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In the development of new electronic systems the planning of reliability growth tests has become both more critical and more difficult
as available testing budgets have diminished. Previously, system designers were able to plan and implement relatively lengthy
reliability growth test plans to assist in the development of reliable systems. A new method is presented to allocate subsystem
reliability growth test time in order to maximize the system mean time between failure (MTBF) or system reliability when designers
are confronted with limited testing resources. For certain problems, the algorithm yields the same results as competing approaches to
the problem but with significantly fewer required iterations. More significantly, the new algorithm applies to a larger problem
domain compared to analogous algorithms. Much more realistic formulations of the problem can now be solved optimally. The
algorithm is based on objective function gradient information projected onto a feasible region that consists of candidate test plans
given the testing budget constraint. The algorithm is demonstrated on several examples with superior results.

1. Introduction

Integrated reliability testing programs for electronic sys-
tems development generally include reliability growth
testing, reliability qualification testing and environmental
stress screening (ESS). Reliability growth testing is par-
ticularly important when system reliability is a critical
concern but the system design is new and unproven. In
the past, the development budgets for electronic systems
were sufficiently large so that allocation of resources for
subsystem level testing was a relatively minor concern
because each subsystem could be tested for extended time
periods. However, in the current business climate in-
volving shorter development schedules and tighter bud-
gets, allocation of reliability growth test times becomes
critical. System designers must allocate testing resources
to effectively maximize the resultant benefits.

Reliability growth testing provides a systematic meth-
od to conduct developmental testing, to track the pro-
gress of reliability improvement efforts and to predict
system reliability given the observed (or anticipated) rate
of improvement. Reliability growth testing has been
adopted by many industries, including defense [1], as an
integral part of system design activities. Recent experi-
ences using reliability growth testing in the automotive
and cellular telephone industries have been described by
Freind [2] and Bothwell ef al. [3], respectively.

For any large system development effort, it is neither
practical nor cost-effective to conduct reliability growth
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testing with the entire system in a fully configured state.
At the early stage of system development when reliability
growth testing is performed, it is more practical to con-
duct the testing at the subsystem level. Sometimes, the
individual subsystems are not even being produced in the
same facility. Additionally, it is very likely that the ma-
turity of the design will be different for each subsystems,
and thus, the benefit to be realized from reliability growth
testing will naturally differ. Without proper allocation of
test times, it is very likely that a limited testing budget will
be consumed by testing individual subsystems which offer
little potential for additional gains in system reliability.

Rajgopal and Mazumdar [4,5] have demonstrated that
it is often less costly to conduct reliability qualification
testing at the subsystem level, and they have developed
optimal subsystem-level reliability qualification test
plans. It is even more important to develop optimal
subsystem reliability growth test plans because this test-
ing is already often conducted at the subsystem level, and
if done properly, it will yield the largest net return for
testing expenditures.

2. Reliability growth testing

Reliability growth testing, also known as Test-Analyze-
and-Fix (TAAF) testing, involves the testing of a system
early in the development cycle when the design is imma-
ture and design changes can be implemented more
readily. The design is still evolving at this point and
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system reliability is improving as compensatory design
changes are made in response to observed failures.

This type of testing has many advantages compared to
reliability qualification testing. One advantage is that it is
not necessary to wait until all design efforts have been
completed to initiate a reliability testing program. An-
other attractive feature of reliability growth testing is that
the emphasis is on reliability improvement as opposed to
reliability measurement.

The concept of reliability growth testing was intro-
duced by Duane [6] who was involved in developmental
testing of aircraft engines. Crow [7] has further studied
reliability growth and proposed that the improvement in
reliability can be modeled by a nonhomogeneous Poisson
process. He formalized his findings with the popular
Crow/AMSAA model with corresponding maximum
likelihood estimators for model parameters and good-
ness-of-fit tests. Other reliability growth models have also
been proposed including those of Lloyd [8], Robinson
and Dietrich [9,10], and Crow [11-13] who has continued
to extend his original findings.

