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Composite Importance Measures for Multi-State
Systems with Multi-State Components

Jose E. Ramirez-Marquez and David W. Coit

Abstract—This paper presents & evaluates composite impor-
tance measures (CIM) for multi-state systems with multi-state
components (MSMC). Importance measures are important tools
to evaluate & rank the impact of individual components within a
system. For multi-state systems, previously developed measures
do not meet all user needs. The major focus of the study is to
distinguish between two types of importance measures which can
be used for evaluating the criticality of components in MSMC
with respect to multi-state system reliability. This paper presents
Type 1 importance measures that are involved in measuring how a
specific component affects multi-state system reliability. A Monte
Carlo (MC) simulation methodology for estimating the reliability
of a MSMC is used for computing the proposed CIM metrics.
Previous approaches (Type 2) have focused on investigating how
a particular component state or set of states affects multi-state
system reliability. For some systems, it is not clear how to prioritize
system component importance, collectively considering all of its
states, using the previously developed importance measures. That
detracts from those measures. Experimental results show that the
proposed CIM can be used as an effective tool to assess component
criticality for MSMC. Examples are used to illustrate & compare
the proposed CIM with previous multi-state importance measures.
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MAD Mean Absolute Deviation
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I. INTRODUCTION

IMPORTANCE measures quantify the criticality of a par-
ticular component within a system design. They have been

widely used as tools for identifying system weaknesses, and
to prioritize reliability improvement activities. They can also
provide valuable information for the safety & operation of a
system. Extensive research [1]–[4] for importance measures is
available for the case when the system exhibits a binary func-
tioning behavior. That is, the system & components are either
fully functioning, or fully failed. Vasseur & Llory [5] reviews
Reliability Achievement Worth (RAW), Reliability Reduction
Worth (RRW), Fussell-Vesely (FV), and Birnbaum as the most
valuable importance measures for binary systems. These im-
portance measures assist in discriminating the most important
component with respect to the overall system reliability. For
the binary case, system components can be ranked with respect
to the impact they have on system reliability based on a given
importance measure.

Traditional reliability theory has been based on binary ap-
plications. System reliability in a binary-state context is the
probability that the system properly provides the service for
which it was intended, under the condition that the system & its
components can be either fully working or failed (completely
nonworking). However, some systems have more complicated
behavior. Some components of the system may be operating in
a degraded state causing the system to provide service at less
than full capacity. However, the system may still be providing
an acceptable level of service, or perhaps, a partial level of
service. Multi-state reliability models have been proposed to
describe such systems [6]–[10]. For systems such as water
distribution, telecommunications, oil & gas supply, and power
generation & transmission, multi-state reliability analysis is
frequently the preferred approach. Generally, the elements of
these systems degrade gradually, reducing their capacity, and
the overall capability of the system.

In recent years, multi-state system reliability analysis has
received considerable attention. Researchers have realized that
for some systems, erroneous appraisal of system reliability
could lead to 1) incorrect system modeling, 2) incorrect system
reliability computation, and/or 3) incorrect conjectures re-
garding reliability dependant measures. Theoretical & applied
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studies have been devoted to the areas of multi-state system
reliability, simulation, approximation methodologies, and opti-
mization [11].

The theoretical aspects of importance measures in MSMC
have been extensively investigated. El-Neweihi, et al. [12] an-
alyzed the theoretical relationships between multi-state system
reliability behavior, and multi-state component performance.
Barlow & Wu [13] characterize component state criticality as a
measure of how a particular component state affects a specific
system state. Griffith [14] formalized the concept of multi-state
system performance, and studied the impact of component im-
provement on the overall system reliability behavior. Moreover,
Griffith [14] introduced the concept of reliability importance
vector for each system component. Through this concept, a
generalization of the binary Birnbaum importance measure can
be extended to the multi-state case.

Levitin & Lisnianski [15] proposed importance & sensi-
tivity measures for multi-state systems with binary capacitated
components. These measures account for both the multi-state
system performance, which is caused by the capacitated com-
ponents, and stochastic system demand. Importance measures
are obtained through the universal generating function. Zio &
Podofillini [16] present multi-state extensions for RAW, RRW,
FV, and Birnbaum for MSMC. Their results pertain to the
importance of individual component state levels. Monte-Carlo
simulation methods (MC) are used to imitate the stochastic na-
ture of the multi-state components, and generate the proposed
importance measures. Levitin, et al. [17] proposed similar im-
portance measures as those presented in Zio & Podofillini
[16]. Their evaluation method is performed via the universal
generating function method. These approaches have proven
to be valuable to the development of multi-state importance
measures.

In summary, when considering MSMC, research efforts
have been focused on generalizing frequently used binary
importance measures to accommodate the multi-state behavior.
These approaches characterize, for a given component, the most
important component state with regard to its impact on system
reliability. For many design & reliability problems, determina-
tion of the most critical component state is the primary concern,
and existing multi-state importance measures are appropriate,
and should be applied. However, there are other applications,
where it is important to identify the most critical component.
That is, the identification of critical components must be de-
termined considering all of the prospective states. The most
critical system component state may not necessarily correspond
to the most critical system component. For example, for aging
complex systems, it is desirable to prioritize components to
assist in the selection of components to upgrade or replace. For
these applications, currently available importance measures are
not sufficient, and new measures are presented here. A measure
that can discriminate among the different multi-state compo-
nents, based on how they affect multi-state system reliability, is
a valuable tool to gain insight on system criticality.

