example 3 (k = 3,
k = 0.000 2064)

Example 4 (k = 1,
k = 0.000 068 79)

Example 5 (k = 3,
k = 0.000 2064)

Failures Trj Failures Trj Failures Trj Failures Trj

2 28 131 2 46 170 2 32 054 2 34 400
5 61 363 5 83 170 2 30 832 2 13 950
6 64 995 6 88 950 5 85 771 5 47 060
8 98 859 8 110 530 5 31 147 5 75 770
8 145 683 8 103 210 6 37 169 6 78 720
9 37 607 9 93 010 6 94 708 6 102 790

8 45 844 8 105 040
8 77 176 8 111 010
8 153 207 8 82 460
8 107 193 8 122 650
9 122 848 9 162 500
9 108 142 9 118 100

Table 3. Example results

Example
number

k̂ k̂

1 0.70 0.000 0484
2 0.70 0.000 0609
3 3.43 0.000 2483
4 1.06 0.000 0870
5 3.44 0.000 2479
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capabilities to analyze data sets that previously could not
be used to determine distribution parameters. However,
the best approach to this problem is to avoid it. Im-
provement of data collection practices is a better solution
to this problem than the use of additional analytical
techniques.

6. Conclusions

When failure times are missing, practitioners sometimes
assume that the exponential distribution is appropriate so
that they can use the data. A preferable and more rig-
orous approach has been described involving the deri-
vation of maximum likelihood estimators for the gamma
distribution. These results are important because the
gamma distribution can model diverse time-to-failure
behavior. This provides a particularly useful tool for data
sets that may otherwise not be satisfactorily analyzed.
It should be emphasized that an analyst should never

indiscriminately choose a distribution without some
physical, theoretical or empirical rationale.However, there
are several observations that can be made. The gamma
distribution is capable of modeling a variety of di�erent
probability density functions (and hazard functions).
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Table 4. MLE evaluation results (1000 iterations)

k k n/2n k̂ k̂

Median Mean Standard
error

Standard
error

uncensored *

Median Mean Standard
error

1.0 0.000 068 79 n 1.32 1.77 1.319 0.232 0.000 0951 0.000 124 0.000 0972
3.0 0.000 2064 n 3.50 4.34 2.656 0.761 0.000 243 0.000 301 0.000 189
1.0 0.000 068 79 2n 1.13 1.38 0.654 0.152 0.000 0773 0.000 0875 0.000 0445
3.0 0.000 2064 2n 3.25 3.61 1.652 0.497 0.000 224 0.000 252 0.000 118

* this is a theoretical standard error based on unbiased estimates of k and k and M uncensored data records; for Examples 1 and 2, M = 38; for
examples 3 and 4, M = 76
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