The reliability growth philosophy is to begin reliability
testing early in the design and development process,
generally exposing the test item to environmental stresses
simulating actual usage stresses. When failures are ob-
served, failure analysis is conducted and the appropriate
failure mechanism and cause are identified. Then, the
design is physically changed to prevent or minimize
future occurrence of the same failure mechanism.

In practice, it is generally not possible to implement
design changes in response to 100% of observed failures.
However, the reliability growth philosophy requires the
investigation of all observed failures and the implemen-
tation of “fixes” for those failure modes which demon-
strate a failure rate that does not support attainment of
the system reliability goal. The Duane and Crow/AM-
SAA models do not require the assumption that the
“design fixes” are always successful nor do they assume
that the likelihood of an observed failure mechanism falls
to zero once a design change has been made. Instead, the
collective rate of improvement is used to estimate the
reliability given that the design changes have been in-
corporated.

The Crow/AMSAA reliability growth model is as fol-
lows:

E(N()) = Ax)’,
u(t) = 1p(z)’ ",

where,

N(t) = number of observed failures in (0, 7);
u(t) = failure intensity (sometimes called the
instantaneous failure rate);
2, p = model parameters (1 >0, > 0);
7 = development test time.
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For 0 < f < 1, failures during development testing
occur as a nonhomogeneous Poisson process with a de-
creasing failure intensity. Then, when development test-
ing is concluded at time 7/, subsequent failures in actual
(or field) conditions arrive in accordance with a homo-
geneous Poisson process at a constant rate of u(7). In
other words, failure intensity is decreasing during devel-
opment testing and constant thereafter. This is logical
because design fixes are being implemented to prevent or
minimize the occurrences of observed failures during the
testing program. Then, improvement ceases at the con-
clusion of testing because it is no longer practical or cost
effective to incorporate design changes in response to
each failure.

In accordance with the Crow/AMSAA model, the
interarrival times are distributed according to the expo-
nential distribution after completion of the reliability
growth test. Ferdous et al. [14] have studied the same
problem with Weibull interarrival times.

After reliability growth testing (for time 7’), the MTBF
(i.e., the mean interarrival time) and the system reliability,
R(t), for time ¢, are given by the following equations. For
most system development programs, the system-level
objective is to maximize MTBF or R(¢) or to achieve a
stated requirement. Since the failures occur as a homo-
geneous Poisson process after the reliability growth
testing, MTBF is constant.

1
MTBF = =
u(t’)

R(t) = exp(—u(t')t) = exp(—iB()"2).

In practice, reliability growth testing is generally con-
ducted for large systems at the subsystem level. It is
generally not practical to fully assemble the system given
the early stage of system development. Also, the potential
benefits of reliability growth testing will usually not be the
same for each subsystem. This is often known, or can be
anticipated, in advance. If certain subsystems are non-
developmental items (NDI) or they have very minor
changes from a previous application, then their designs
are likely to be mature and there will be very little benefit
to be gained from a formal reliability growth test. To
apply the Crow/AMSAA model at the subsystem level,
the subsystems must be complex in the sense of having a
large number of failure modes.

It is assumed that the individual subsystems are ar-
ranged in a series configuration. When reliability growth
testing is conducted at the subsystem level, the system-
level failure intensity in the working or field condition
(after the conclusion of reliability growth testing) is the
sum of the individual subsystem failure intensities. This is
because the superposition of independent homogeneous
Poisson processes forms another homogeneous Poisson
process.



Economic allocation of test times

Although reliability growth tests are often conducted at
the subsystem-level, the principal design objectives are
still system-level objectives such as the system reliability
(for time ¢) or the system MTBF. Therefore, allocation of
testing resources for the subsystem-level reliability growth
tests must recognize the system-level design objectives.
The rate of the resulting system failure process depends
on the individual subsystem processes. Since the subsys-
tem failure processes are affected by the amount or allo-
cation of reliability growth testing, it becomes imperative
that the testing times be allocated intelligently when there
is a limited testing budget.