With the use of current multi-state importance measures
[12]–[14], [16], [17], it can be difficult to directly determine or
rank the most important components for complex MSMC. In

this paper, composite importance measures (CIM) are presented
with the aim of identifying & ranking particular components
depending on their impact on the MSMC reliability behavior.
Moreover, the paper presents insights into future CIM evalu-
ation procedures based on the MC methodology presented in
Ramirez-Marquez & Coit [18]. The approach provides a fast
method to obtain an accurate approximation to the actual value
of CIM.

The paper is organized as follows: Section II introduces con-
cepts used in system reliability analysis for MSMC. Section III
presents CIM mathematical expressions followed by a discus-
sion on the physical insights of each measure. Section IV ap-
plies & compares the proposed measures for complex systems,
and finally, Section V presents conclusions.

Assumptions:

1) Component states are statistically independent.
2) The structure function is coherent. That is, im-

provement of component states cannot damage the
system.

3) Component states & associated probabilities are known.

II. MULTI-STATE SYSTEM RELIABILITY ANALYSIS

For systems where binary state analysis is insufficient, incor-
rect reliability assessment can lead to faulty decision-making
regarding system performance. Unnecessary expenditures, in-
correct maintenance scheduling, and reduction of safety stan-
dards can potentially be related to unsatisfactory reliability
assessments. When considering MSMC, reliability can be un-
derstood as the probability that the system capacity can meet
a required demand when the system components & demand
follow a multi-state behavior.

A. Multi-State System Reliability Modeling

Let represent the set of components for
a stochastic capacitated system. The random current state (ca-
pacity) of component is represented by , where rep-
resents the component state space vector. Therefore, takes
values , where . The vector

represents the probability associated with each of the values
taken by . The system state vector de-
notes the current state of all the components of the system. The
function : is the multi-state structure function. It
maps the system state vector into a system state. That is,
is the available system capacity under system state vector .

The system is required to supply a demand. The demand
may be fixed, or it may vary depending on the conditions in
different operating periods. If demand is constant, then multi-
state reliability is given by

For other systems, demand may vary. The loss of load prob-
ability (LOLP) index is commonly used as a system reliability
metric for capacitated multi-state systems [[19]. This index is
understood as the probability that the system cannot supply a
given demand load for an operating period that is divided into

operating intervals. The vectors , and
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define the duration , and demand level of in-
terval . Lisnianski, et al. [19] defines LOLP as

For these systems, multi-state reliability can be un-
derstood as the probability that during the total time interval,
the capacity of the system can meet a demand of (for

) through the multi-state components. Thus

(1)

The probability that total system capacity, , is
greater than or equal to a specific demand level is given by

.

B. Multi-State Reliability Evaluation Methodologies

Given that importance measures are dependent on the compu-
tation of multi-state system reliability, methodologies that com-
pute efficiently are extremely important. Even for rela-
tively small systems, identifying all component state vectors
such that can be very inefficient.

Lin [20], and Ramirez-Marquez & Coit [21] have developed
approaches for computing the exact by introducing the
multi-state version of minimal path sets. The algorithm pre-
sented by Lin [20] considers weakly homogeneous components.
That is, components can have a different number of states, yet
for any two components & with &

, and , the first component states must be equal.
Thus, for systems where components are heterogeneous, the
methodology may not be suitable. The methodology described
by Ramirez-Marquez & Coit [21] relies on a network reduction
technique to obtain all possible multi-state minimal path sets. It
is interesting to note that this methodology, when considering
binary components, reduces to the approach developed by Kuo,
et al. [22] for the binary case. Both of the approaches [20], [21]
have been applied to relatively small networks.

Lin [23], and Yeh [24] presented approaches to identify the
multi-state version of minimal binary cut sets. Both approaches
compute minimal cut vectors (MMCV) in a similar form. For
each binary cut, they enumerate all different state combinations
of the components in the cut to obtain the multi-state levels that
guarantee a MMCV. These methods consider weakly homoge-
neous components with the added constraint that the capacity of
component must be an integer-valued random variable.

The algorithm presented by Ramirez-Marquez, et al. [25] re-
duces the computational burden inherent in previous approaches
[23], [24]. The approach is based on two ideas: first, that all
MMCV can be obtained from the set containing all minimal
cuts [23], [24], and second, that a select number of MMCV
called offspring cuts inherit information from a select number of
MMCV called parent cuts. This information sharing approach

significantly reduces the number of vector enumerations needed
to obtain all MMCV.

Levitin, et al. [8] use a procedure based on the concept of the
universal generating function for computing . This tech-
nique has proven to be a valuable & efficient tool for relatively
complex systems. It requires relatively small computational re-
sources for evaluating multi-state reliability indices. A detailed
description of the approach is presented in [11].

Reliability estimation for multi-state systems generally re-
quires that system states are independent. This assumption can
be met for many mature systems that have been operated &
maintained for an extended period. However, there are other
systems (newly installed systems with all new components)
where this assumption can not be reasonable met, and reli-
ability analysis methods requiring independent system states
are not appropriate. In this respect, an analytical approach for
analyzing multi-state systems with dependent components has
been suggested by Levitin [31]. For these cases, an analogous
approach based on discrete event simulation can be applied.
This is introduced in Section V-A, Future Research.

III. COMPOSITE IMPORTANCE MEASURES

When considering MSMC, importance measures can be as-
sociated with one of the following types:

1. Type 1: Measures how a specific component affects
multi-state system reliability.

2. Type 2: Measures how a particular state or set of states
of a specific component affects multi-state system
reliability.

Previous approaches [14], [16], [17], [27] have focused on
developing Type 2 importance measures. For many user needs,
Type 2 measures are very useful, and existing measures should
be applied. However there are other design problems where it is
necessary to identify the most critical component, inclusive of
all its states. For example, as part of a system upgrade, it may
be necessary to identify & prioritize components that should be
replaced with newer, more reliable replacements.

