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Variance of System-Reliability Estimates With
Arbitrarily Repeated Components
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Abstract—A model is developed to determine the variance of k; number of componerit used in subsystefk; 5, =
system reliability estimates and to estimate confidence intervals 0 forh ¢ C;
for series-parallel systems with arbitrarily repeated components. -, Kiw. il :
For these systems, different copies of the same component-type .’ e, q’,g_ ' unrel?ab!l_lty of s_ubsystem
are used several or many times within the system, but only a £ [1cc, @ " unreliability estimate of subsystem
single reliability estimate is available for each distinct compo- R system reliability (unknown)
nent-type. The single estimate is used everywhere the componentg approximation ofR
appears in the system design, and component estimation-error 4 estimate ofR
is then magnified at the system-level. The “system-reliability . , . . .
estimate” variance and confidence intervals are derived when the - X ~ binomial(g, n): number of component/system
number of component failures follow the binomial distribution failures
with an unknown, yet estimable, probability of failure. The Y Y ~ binomialr, n): number of component/system
“system-reliability estimate” variance and confidence intervals survivals
are obtained by expressing system reliability as a linear sum of sample size

products of higher order moments for component unreliability. .
The generating function is used to determine the moments of " pseudo sample size
the component-unreliability estimates. This model is preferable 7ir. |72]: gilb

for many system reliability estimation problems because it does 7y [7]: liub

not require independent component and subsystem reliability

estimates; it is demonstrated with an example.

Index Terms—Binomial data, confidence interval, series-parallel |. INTRODUCTION
system, system reliability. .
HE ESTIMATE OF R (R) are generally based on sub-

system and component reliability information. For many

ACRONYMS! system-design problems, there are limited failure and survival
CL s-confidence limit (bound) data at the component level; thus one must consider the un-
gilb greatest integer lower bound certainty (measured here by variance—square of standard de-
liub least integer upper bound viation) of the R. It is also common to use the same compo-
ML maximum likelihood nent-type in different subsystems and in different system-loca-
MLM ML model tions, due to the need for similar performance requirements. For
V. random variable example, the same type of pump, operating with similar stress
Var variance levels, can be used in many different locations within a nuclear

power plant. For systems with repeated components, the vari-
NOTATION ance ofR is relatively larger. R
o This paper presents a method to estimate variancé of

"h reliability of component: for series-parallel systems with arbitrarily repeated compo-
an 1 — r.: unreliability of component nents. No parametric assumptions are required for component
"h estimate ofr, time-to-failure. The component reliability and variance are
n estimate ofgy, estimated based on the binomial distribution.
s number of subsystems

Early research focused on determining the CL wsitimde-

Ci set of components used in subsystem engentcomponent-reliability estimates. Reference [1] initially
CiCl2..c . determined exact CL estimation for products of-thdepen-
c number of component-types in the system

dent binomial parameters. Reference [2] extended the model in
[1] to calculate the upper CL on series and parallel systems with
any number of subsystems. These CL are generally conservative
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lower CL is based on the equivalent data. These CL are gener-
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Reference [3] derived the asymptoié distribution of the
logarithm of the likelihood ratio statistic, called the “LR model.”
Later [4] and [5] extended the LR model to complex systems.
Reference [6] suggested another method, ML, for estimating
the CL onR based on the asymptoticnormality of the ML
estimate. Reference [7] suggested a modified MLM so that the
upper CL never exceeds 1. These models generally do not allow
component repetition or arbitrarily repeated components in tpi%
system. '

Reference [8] proposed an approximate CL for com-
plex-system reliability based on a log-normal approximation
of system-reliability estimate. This approach applies to any
system design that can be decomposed into series and/or pe
allel connections withs-independent components. Reference
[9] extended this so that repeated components are allowe
within a subsystem as long as subsystem reliability estimate:
remains-independent.

Except for a few models, such as [9] and MLM, the available
models require that the component and subsystem reliability 69 %
timates bes-independent. To apply one of the available models,

1. SystemA.

System B (arbitrarily repeated components).