Three common approaches used by practitioners to
allocate subsystem-level test plans are:

(1) Test for multiples of a predicted (i.e., analytical)
subsystem MTBF.

(2) Add test time based on incremental improvement
in the lowest subsystem MTBF.

(3) Equal allocation of test time across all subsystems.

The first approach involves multiplying a predeter-
mined factor by an independently developed predicted
MTBEF. The logic being that the subsystems with the
highest MTBF will require more testing so that failures
can be observed and improvements made. The second
approach involves allocating test time based on the rank
order of the failure intensities. The third approach simply
equally allocates available test time or resources to each
subsystem. Each of these approaches is inefficient and can
produce decidedly nonoptimal results.

Campbell [15] has proposed a more rigorous and effi-
cient approach to the allocation of subsystem test time.
He defined a test time increment, say At. Then, starting at
time zero, test time increments are successively allocated
to the individual subsystem offering the highest marginal
decrease in failure intensity based on the Crow/AMSAA
model. The procedure continues until all available test
time has been allocated. This procedure is intuitive and
offers significant improvements compared to other ap-
proaches. Additionally, as At becomes small, Campbell’s
method approximates a gradient search. Deficiencies with
this approach are that: (1) it does not accommodate
constraints on testing cost, as opposed to testing time;
and (2) to obtain near-optimal results, At must be very
small and then there will an excessively high number of
iterations required.

3. Problem formulation

The problem is to select subsystem-level test times which
maximize system MTBF or system reliability for a de-
fined mission time . The amount of testing is limited by a
defined budget. For either MTBF or system reliability,
this is accomplished by minimizing the failure intensity of
the system, i.e., the rate (or parameter) of the system
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homogeneous Poisson process once testing has been
concluded.

The primary test allocation problem is described ini-
tially followed by an extension that considers estimation
variability. Each subsystem is assumed to be independent.
Estimates of Crow/AMSAA model parameters are
required for each subsystem.

Problem RG

S
min ;Ll'ﬁi(fl' =+ ‘E()J')ﬁi_l,
=1

s
S.t. ZC,"L’[ S C,
i=1

;>0fori=1,...,s,
where,

s = number of subsystems;

iy B; = Crow/AMSAA model parameters for subsystem

i (>0,0 < B, <1);

7; = developmental test time for subsystem i;

70, = developmental test time already accumulated

for subsystem i (zo; > 0);

¢; = cost of testing subsystem i per unit time;

C = available budget for reliability growth
testing (constraint).

It is assumed that f; < 1. This means that the sys-
tem will not become less reliable as a result of the
developmental testing and the corresponding design
changes. This is a very reasonable assumption during
the early stage of development when reliability growth
testing occurs. Nevertheless, if this assumption con-
cerning f; is violated and there exists a subsystem with
a f3; greater than one, then the optimal solution will
allocate no test time to that particular subsystem and
the analysis can continue as if the system had one
fewer subsystem.

In many system design and development problems,
there will already have been test time accumulated on
some of the subsystems. This may be a byproduct of
functional testing or other types of testing. If this is the
case, it can be accommodated in the problem formulation
by the 7(; term. The decision variable, t;, then is the
additional amount of test time. If none of the systems
have any test time previously accumulated, then each of
the 7o, values is set to zero.

For many design problems, there is a limited amount of
total test time available, and therefore, a more appro-
priate constraint is on the sum of the developmental test
time. This is the problem described by Campbell [15].
This can be accommodated by setting all ¢; values to one.
The constraint limit, C, then becomes the amount of
available test time.
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Engineers planning a reliability growth test almost al-
ways treat their estimates of the Crow/AMSAA model
parameters and the predicted failure intensity as exact
values. Once the test is started, empirical data will be
generated and more accurate estimates of model param-
eters will be obtained. Adjustments to the original plan-
ned test times can then be made at interim decision points
if the additional data provides sufficient justification.
While this strategy effectively minimizes some of the risk
associated with uncertainty in the models, planning tools
that explicitly recognize estimation variability will offer
additional benefits and minimize the reliance on reactive
strategies. A more appropriate strategy involves the ex-
plicit consideration of the variance of the estimated fail-
ure intensity.