For some systems, deciding which of the system components
has the overall highest impact on multi-state system reliability,
based on Type 2 importance measures, is not clear, nor directly
evident. Both of the approaches presented by Zio & Podofillini
[16], and Levitin, et al. [17] include a step for reassigning com-
ponent state occupancy probabilities for evaluating the impor-
tance measures. In this paper, we present new Type 1 importance
measures for prioritizing components. These Type 1 measures
are not necessarily better than Type 2 measures; they simply
provide metrics appropriate for different types of analyses.

Direct computation of Type 1 importance measures has been
considered by Aven & Ostebo [29]. This work has provided
two CIM that can provide 1) indication of component poten-
tial improvement on system reliability, and 2) identification
of components with unused capacity. The first measure quan-
tifies the difference between the system reliability assuming
a component has infinite capacity, and the system reliability
considering the component’s true capacities. The second CIM
indicates the level of degradation a component can suffer be-
fore the system demand is not met. These measures have only
been applied to small binary capacitated systems. For complex
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configurations, the problem of computing MMCV when con-
sidering each component to have infinite capacity may prove
exhausting. Recently, Wu & Chan [28] have extended Grif-
fith’s [14] importance vector of a specific component to the
composite case. The extension is based on the definition of a
utility function that can differentiate which components sig-
nificantly contribute to multi-state system reliability.

A. Type 1, and Type 2 IM Considerations

For many scenarios & design analyses, Type 2 measures can
provide more useful information than Type 1 measures. For ex-
ample, it is of interest to know how an increase or a decrease in
the state of a component impacts system reliability. However,
many researchers have indicated the need for the development
of new multi-state IM so that multi-state components can be dis-
tinguished as a whole based on their contribution to . For
example, Wu & Chang [28] note that from a system architecture
perspective, the process of identifying how components impact
system reliability is of utmost importance. Once this process
is completed, the results can be used to identify system weak-
nesses, and allocate resources or engineering effort to increase
system reliability [30].

For MSMC, the problem related to multi-state system reli-
ability improvement is still evolving. To solve this problem,
methods dependent on the information obtained from multi-
state IM can be developed for efficient resource allocation. In
this respect, Type 2 measures can be used to improve by
allocating resources so that the most important component state
has high occupancy probability. In contrast, Type 1 measures
can be used as a guide to provide redundancy so that system re-
liability is increased.

From a reliability perspective, at the design stage system
designers are highly interested in knowing the impact of each
potential system component on the system design. Thus, mea-
sures that can differentiate such an impact are highly desir-
able. However, research related to the investigation of how a
multi-state component as a whole impacts multi-state reliability
has been limited. That is, current measures fail to provide in-
formation regarding which component has the greatest impact
on system functioning. In this paper, research efforts have been
focused on developing Type 1 importance measures, called
CIM. Two types of CIM have been developed. The first set
is a generalization or extension of frequently used binary im-
portance measures as reviewed by Vasseur & Llory [5]. The
second set consists of newly developed alternative CIM that
capture additional important information regarding the com-
ponents multi-state reliability behavior.

B. General CIM

General CIM have been developed by reformulating existing
binary importance measures into a multi-state context. This is
similar to the approach of Zio & Podofillini [15], except that the
new measures pertain to the component itself, and not just to a
component state.

Birnbaum or Average of the Sum of Absolute Deviations
(SAD) CIM: Birnbaum importance of a given component is
defined as the probability that such component is critical to the

functioning of the system [4]. For binary system behavior, it
can be mathematically expressed as

Birnbaum importance measures can be considered in a multi-
state context by considering the binary case as a special case
multi-state problem with , and . To facilitate
extension to the multi-state case, can be rewritten as

(2)

In (2), note that the summation for is from 0 to 1 because the
binary case can be thought of as a special case of a more general
multi-state reliability problem. For the binary case, , and

.
The CIM generalization for can be expressed, for constant

demand as

(3)
and for varying demand as

(4)
where number of states for component , and
is given by

Reliability Achievement Worth CIM: The RAW measure
quantifies the maximum percentage increase in system reli-
ability generated by a particular component. From a binary
perspective, with , it is defined as

can be extended to the multi-state case as follows. For
a constant demand

(5)
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and for a varying demand

(6)

where

Fussell-Vesely CIM: The Fussell-Vesely importance mea-
sure quantifies the maximum decrement in system reliability
caused by a particular component. The binary expression is

(7)

In (7), note that the summation for is from 0 to 1 because the
binary case can be thought of as a special case of a more general
multi-state reliability problem. For the binary case, , and

.
The CIM generalization for can be expressed as, for a

constant demand

(8)

and for a varying demand ,

(9)

Reliability Reduction Worth CIM: Levitin, et al. [17] defined
RRW as the index measuring the potential damage caused to
the system by a particular component. The binary expression of
RRW is given as

(10)

The CIM generalization for can be expressed as

(11)

C. Alternative CIM

The general CIM apply to multi-state systems, but they only
consider the possible state levels, and not the probability of a
component being in that state. Birnbaum CIM considers the
absolute deviation that a particular component causes to the
overall system reliability. The remaining general CIM provides

a measure of relative improvement or decrement in multi-state
system reliability generated by a particular component. How-
ever, the probability that the deviation, improvement, or decre-
ment occur is not considered by the general CIM. Alternative
CIM have been developed because of the need to incorporate
state probabilities into the computation of multi-state reliability
importance.

The first alternative CIM is called mean absolute devia-
tion (MAD). It is the expected absolute deviation between

, and . It measures the ex-
pected absolute deviation in the reliability of a MSMC caused
by a particular component’s different performance levels,
and associated probabilities. It should be recognized that

is a random variable because is a random
variable. Its mathematical expression is analogous to the Birn-
baum CIM, and is given as follows.