it was often necessary to randomly-segment the available data to TABLE |
creates-independent subdata sets. This is a valid, but undesir- COMPONENT-FAILURE DATA
able, appro_ach b(_acause estimates from the segmented data-set A X n Var(in]
can have high variance. More importantly, there often are small 11 3 25 0880 0004224
data sample-sizes initially, thus segmenting already limited data 21 3 25 0880 0004224
can be an unrealistic approach. A new model is proposed for es- i ;‘ gg gggg 8‘882‘21;2
timating thek variance and CL. It offers greater flexibility by 5 1 10 0900 0009000
allowing arbitrarily repeated components anywhere within a se- 6] 1 10 0.900 0.009000
ries-parallel system. 71 1 10 0900 0.009000
8| 4 32 0875 0003418
Assumptions
1) Redundancy is active (failure behavior of redundant com- Few previous articles have considered the variance and CL of
ponents is the same as active components). reliability estimates for system B; yet this is a common system-
maintenance. and mathematical models are established where arbitrarily re-
3) Failures are recorded without error. peated components exist among multiple subsystems.
4) The number of component failures has a binomial distri-
bution. A. Model-Development Procedure

5) System failure is attributed to component failure. Fig. 3 shows the procedure for variance and CL estimation.

An R expressioq is determined based@nandg;, (h eACi).
Il. RELIABILITY MODEL FOR SYSTEMS WiTH REPEATED 10 COMPUtéVar[£], the mean and the second momentiadre
COMPONENTS calculated basgd on hlgher ordgr momentéhof_ o
The system in Fig. 2 is a series-parallel with arbitrarily re-

Consider the 2 series-parallel systems in Figs. 1 and 2, and fleaated components. For example, component #1 has 2 repeti-
empirical reliability data in Table I. The two systems have thigons in subsystem #1 and 1 repetition in subsystem #2. Re-
same general configuration. For each component-typsed, liability estimates for subsystems #1 and #2 argependent
there is a single, that is used everywhere the component afpecause the estimate for component #1 is from the same data
pears. For these 2 systems, the numerigahre the same in set. Similarly, reliability estimates for subsystems #1 and #3 are
each position. However, system A hasndependent compo- s-dependent because of component #5.
nent (and subsystem) reliability estimates, whereas, system B-or the example in Fig. 2
does not have-independent estimates because of the repeated  _ {1,3},Cy = {1, 5}, C5 = {3, 5}.
components.

For each sample system, the varianceidt different, even
though the?;,, and the variance of those estimates, are the same.
When repeated;, are used, thé is biased; and the variance is s s
larger wheny;, error is magnified at the system-level because of R= H <1 _ qz ) ) _ H (1- F). 1)
repeated components. i= hCC; i=1

Series-parallel system reliability can be written as

=1
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R=R(F,F, F) Fi = Fi(q1,91,...9.) +ZZ Cov [EF,Fan}
veet s i=1,2,‘_.s i) men
R=R(4,,9,....9,) +2) > Cov [E Jol Fn}
=1 m<n
- l 5 5 R R R R
= R(§1dss...40) =3 > (B|f-B]-E[f]-E[#])
i=1 j=1
‘ ) ] DIPWCIR BN
E[R] k=012 . Var (R) 1<j m<n
h=12, c _E [F ]} E [F,,FnD
» Confidence Intervaks R.a < +2 Z Z (E |: Ai . Fm . Fn:|
=1 m<n
Fig. 3. Model-development procedure. -E [E:| -E [ Am : Fn:|) (7)
B. System Reliability Approximation _ i: - H E [éki,wkj, h:|
- h
System reIiabiIity can also be expressed as, i=1 j=1 \hcC; ;
R=1- L F,-F; — F,-F; - F . i ik
YSRED ST MRS T[] e ]
i<y i<k heC;, 5
s SRS D e e
iI:II + Z Z H E [q/‘]’tz,h—’—kj,h'f'km,h'f'kn, h:|
Many systems have relatively high reliability in practice. i<j m<n \h€Ci ; m
When R > 0.75, an accurate approximation for system
reliability can be obtained using the first three terms of (2). - H E [g’“ﬁ”’“jv h} -E [ka*”k”*“}
. . . . . 1B I
Simulation shows that the approximation (3) is very accurate heCs. s o
[9]

R=1- Z Fi+ Y F-Fy; @3) 235 | IT Efare ]

i=1lm<n \h€C; m »

1<
:1_Z<H q;‘Lz,h> +Z H gl ki) _ H E[qh z} E[qh ' ,} . (@®)
i=1 \heC; i<j \heC: ; REC:, m.n
CZJECZUCJ (4) Ci,rn,nECiUCrnUCna

In practice, they;, are not known and must be estimated. Th§§i:m,n =Ci U UC Uy

usegy, in (4) instead of they,: The variance off2 is expressed as a linear combination of

. ° i etk products of higher order moments of thg An iteration for-
R=1 —Z < H ] ) +Z H @, “1-05) mulais developed in Section II-D to compute theAhigher—order
i=1 \heC; i<j \REC: ; moments off,. Using these momentEj[ k] andVar[R] can be