Engineers use different methods to estimate Crow/
AMSAA or Duane model parameters. Often there is
preliminary data as a result of subsystem functional
testing to estimate the model parameters. Alternatively,
model parameters are estimated based on the completed
test results of analogous system development testing
programs. Bayesian approaches to reliability growth have
also been used successfully, for example the cases re-
ported by Mazzuchi and Soyer [16], Calabria et al. [17]
and Robinson and Dietrich [18]. As a final resort, prac-
titioners also use available rules-of-thumb to estimate
parameters based on analytical reliability predictions and
past experience.

Goodness-of-fit tests have been described by Crow [7]
and Park and Seoh [19,20] to assess whether the estimated
model parameters are satisfactory. Additionally, Crow
and Basu [21] have presented estimation methods for
cases where there is missing data.

It would be particularly beneficial to consider estima-
tion variability of the subsystem failure intensities, u;(1),
if the sources or quantity of data differ appreciably for
the subsystems within the overall system. For example,
consider a system where one subsystem shows great
promise for improvement (as indicated by a high 4; and
low f3;), but there was significant estimation variability for
the parameters, while the other subsystems indicate less
possibility for improvement but the model parameters
were known. A subsystem test allocation strategy which
ignores the uncertainty may put unwarranted emphasis
on the one subsystem with great potential for improve-
ment. While this test allocation could be warranted, it
could also be risky (if the potential for improvement was
illusionary) and a more conservative plan could be de-
veloped which assured additional improvement for the
other subsystems.

The parameter i;(t;) is an estimate of failure intensity
based on the estimated model parameters of the Crow/
AMSAA model. The variance of the subsystem estimate
of failure intensity, Var(it,-(f,-)), can be defined as a?(r,-). It
is assumed that the variance changes with z;. If aiz(r[) > 0,
then the problem formulation can be modified to incor-

Coit

porate the element of risk. Most designers and system
users are risk-averse regarding system reliability. It is less
important to maximize the expected value of system re-
liability (given possible uncertainties in failure intensity
estimates). Instead, the more important objective is to
assure that a very high percentage of all units produced
will be as reliable as possible. This objective can be ac-
complished by formulating the problem to maximize a
(I — o) x 100% lower-bound on system reliability or
MTBF. This is equivalent to minimizing a o x 100%
upper-bound on system failure intensity. « is a measure of
user risk and is user-selected.

The following problem formulation is to maximize the
previously described lower-bound on system reliability or
MTBF. It involves finding the combination of testing
times, 7;, which collectively maximizes a o x 100% upper-

bound on system failure intensity.
Zyf Z o

Problem RG(a).

mmZ) ﬁ r,+ro,

s
s.t. Zcm < C,
i=1

;>0fori=1,...,s,

where,
zg= (1 —a) x
normal distribution, Z ~ N(0, 1),

100% percentile of a standard

2
ex dx=u
/\/E P(-3)

Problem formulation RG(«) is only appropriate for a
defined set of conditions. #;(t;) must be an unbiased es-
timate of u;(t;), as provided by the Crow/AMSAA model.
Furthermore, at least one of the two following conditions
must be satisfied. If these conditions do not apply, then
this formulation and the associated solution methodology
are not appropriate.

e The estimate of failure intensity (at time 7;) is nor-
mally distributed or can be closely approximated by a
normal distribution.
or

e There is a sufficient number of subsystems, s, to
invoke the central limit theory for system failure inten-
sity.