Mean Absolute Deviation (MAD): Under a constant
demand

(12)

Under varying demand

(13)

The same rationale has been applied to the remaining general
CIM; namely, MRAW, and MFV. MRRW has not been extended
because all information that can be obtained from this IM is
already provided by MFV.

Mean Multi-State Reliability Achievement Worth
(MMAW): Under constant demand

(14)
and under varying demand

(15)

Mean Multi-State Fussell-Vesely (MMFV): Under constant
demand

(16)

and under varying demand

(17)
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D. Discussion of CIM

The main purpose of Type 1 importance measures is to quan-
titatively discern which components have the greatest impact
on multi-state system reliability. From a general perspective,
there is a major difference between the General, and the Alterna-
tive CIM. Alternative CIM account for both the impact a given
component has on system reliability, when system reliability is
perturbed by changes in a component state, and for the proba-
bility that such changes take place. On the other hand, General
CIM, which are extensions of commonly used binary impor-
tance measures [5], are exclusively concerned with quantifying
the average impact of a given component on system reliability,
when system reliability is perturbed by changes in a compo-
nent state. For the binary case, and from a physical perspective,
Vesely [32] identified this distinction as “occurring events,” and
“existing conditions”. An example of an occurring event is the
failure of a component, whereas an example of an existing con-
dition is a component being faulty. The importance of an occur-
ring event depends on both the effect of the event on the system,
and on the probability of occurrence of that event. On the other
hand, the importance of an existing condition is related to the
fallbacks of that condition on the system, regardless of its oc-
currence probability.

Based on Vesely’s [32] perspective, General CIM may be
considered as part of the ‘existing condition’ perspective,
whereas Alternative CIM may be considered as part of the
‘occurring event’ perspective. This distinction has a rather high
impact on the physical interpretation of the measures. Consider
for example the RAW-related measures. The MRAW adopts the
existing condition perspective, and indicates which component
is likely to improve the system performance the most, after it
has been replaced by a better performing component. Note that
the existing condition in this case would be the replacement of
the component. The MMAW adopts the occurring event per-
spective, and indicates which component, in the current system
configuration, “is tending” to improve the system performance
the most. It does not mean that improving such component will
have a high benefit to the system.

It is also important to note that these measures can distinctly
differ when computation & ranking is performed. Thus, it is im-
portant to provide physical interpretation about their insights so
that they can be employed in the correct context. The rankings
differ because they focus on different implications of reliability
improvement or decrement. In general, the CIM are metrics de-
scribing 1) the potential for reliability improvement, 2) the im-
plications of worst-case scenarios, or 3) a combination or hybrid
approach. These three different categories can be thought of
as reliability-potential, risk-adverse, and risk-neutral measures,
respectively.

The choice of CIM may depend on the particular application.
For a fixed, existing system, the risk-averse measures may be
appropriate to select components to inspect or perform preven-
tive maintenance. Alternatively, the reliability-potential metrics
would be more appropriate in selecting components to re-design
to improve the reliability. Finally, if the desire is to develop a ro-
bust system, that is not overly sensitive to any component, then
the risk-neutral metrics would be advisable.

Birnbaum & MAD CIM: These CIM account for the abso-
lute deviation of each component state from the actual value of

Fig. 1. ARPA network.

multi-state system reliability. From a general perspective, these
CIM provide an answer to the question of which multi-state
component most significantly impacts, positively or negatively,
multi-state system reliability. A positive impact is considered
when a specific component state improves from its ac-
tual value. Conversely, a negative impact is considered when a
specific component state degrades from its true value. Be-
cause Birnbaum CIM & MAD account for both positive & neg-
ative impacts, they can be regarded as risk-neutral CIM. From
a particular perspective, a low value of Birnbaum or MAD in-
dicates that system reliability is not affected by changes in the
states of a component. On the other hand, high values of this
measure indicate that reliability is highly sensitive to perturba-
tions in the state of a component.

MRAW & MMAW CIM: MRAW & MMAW CIM are re-
liability-potential measures. Both of these CIM quantify how
changes in component states positively contribute to multi-state
system reliability. From a general perspective, these CIM pro-
vide an answer to the problem of identifying the multi-state
component that has the greatest potential to improve multi-state
system reliability. The mathematical expression of this CIM
only considers values that improve multi-state system reliability.
From a particular perspective, low values of MRAW & MMAW
are a strong indication that as the states of a specific component
improve multi-state system reliability will not be affected bene-
ficially. In contrast, high values can provide a clear indication
that, as the states of specific component improve, multi-state
system reliability is positively impacted.

MFV & MMFV CIM: MFV & MMFV account for the
average change in multi-state system reliability when com-
ponent states negatively contribute to multi-state system
reliability. From a general perspective, these measures can help
in identifying the multi-state component that can provide the
largest decrease on multi-state system reliability. These are the
risk-averse measures. The mathematical expression for MFV
considers only negative contributions to the overall system
reliability, and thus, it can be regarded as a pessimistic measure.
From a particular perspective, low values of this CIM provide
a suitable indication that the different component states have
no negative impact on the behavior of the system. On the con-
trary, high values for MFV are indicative of multi-state system
reliability deterioration as the states of a specific component
degrade.

IV. EXAMPLES/COMPARISON OF CIM

Three examples are presented to illustrate how the dif-
ferent CIM can effectively assist in obtaining the criticality of
multi-state components regarding the reliability of the system.
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TABLE I
ARPA NETWORK DATA

TABLE II
MEAN & VARIANCE FOR GENERAL CIM

TABLE III
MEAN & VARIANCE FOR ALTERNATIVE CIM

The multi-state reliability of the systems analyzed has been
obtained with the method presented by Ramirez-Marquez, et
al. [25]. The evaluation of CIM & has been performed
with the MC simulation method described in Ramirez-Marquez
& Coit [18].