. estimated directly from (6) and (8).
C. Mean and Variance foR

The mean and variance &f from (5) are D. Component Unreliability Moments
. The probability generating function for a discrete Avis
N TN
E[R}:1_2<HE[ D i
=1 \heC; .
2) = Z F; -2
ARi kg n . =0
+Z H E[ } ’ ©) P, = Pr{X = z;}, fori=1,2,....
1<J hel; G 0o
# = Z i (i—1)-(i—m+1)-P,
VarH — Var 1—ZF+ZF By 9z =

g

= i * )(]7
—ZV“LI“[ }+2ZC0 [ﬁ F} Z

i<j A, 4 _Coeﬂ:lClent Am = (arn, 1y Om, 2,y -+, arn,rn)~ (9)
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TABLE I TABLE Il
G, i COEFFICIENTS(1 < m < 6) CL WITH (a = 0.05)

8m | Gm1 Gm2 Gm3  Gm4  GmB  Gms parameter | System A  System B

a; 1 R .9880 .9880

ap -1 1 E[R] .9880 .9863

a3 2 -3 1 Var{R] .000273 .000395

ay -6 11 -6 1 A 43.35 29.97

as 24 -50 35 -10 1 & 42.48 28.65

ag | -120 274 -225 85 -15 1 Ry 9178 .8805
Ry .9994 .9991

Thea,, ; can be obtained by the discrete convolution operator
_(®). The ® increases the dimension af,, by 1 whenm is Ill. CONFIDENCE INTERVALS
increased by 1. )
s-Confidence intervals fofz can be estimated using an ap-

=&, b 1; - . - . . s
Am =8m-1© Bm—1; proach similar to that in [7]: regar as a binomial-distribution

A1 = (A1, 15 G2, G135 -5 Gt m1), parameter associated with unknown sample sizBecause the
b1 =(1-m,1), Var[R] can be estimated (8), a useful pseudo sample-size is
a, clm, b, € I%. (10) . .
S . R-(1-R)
The a,,, can be determined iteratively for amy by using A= . (16)
(10) and starting witlh; = (ay,1) = (1), andb; = (-1, 1). Var [R}
Table Il presents example valuesgf ; coefficients form < 6.
The number of component failures is a binomial r.v. X Y has an approximate binomial distribution with parameters
n Randny,. Approximate(l — «) CL (Ry,, Ry) for R are:
. n . .
60 =3 (1) ¢ a-om ,
=0 (2 R = R L <71L> ) RZ . (1 _ Ri)nL—i -1— g (17)
=(q-2+7)" 1 T &\ T2
I"G(z) n! m nr
oz |, (m—my T 12 g, = {R; 3 <”L> R (1-Ryw—i=1- %} (18)
By equating (9) and (12), and noting thaf ,,, = 1 forall m, a ——_—
recursive equation is derived to compute higher order moments: = & - | 71], xp = |2, xg = [2].
based on lower-order moments
m ) '
> m,i-B[X] = ﬁ g (13) IV. NUMERICAL EXAMPLES
= 1 Systems A and B (from Figs. 1 and 2, and Table I) are used to
E[X™] = n! g — Z am.i - E[X]. (14) show how to compute th®ar[] and its CL. System B has re-
(n —m)! pet ’ peated components both within and among subsystems. There-
X has a binomial distribution: thus fore, component and subsystem reliability estimatesséatte-
X pendent. There are no repeated components in system A, thus
= all components and subsystems afiadependent.
X E[X™] Table Il presents the results. As anticipated, the variance for
E[g"] = o system B is larger than for system A. This is reasonable because
' m  m—1 Elx all reliability estimates in system A ageindependent. The point
- T Z A i - M (15) estimates for? in both systems are the same, but their CL are
(n—m)t am LT quite different.

In practice,q is not known with certainty, buj is available. ~ These results are very important because many system-de-
Approximations of all moments can be determined by ugingsigns use different copies of the same component-type within
instead ofg. The variance off? is computed iteratively using a system design, yet use the same reliability estimates each
(10), (14), (15) to compute the moments i, and (8) is used time. Previous methods either requirethdependent compo-
to computeVar[R]. nent-reliability estimates, required assumed time-to-failure dis-

As the component binomial sample sizes increase, the #butions, or required more rigid system-structurgs. (series,
proximate variance estimates and CL become more accurgarallel).

Alternatively, with very low binomial sample sizes;( < 10
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