Determination of the functional form of Var(ii;(t;)), as
it varies with t;, can be accomplished by analyzing reli-
ability growth data on previously completed reliability
growth testing programs or by characterizing the variance
of the estimation error of the Crow/AMSAA model pa-
rameters, 4; and f;.
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Realistically, it will often be difficult to estimate
Var(i;(t;)) for system development programs without
sufficient, representative data. Nevertheless, even in this
cases, solution algorithms which consider failure intensity
estimation variance will allow test planners to conduct
trade-off analyses using assumed variances for subsys-
tems with different relative degrees of variance. This may
not provide “optimal solutions™ but it will indicate the
relative amount of test time to allocate to the various
subsystems.

4. Solution algorithms

Algorithms have been developed to determine optimal
solutions based on the gradient projection method de-
veloped by Rosen [22,23]. These algorithms are superior
to other approaches to allocate reliability growth test
times. They produce optimal solutions, require fewer
iterations and can accommodate a larger range of prob-
lems.

If ¢; equals one for all subsystems in Problem RG, the
solution algorithm yields the same result as the algorithm
proposed by Campbell [15] when Campbell’s test time
increment is set to a small value. In this case, however, the
number of iterations is significantly less, as will be later
demonstrated in an example.

The optimal solution to Problems RG and RG(«), with
a minor condition for the second problem, will always
occur with the constraint being tight. To demonstrate
this, consider a supposed optimal solution with slack in
the constraint. Then additional test time for an arbi-
trarily selected subsystem can be added. This will de-
crease the failure intensity for that subsystem, and thus,
decrease the system failure intensity and become a
superior solution.

The cost function is linear and the optimal solution
must lie on the boundary of the feasible region. There-
fore, the set of possible solutions can be considered as a
s — 1 dimensional hyperplane. The solution strategy is to
project objective function gradient information onto
that hyperplane and search the hyperplane using the
projected gradients until optimality conditions are
achieved.

The objective function for problems RG or RG(«) are
nonlinear but differentiable. The gradient vector, Vf(1),
can be determined and the negative gradient used to de-
fine the direction of steepest descent where f(7) is the
objective function. However, moving successively along
the negative gradient will lead to infeasible solutions.
Rosen developed the methodology to project gradient
information onto the feasible region, in this case, the
s — 1 dimensional hyperplane. This method involves the
definition of a projection matrix, P. The following pro-
jection matrix, P, is applicable for the reliability growth
test allocation problem. P is an s X s matrix.
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22
> ¢ — ¢ —cic) —c1¢
Jj=1
SR
1 —ci0y Z cj—¢c
P= 5 j=1
2
C*
— ") —Cy_1Cy
—c1¢ —Cs_165 Y. ¢ —¢;
L J=1 J

The direction of the gradient projected onto the feasi-
ble region is then given by,

d=-PVf(7)
where,
_ﬂ_
(91.’1
T1 g_rf;
T2 -
T= . 9 Vf(f) = 9
Ts
of
L O, -
teR,, deR, Vf(r)eRr.

Movement in the direction of d will decrease the ob-
jective function but always maintain feasibility providing
that the search is initiated at some point on the feasible
region. The search then involves successively moving, and
updating d, until optimality conditions are satisfied.
When PVf(t) equals zero, the Kuhn-Tucker optimality
conditions have been met and the optimal solutions
found as described by Bazaraa and Shetty [24].

The problem formulation presented here is for a single
constraint. However, the methodology could be easily
extended to accommodate multiple linear constraints. If
nonlinear constraints are considered, then the gradient
could be projected onto a tangent hyperplane and a
correction made at each iteration to move the current
solution in the search to the feasible region.

4.1. Reliability growth model with known model
parameters

For Problem RG, the projected gradient search can be
implemented using the following algorithm. Calculation
of P and Vf(r) have been incorporated into the algo-
rithm. g represents the current iteration during the search.