Example 1: For the ARPA network depicted in Fig. 1,
it is desired to obtain the probability that a demand of

can be supplied from source to sink. Table I
presents problem data considered for analyzing , assuming
different arc state probabilities. Moreover, this table contains
the results of applying the MC simulation method described
in Ramirez-Marquez & Coit [18] for obtaining , and

. The values presented in Table I
(probabilities of arcs’ states & corresponding transmission
capacities) allow for the computation of each of the proposed
CIM. However, to provide a measure of statistical robustness
regarding the estimated values of the proposed CIM, ten in-
dependent simulation experiments have been performed. Each
of these experiments consisted of obtaining an estimate for
each CIM based on 1 000 000 randomly generated system state
vectors . Tables II, and III present the average & associated
variance for General, and Alternative CIM computed from
the independent experiments, respectively. Finally, Table IV
presents the component rankings with respect to the different
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TABLE IV
TYPE 1 IM COMPONENTS RANKINGS

TABLE V
NETWORK 2 DATA, AND CONDITIONAL MR

Type 1 importance measures. As can be observed from the
tables, the variances are consistently low, and the measures can
be considered to be robust.

For this example, the ranking of components based on Gen-
eral CIM do not agree. This behavior can be related to the phys-
ical insights of the CIM. The results obtained for Birnbaum CIM
indicate that, on the average, multi-state system reliability is
mostly perturbed by changes in the states of component 9. How-
ever, changes on component states that most positively impact

can be attributed to component 2. Finally, as the states of
components degrade, multi-state system reliability is impacted
mostly by component 1.

Contrary to the General CIM, Alternative CIM provide
consistent rankings for each of the different measures. The

values & rankings of MAD present a better approach to mea-
sure “robustness” in a component than Birnbaum CIM. This
is because MAD provides the expected value of the absolute
deviations from when changes in component states occur.
Similarly, MMAW (MMFV) provide a better measure than
MRWA (MFV) because it takes into account the probability
of an increase (decrease) in reliability when component states
increase (decrease). Although for this case Alternative CIM
rankings agree, this agreement may not always be the case.
If rankings were to disagree, the perspective & needs of the
application should be considered in order to decide which
measure to use.

Finally, these new importance measures (Type 1) present
a consistent analytical approach to identify & rank critical
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TABLE VI
CIM NETWORK 2

Fig. 2. Network 2.

components based on how they affect multi-state system relia-
bility. For some applications, existing Type 2 measures are al-
ready available & appropriate. However, for some applications,
Type 2 importance measures may be less useful for component
ranking because they pertain to specific component states. These
new Type 1 measures will be more appropriate in these cases.

Example 2: Fig. 2 shows a relatively large network, with
110 binary minimal cut sets. The original problem was to find
the probability that the capacity of the network from source to
sink is greater or equal to five units. All arcs have the same
three states, corresponding to transmission capacities 0, 3, and 5.
Table V presents problem data with assumed different arc state
probabilities, and the multi-state reliability conditioned on a
component state. Table VI presents the values of different CIM,

Fig. 3. Levitin et al. [17] system.

while Table VII presents the ranking of components according
to the computed values.

As anticipated, all CIM identify component 17 as the most
important system component from each criticality perspective.
Moreover, similar to the rankings of Example 1, for this ex-
ample, General CIM rankings distinctly disagree depending on
the measure employed. However, the rankings obtained though
the Alternative CIM are in general consistent within each other.
For example, the first & last four rankings belong to the same
components for each criticality criterion. The disagreement in
the remaining components can be associated to the physical in-
sights of each CIM, as discussed in Section III-D.

Example 3: Levitin, et al. [17] analyzed the system depicted
in Fig. 3, with component reliability data shown in Table VIII.
In their study, they consider different demand levels, and graph-
ically analyze component Type 2 importance measures. For the
present analysis, a demand of 5 units is assumed for obtaining
MR.

There are two important observations from this example.
First, it illustrates two points: how CIM can be used to compare
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TABLE VII
COMPONENT RANKINGS FOR NETWORK 2 BASED ON PROPOSED CIM

TABLE VIII
LEVITIN, et al. [17] SYSTEM DATA, AND CONDITIONAL MR

the different types of importance measures (Types 1 & 2), and
also, how CIM can adequately rank components based on the
different criticality criterion. In this sense, Table IX presents
CIM for each of the components, while Table X illustrates its
associated rankings. Second, it is used to provide insights about
the proposed measures when considering the binary case (i.e.,
components have only two sates: working, or failed). Data for
the binary case is given in Table XI, while results associated to
the computation of each component IM, and associated compo-
nent rankings are given in Tables XII, and XIII respectively.

When multi-state components are used, General & Alterna-
tive CIM provide almost the same rankings. The only difference
in these rankings is given by component 4. This component is
next-to-most critical when considering an improvement crite-
rion for the General CIM. It is interesting to note that when the
Alternative measures are used, the rankings agree with those

presented for MRAW. From an overall perspective, the proposed
CIM agree with the rankings of Levitin, et al. [17]. In their study,
components 5 & 6 were selected as more important than com-
ponents 2 & 3 because they have a stronger impact on .
However, this may also be explained by the choice of state prob-
abilities that Levitin, et al. [17] used for the computation of Type
2 importance measures.

For the binary case, RAW significantly differs from the other
General IM measures. RAW naturally varies because it has a
different perspective & interpretation of criticality. The choice
of the most important component for each of the IM can be
considered from three perspectives.

1. The highest improvement on reliability is given by com-
ponent 4, and it is measured by RAW.

2. The greatest negative impact, measured by FV, on system
reliability is given by component 7.



RAMIREZ-MARQUEZ AND COIT: CIM FOR MULTI-STATE SYSTEMS WITH MULTI-STATE COMPONENTS 527

TABLE IX
LEVITIN, et al. [17] SYSTEM CIM

TABLE X
LEVITIN, et al. [17] SYSTEM COMPONENT RANKINGS

3. Overall, the component that mostly contributes to devi-
ations from reliability is component 7, and the measure
of deviation is given by Birnbaum.

Finally, for the binary case, the Alternative CIM provide an
extra level of information. That is, they quantify the expected
value associated with the criticality criterion. For example,
based on MRAW, the expected improvement in reliability as-
sociated with component 4 is approximately 1.6%, while based
on RAW the average improvement is approximately 2.1%.
These are important considerations when decision making is
based on component criticality.

V. CONCLUSIONS

In this paper, the CIM for establishing the criticality of com-
ponents in MSMC have been developed. CIM belong to the
multi-state Type 1 importance measures that characterize how
a specific component affects multi-state system reliability. For
some systems, assessing criticality with Type 2 importance mea-
sures is not directly obvious or straightforward. Two sets of
CIM have been developed. The first set extends frequently used
binary importance measures to the multi-state case, while the
second set is introduced to consider state probabilities. Experi-
mental results for different system complexities show that these
new CIM can effectively estimate the criticality of components
with respect to multi-state system reliability. For relatively com-
plex MSMC, CIM present a computationally efficient, and ana-
lytically sound approach for measuring component criticality.
Based on experimental results, Alternate CIM provide more
consistent rankings.

TABLE XI
DATA FOR BINARY CASE

A. Future Research

Recently, Wang et al. [26] developed an alternate approach
to obtain importance measures for complex systems. Wang et
al. [26] observe that a “failure criticality index” can be con-
structed by considering the percentage of system failure events
induced by a particular component. Discrete event simulation
is used to obtain an index for each component. Mathematically,
the “failure criticality index” is given as

Number of system failures due to component
Number of system failures

The information obtained by Type 2 importance mea-
sures can be used to develop a multi-state interpretation of
the “failure criticality index.” This index could be approxi-
mated through a methodology similar to the MC approach of
Ramirez-Marquez & Coit [18] to analyze reliability in MSMC.

Consider the conditional presented in Table I. It is ev-
ident that whenever the capacity of arc 1 equals zero or three,
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TABLE XII
BINARY CASE COMPONENT IMPORTANCE MEASURES

TABLE XIII
BINARY CASE COMPONENT RANKINGS

TABLE XIV
PRELIMINARY RESULTS FOR ARPA NETWORK

the system fails. The MC approach of Ramirez-Marquez &
Coit [18] can be used to develop a “multi-state failure index.”
This index can be approximated by a subroutine that counts
the number of system vectors that are generated with .
The main issue that arises for the application of this index is
related to the computation of component-induced failures when
it is not evident that such component induces system failures.
Preliminary results of this research have been obtained for the
ARPA network depicted in Fig. 1 by considering the data in
Table I. Table XIV presents the results of the “multi-state failure
index” for the six most critical arcs from example 1, Table IV.
Notice that the ranking of the components agrees with the
rankings obtained through CIM illustrated in Tables II & III.

ACKNOWLEDGMENT

The authors appreciate the insightful comments from three
anonymous referees.

REFERENCES

[1] J. Fussell, “How to calculate system reliability and safety characteris-
tics,” IEEE Trans. Reliab., vol. 24, no. 3, pp. 169–174, 1975.

[2] M. Cheok, G. Parry, and R. Sherry, “Use of importance measures in risk
informed applications,” Reliab. Eng. Syst. Saf., vol. 60, pp. 213–226,
1998.

[3] A. Aggarwal and R. Barlow, “A survey on network reliability and dom-
ination theory,” Oper. Res., vol. 32, no. 2, pp. 478–492, 1984.

[4] E. Elsayed, Reliability Engineering: Addison Wesley Longman Inc.,
1996.

[5] D. Vasseur and M. Llory, “International survey on PSA figures of merit,”
Reliab. Eng. Syst. Saf., vol. 66, pp. 261–274, 1999.

[6] B. Natvig, S. Sørmo, A. Holen, and G. Høgåsen, “Multi-state reliability
theory—a case study,” Adv. Appl. Prob., vol. 18, pp. 921–932, 1986.

[7] R. Boedigheimer and K. Kapur, “Customer-driven reliability models for
multi-state coherent systems,” IEEE Trans. Reliab., vol. 43, no. 1, pp.
46–50, 1994.

[8] G. Levitin, A. Lisnianski, H. Ben-Haim, and D. Elmakis, “Redundancy
optimization for series-parallel multi-state systems,” IEEE Trans. Re-
liab., vol. 47, no. 2, pp. 165–172, 1998.

[9] J. E. Ramirez-Marquez and D. Coit, “A heuristic for solving the redun-
dancy allocation problem for multi-state series-parallel systems,” Reliab.
Eng. Syst. Saf., vol. 83, no. 3, pp. 341–349, 2003.

[10] R. Billinton and W. Zhang, “State extension for adequacy evaluation of
composite power systems-applications,” IEEE Trans. Power Syst., vol.
15, no. 1, pp. 427–432, 2000.

[11] G. Levitin and A. Lisnianski, Multi-State System Reliability. Series on
Quality, Reliability and Engineering Statistics-vol. 6: World Scientific
Publishing, 2003.