Algorithm RG

Step 0. Initialize ¢ = 0;7" = C/sc; for i = 1,...,s; select
0
Step 1. Compute

o
81’,’ q

2

= LB, — 1) (! + To,i)ﬁii ,

i=1,....s
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(N
Aq_<zc/a‘[j

j=1

of

9 _ _J
di o 8'[1'

s
2
¢
q =1

+ CiAq7
q

i=1,...,s

Step 2. Update test times 177" = 17 + 6dY,
Step 3. Compute

s i1
f(1q+1) = Z)L,iﬁi (T?+1 + TQJ)

i=1

i=1,....s

Step 4. Check optimality conditions
If |d| < ¢, then the optimal solution, t*, is equal
to 79*! and the minimum system failure intensity
is f (")
If |d| > ¢, then set ¢ = ¢ + 1 and return to Step 1

¢ 1s an arbitrarily chosen, very small number
(e.g., 10719). 5 x |d| is the distance to be traveled along
the hyperplane in the direction of d. There are two
strategies for the selection of d. For each iteration, there
will some optimal value of 6 which can be found via a line
search. This will result in the fewest number of iterations
of the algorithm until convergence to the optimal solu-
tion. Also, if a unique ¢ is found for each iteration, then
the algorithm can be used without any tunable or prob-
lem-specific parameters. Alternatively, a fixed ¢ can be
selected and used throughout the search algorithm. This
will likely result in more iterations but the line searches
will not be required. With this strategy, the particular
choice of § is problem-specific and it may be necessary to
try several different values until the algorithm converges.
If 6 is too low, the algorithm may take many iterations
until convergence, and conversely, if 6 is too high, the
algorithm may not converge. Any convergence problems
can be remedied by lowering o.

4.2. Reliability growth model with variance estimates

Problem RG(x) incorporates the variances of the sub-
system failure intensities, which are a function of devel-
opmental test time, t;. This formulation and the
corresponding solution algorithm is intended for risk-
averse system designers and users, and system design
problems where there are estimates of ¢7(t;) which are
greater than zero. This solution algorithm is the same
except that the objective function and partial derivatives
incorporate an additional term.

Algorithm RG(«)
Steps 0, 2 and 4, and calculations for A? and d! in Step 1
are the same as in Algorithm RG. Changes to Steps 1 and
3 are as follows.

Step 1. Compute

Coit

of

] oo 0)”

q

Calculations for A? and d are the same as for
Algorithm RG.
Step 3. Compute

. pi—1
[ = Z/“iﬁi (T?H + T(),i) + 2y

Algorithm RG(«) determines the optimal solution
providing that the following condition is met. The con-
dition simply states that additional testing never increases
the upper-bound on subsystem failure intensity. This will
be met for any practical engineering design problem.

d
ao ()Li[))i(ri + To,i)ﬁ’fl +Zo<0i(fi)) <0 for 0 < 1 < Trax
Ti

and fori=1,...,s,
where
Tmax = Maximum limit on possible test time for a

subsystem.

Bishop and Bloomfield [25] have presented some
analogous research for the testing of software. Angus [20]
and Crow [12] have also described approaches to estimate
a bound on predictions derived from reliability growth
test results. This becomes increasingly important as the
results are projected ahead for planning purposes.

5. Examples

Two example problems will be used to demonstrate the
allocation of reliability growth test times. The first ex-
ample is that solved by Campbell using his approach of
incrementally allocating test time based on the marginal
decrease in subsystem failure intensity. The system is
comprised of five subsystems, 44 000 hours of cumulative