[12] E. El-Neweihi, F. Proschan, and J. Sethuraman, “Multi-state coherent
systems,” J. Appl. Prob., vol. 15, pp. 675–688, 1978.

[13] W. Barlow and A. Wu, “Coherent systems with multi-state components,”
Math. Oper. Res., vol. 3, no. 4, pp. 275–281, 1978.

[14] W. Griffith, “Multi-state reliability models,” J. Appl. Prob., vol. 17, pp.
735–744, 1980.

[15] G. Levitin and A. Lisnianski, “Importance and sensitivity analysis of
multi-state systems using the universal generating function,” Reliab.
Eng. Syst. Saf., vol. 65, pp. 271–282, 1999.

[16] E. Zio and L. Podofillini, “Monte-Carlo simulation analysis of the effects
on different system performance levels on the importance on multi-state
components,” Reliab. Eng. Syst. Saf., vol. 82, pp. 63–73, 2003.



RAMIREZ-MARQUEZ AND COIT: CIM FOR MULTI-STATE SYSTEMS WITH MULTI-STATE COMPONENTS 529

[17] G. Levitin, L. Podofillini, and E. Zio, “Generalized importance measures
for multi-state elements based on performance level restrictions,” Reliab.
Eng. Syst. Saf., vol. 82, pp. 287–298, 2003.

[18] J. E. Ramirez-Marquez and D. Coit, “A Monte-Carlo simulation ap-
proach for approximating multi-state two-terminal reliability,” Reliab.
Eng. Syst. Saf., vol. 85, pp. 253–264, 2005.

[19] A. Lisnianski, G. Levitin, H. Ben-Haim, and D. Elmakis, “Power system
structure optimization subject to reliability constraints,” Electric Power
Syst. Res., vol. 39, pp. 145–152, 1996.

[20] Y. Lin, “A simple algorithm for reliability evaluation of a stochastic-flow
network with node failure,” Comput. Oper. Res., vol. 28, pp. 1277–1285,
2001.

[21] J. E. Ramirez-Marquez and D. Coit, “Alternative approach for ana-
lyzing multi-state network reliability,” in Proc. Industrial Engineering
Research Conf. (IERC), Portland, OR, May 2003.

[22] S. Kuo, S. Lu, and F. Yeh, “Determining terminal pair reliability based
on edge expansion diagrams using OBDD,” IEEE Trans. Reliab., vol.
48, no. 3, pp. 234–246, 1999.

[23] Y. Lin, “Using minimal cuts to evaluate the system reliability of a sto-
chastic-flow network with failures at nodes and arcs,” Reliab. Eng. Syst.
Saf., vol. 75, pp. 41–46, 2002.

[24] W. Yeh, “A simple MC-based algorithm for evaluating reliability of a
stochastic-flow network with unreliable nodes,” Reliab. Eng. Syst. Saf.,
vol. 83, no. 1, p. 47, 2004.

[25] J. E. Ramirez-Marquez, D. Coit, and M. Tortorella, “Multi-state two-ter-
minal reliability—a generalized cut set approach,”, Rutgers University
IE Working Paper 03-135, 2003. under review, IEEE Trans. Reliab..

[26] W. Wang, J. Loman, and P. Vassiliou, “Reliability importance of compo-
nents in complex system,” in Proc. Annu. Reliability and Maintainability
Symp. (RAMS), Los Angeles, CA, 2004.

[27] F. Meng, “Element-relevancy and characterization results in multi-state
systems,” IEEE Trans. Reliab., vol. 42, no. 3, p. 478, 1993.

[28] S. Wu and L. Chan, “Performance utility—analysis of multi-state sys-
tems,” IEEE Trans. Reliab., vol. 52, no. 1, p. 14, 2003.

[29] T. Aven and R. Østebø, “Two new importance measures for a flow net-
work system,” Reliab. Eng., vol. 14, p. 75, 1986.

[30] D. Coit, “System-reliability confidence-intervals for complex-systems
with estimated component-reliability,” IEEE Trans. Reliab., vol. 46, no.
4, p. 487, 1997.

[31] G. Levitin, “A universal generating function approach for the analysis
of multi-state systems with dependent elements,” Reliab. Eng. Syst. Saf.,
vol. 84, p. 285, 2004.

[32] W. Vesely, “Supplemental viewpoints on the use of importance measures
in risk-informed regulatory applications,” Reliab. Eng. Syst. Saf., vol. 60,
p. 257, 1998.

Jose E. Ramirez-Marquez is an Assistant Professor in the Department of Sys-
tems Engineering and Engineering Management at Stevens Institute of Tech-
nology. He is responsible for conducting research related to the development
of analytical methodologies for improving system reliability performance, and
mathematical approaches for computing system reliability when considering
multiple performance levels for both systems & components. He received his
B.S. degree in Actuarial Science from the UNAM in Mexico City in 1998; and
M.S. degrees in Industrial Engineering, and Statistics from Rutgers University.
He received his Ph.D. in Industrial and Systems Engineering from Rutgers Uni-
versity. His areas of interest include system reliability & quality assurance, ap-
plied probability & statistical models, and applied operations research. He is a
member of INFORMS, and IIE.

David W. Coit is an Associate Professor in the Department of Industrial & Sys-
tems Engineering at Rutgers University. He received a BS degree in Mechanical
Engineering from Cornell University, an MBA from Rensselaer Polytechnic In-
stitute, and MS & PhD in Industrial Engineering from the University of Pitts-
burgh. He also has over ten years of experience working for IIT Research Insti-
tute (IITRI), Rome, NY, where he was a reliability analyst & project manager,
and in his final position, the Manager of Engineering at IITRI’s Assurance Tech-
nology Center. In 1999, he was awarded a CAREER grant from NSF to study
reliability optimization. His current research involves reliability prediction &
optimization, risk analysis, and multi-criteria optimization considering uncer-
tainty. He is a member of IIE, and INFORMS.


	toc
	Composite Importance Measures for Multi-State Systems with Multi
	Jose E. Ramirez-Marquez and David W. Coit
	A cronyms 1
	N otation
	I. I NTRODUCTION
	II. M ULTI -S TATE S YSTEM R ELIABILITY A NALYSIS
	A. Multi-State System Reliability Modeling
	B. Multi-State Reliability Evaluation Methodologies

	III. C OMPOSITE I MPORTANCE M EASURES
	A. Type 1, and Type 2 IM Considerations
	B. General CIM
	Birnbaum or Average of the Sum of Absolute Deviations (SAD) CIM:
	Reliability Achievement Worth CIM: The RAW measure quantifies th
	Fussell-Vesely CIM: The Fussell-Vesely importance measure quanti
	Reliability Reduction Worth CIM: Levitin, et al. [ 17 ] defined 

	C. Alternative CIM
	Mean Absolute Deviation (MAD): Under a constant demand $d$ $$\eq
	Mean Multi-State Reliability Achievement Worth (MMAW): Under con
	Mean Multi-State Fussell-Vesely (MMFV): Under constant demand $d

	D. Discussion of CIM
	Birnbaum & MAD CIM: These CIM account for the absolute deviation



	Fig.€1. ARPA network.
	MRAW & MMAW CIM: MRAW & MMAW CIM are reliability-potential measu
	MFV & MMFV CIM: MFV & MMFV account for the average change in mul
	IV. E XAMPLES /C OMPARISON OF CIM
	TABLE€I ARPA N ETWORK D ATA
	TABLE€II M EAN & V ARIANCE FOR G ENERAL CIM
	TABLE€III M EAN & V ARIANCE FOR A LTERNATIVE CIM
	Example 1: For the ARPA network depicted in Fig.€1, it is desire



	TABLE€IV T YPE 1 IM C OMPONENTS R ANKINGS
	TABLE€V N ETWORK 2 D ATA, AND C ONDITIONAL MR
	TABLE€VI CIM N ETWORK 2
	Fig.€2. Network 2.
	Example 2: Fig.€2 shows a relatively large network, with 110 bin

	Fig.€3. Levitin et al. [ 17 ] system.
	Example 3: Levitin, et al. [ 17 ] analyzed the system depicted i
	TABLE€VII C OMPONENT R ANKINGS FOR N ETWORK 2 B ASED ON P ROPOSE
	TABLE€VIII L EVITIN, et al. [ 17 ] S YSTEM D ATA, AND C ONDITION


	TABLE€IX L EVITIN, et al. [ 17 ] S YSTEM CIM
	TABLE€X L EVITIN, et al. [ 17 ] S YSTEM C OMPONENT R ANKINGS
	V. C ONCLUSIONS

	TABLE€XI D ATA FOR B INARY C ASE
	A. Future Research
	TABLE€XII B INARY C ASE C OMPONENT I MPORTANCE M EASURES
	TABLE€XIII B INARY C ASE C OMPONENT R ANKINGS
	TABLE€XIV P RELIMINARY R ESULTS FOR ARPA N ETWORK

	J. Fussell, How to calculate system reliability and safety chara
	M. Cheok, G. Parry, and R. Sherry, Use of importance measures in
	A. Aggarwal and R. Barlow, A survey on network reliability and d
	E. Elsayed, Reliability Engineering: Addison Wesley Longman Inc.
	D. Vasseur and M. Llory, International survey on PSA figures of 
	B. Natvig, S. Sørmo, A. Holen, and G. Høgåsen, Multi-state relia
	R. Boedigheimer and K. Kapur, Customer-driven reliability models
	G. Levitin, A. Lisnianski, H. Ben-Haim, and D. Elmakis, Redundan
	J. E. Ramirez-Marquez and D. Coit, A heuristic for solving the r
	R. Billinton and W. Zhang, State extension for adequacy evaluati
	G. Levitin and A. Lisnianski, Multi-State System Reliability. Se
	E. El-Neweihi, F. Proschan, and J. Sethuraman, Multi-state coher
	W. Barlow and A. Wu, Coherent systems with multi-state component
	W. Griffith, Multi-state reliability models, J. Appl. Prob., vo
	G. Levitin and A. Lisnianski, Importance and sensitivity analysi
	E. Zio and L. Podofillini, Monte-Carlo simulation analysis of th
	G. Levitin, L. Podofillini, and E. Zio, Generalized importance m
	J. E. Ramirez-Marquez and D. Coit, A Monte-Carlo simulation appr
	A. Lisnianski, G. Levitin, H. Ben-Haim, and D. Elmakis, Power sy
	Y. Lin, A simple algorithm for reliability evaluation of a stoch
	J. E. Ramirez-Marquez and D. Coit, Alternative approach for anal
	S. Kuo, S. Lu, and F. Yeh, Determining terminal pair reliability
	Y. Lin, Using minimal cuts to evaluate the system reliability of
	W. Yeh, A simple MC-based algorithm for evaluating reliability o
	J. E. Ramirez-Marquez, D. Coit, and M. Tortorella, Multi-state t
	W. Wang, J. Loman, and P. Vassiliou, Reliability importance of c
	F. Meng, Element-relevancy and characterization results in multi
	S. Wu and L. Chan, Performance utility analysis of multi-state s
	T. Aven and R. Østebø, Two new importance measures for a flow ne
	D. Coit, System-reliability confidence-intervals for complex-sys
	G. Levitin, A universal generating function approach for the ana
	W. Vesely, Supplemental viewpoints on the use of importance meas