Table 1. Example 1 subsystem parameters

Parameter Subsystem number

1 2 3 4 5
Ai 0.500 0.308 0.190 0.0998  0.0614
Bi 0.7 0.7 0.7 0.7 0.7
¢ 1 1 1 1 1
T0.i 25 50 100 250 500
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Table 2. Example 1 results
q 7y 5 T3 T4 Ts5 N f(o) MTBF |d|
0 8 800 8 800 8800 8800 8800 -3.6x 1077 0.053 0377 18.854 51  5.6x 1077
1 13 018 10 002 8142 6725 6114 -3.1x 1077 0.050 8420 19.668 79 2.7 x 1077
2 14 614 10 959 8275 5741 4411 -3.1x 1077 0.050 2554 19.898 36 1.6 x 1077
3 15 567 11 474 8352 5230 3377 -32x 1077 0.050 0680 19.97283 7.6 x 107°
4 16 104 11 683 8293 4936 2983 -33x 1077 0.050 0266 19.989 36  3.6x 1078
5 16 396 11 730 8179 4773 2922 -33x 1077 0.050 0164 1999346 2.1x107®
6 16 574 11 726 8089 4709 2903 -33x 1077 0.050 0128 19.99489 1.3 x107®
7 16 687 11 708 8029 4684 2892 -33x 1077 0.050 0113 19.99546 8.7x 107
8 16 762 11 689 7991 4672 2886 -33x 1077 0.050 0107 1999572 58x 107
9 16 812 11 671 7969 4665 2883 -33x 1077 0.050 0104 19.99583  3.9x 107
10 16 846 11 657 7955 4662 2881 -33x 1077 0.050 0103 19.99588 2.7x 107
11 16 869 11 646 7947 4659 2879 -33x 1077 0.050 0102 19.995 91 1.9 x 107°
12 16 884 11 638 7942 4658 2878 -33x 1077 0.050 0102 19.99592 1.3 x 1077
13 16 895 11 632 7939 4656 2878 -33x%x 1077 0.050 0102 19.99592 9.0 x 107'°
25% 16 920 11 617 7933 4654 2877 -33x 1077 0.050 0102 19.99593 1.2x 107"

* optimal solution (to closest hour)

test time were allocated and the constraint is for total test
time (so ¢; is set to one for each subsystem). The sub-
system parameters are presented in Table 1, and the al-
gorithm performance is presented in Table 2. An
excessive number of significant digits was intentionally
left in several columns in the table to demonstrate con-
vergence behavior. In additon § was set to 10'°.

The results in Table 2 show that within three iterations,
Algorithm RG identified a solution very close to the
optimal solution in terms of the objective function. The
optimal solution to the nearest hour of testing was found
in the 25th iteration, but changes beyond approximately
the tenth iteration are very minor. Campbell’s solution
approach also produced optimal solutions (actually
within 107%% of optimal) but required 4400 iterations.
Thus, the proposed algorithm produces the same result
but with significantly reduced effort (25 versus 4400
iterations).

The first example was useful to compare the perfor-
mance of the algorithm to alternative approaches, how-
ever, it does not sufficiently demonstrate the difficulty of
this planning problem or the ability of the proposed al-
gorithm to develop superior solutions. In the first exam-
ple, the f; and ¢; values were the same for each subsystem
and it is somewhat obvious which subsystems required
more developmental testing.

A second example is presented in Table 3. This is for a
system with three subsystems. For this system, the ap-
propriate allocation of reliability growth test times is not
obvious and the need for the algorithm is more evident.
The constraint is 1000 cost units. Also, for two of the
subsystems, the reliability growth parameters are known
and the variance is approximately zero. For the third
subsystem, there is less certainty regarding the failure
intensity function and it has been found that the variance
is proportional to the amount of additional testing. In

other words, the further ahead the failure intensity is
projected, the higher the relative degree of estimation
variability.

The example was solved twice. First, the variance in-
formation was not considered. The results are presented
in Table 4. The optimal solution was found at the eighth
iteration (6 was set to 3 x 107). This problem could not
have been solved using Campbell’s approach because the
constraint was on cost, and not total test time. The table
also includes a 90% upper-bound on the objective func-
tion, fo.10(t) for informational purposes. This was not a
consideration in the initial analysis but it can be used to
compare to the results when the variance is considered.

The problem was then solved to minimize fy0(7).
Subsystem 3 has the greatest estimated rate of improve-
ment (as indicated by f;) but it also has a higher esti-
mation variance, and therefore, relying on anticipated
improvements for this subsystem is risky. It could be
argued that the test time should now be increased higher
than 125 for subsystem 3 to assure some minimal level of
reliability growth in the event that the failure intensity is
higher than estimated. However, total cost is constrained
and this would mean proportionally less test time for
subsystems 1 and 2, where reliability growth can be ac-

Table 3. Example 2 subsystem parameters

Parameter Subsystem number
1 2 3
Ai 0.02 0.20 0.20
Bi 0.7 0.8 0.6
Ci 1 2 3
T0.i 0 0 0
o2 (1) ~0 ~0 7;/10 0007
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Table 4. Example 2 results (without estimation variance)

q 7 T2 73 S(0) MTBF Jo.10(7) Aq |d|

0 333 167 111 0.007 820 127.8849 0.009 169 -24x107¢ 3.1x107°
1 268 229 91 0.007 630 131.0584 0.008 853 -25%x107° 2.5%107°
2 200 218 121 0.007 497 133.3891 0.008 908 -2.0x107° 1.9x107°
3 153 249 116 0.007 408 134.9953 0.008 789 -2.0x107¢ 1.4x107¢
4 112 259 124 0.007 355 135.9619 0.008 778 -1.9%x107¢ 1.0 x 107°
5 84 269 126 0.007 330 136.4195 0.008 767 -1.8x107¢ 55x 1077
6 69 276 127 0.007 324 136.5303 0.008 764 -1.8x107¢ 1.6 x 1077
7 65 279 126 0.007 324 136.5384 0.008 759 -1.8x 107 3.1%x 1078
8* 65 280 125 0.007 324 136.5387 0.008 756 -1.9x107¢ 6.0 x 107°

* optimal solution (to closest hour)

curately estimated. A more conservative, risk-averse
strategy is actually to decrease the test time on subsystem
3 to obtain more certain benefits on the other two sub-
systems.

The algorithm converged to the optimal solution at
the 21st iteration with a & of 2 x 107. The resulting test
times are 80, 350 and 74, which vary by a relatively
large margin from the original test times (which did not
consider the variance). As expected, the optimal solu-
tion to Problem RG(x) included less developmental
testing time for subsystem 3. By allocating 51 fewer
time units to subsystem 3, it was possible to increase
the amount of testing time by 15 and 70 time units for
subsystems 1 and 2 respectively. The minimum fjo(t)
was 0.008 583. Therefore, by considering the estimation
variance, testing times are recommended that do not
lead to the maximum MTBF but provide more assur-
ances that the MTBF will consistently be high given
uncontrollable variation.

6. Conclusions

Allocation of reliability growth test time is becoming in-
creasingly important as design schedules become com-
pressed. There may not be enough time to perform as
much testing as was done previously. New designs must
be transformed into competitive products in a timely
manner, however, the products must also be reliable.
Therefore, these compressed design schedules cause reli-
ability testing in general, and reliability growth testing in
particular, to have greater importance if they can be
accomplished efficiently and effectively.

The new algorithm is based on gradient projection. It
applies to a greater range of test time allocation problems
compared to previously documented solution approach-
es. Furthermore, when being used with a constraint on
total test time (rather than testing cost), the new algo-
rithm produces the same result of competing algorithms,
i.e., Campbell [15], but with significantly fewer iterations
required.

In the solution algorithm, the gradient of the system
failure intensity is projected onto a hyperplane defined
by a single, linear constraint on available testing budget.
A search over the hyperplane is conducted until opti-
mality conditions are met. In sample problems, it is
demonstrated to converge to the optimal solution
quickly.

A problem formulation was also presented to minimize
an upper-bound estimate for system failure intensity. This
approach is suitable for system designers and users who
are risk averse. More effort is required to characterize the
variance of the estimated system failure intensity.

There is significant ongoing research in reliability
growth testing. For example, Benski and Cabau [27] have
described experimental designs for reliability growth
testing; Ebrahimi [28] has described the practice of de-
veloping unique models for each successive design
change; and Xie and Zhao [29] have presented a new
graphical approach to reliability growth prediction.
Whatever new advances are made, the particular problem
of allocating test time must be continually addressed to
reflect new models and testing philosophies. Further-
more, it becomes more important as design schedules are
further compressed and budgets for testing further
reduced.
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