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Variance of System-Reliability Estimates With
Arbitrarily Repeated Components

Tongdan Jin and David W. Coit, Member IEEE

Abstract—A model is developed to determine the variance of
system reliability estimates and to estimate confidence intervals
for series-parallel systems with arbitrarily repeated components.
For these systems, different copies of the same component-type
are used several or many times within the system, but only a
single reliability estimate is available for each distinct compo-
nent-type. The single estimate is used everywhere the component
appears in the system design, and component estimation-error
is then magnified at the system-level. The “system-reliability
estimate” variance and confidence intervals are derived when the
number of component failures follow the binomial distribution
with an unknown, yet estimable, probability of failure. The
“system-reliability estimate” variance and confidence intervals
are obtained by expressing system reliability as a linear sum of
products of higher order moments for component unreliability.
The generating function is used to determine the moments of
the component-unreliability estimates. This model is preferable
for many system reliability estimation problems because it does
not require independent component and subsystem reliability
estimates; it is demonstrated with an example.

Index Terms—Binomial data, confidence interval, series-parallel
system, system reliability.

ACRONYMS1

CL -confidence limit (bound)
gilb greatest integer lower bound
liub least integer upper bound
ML maximum likelihood
MLM ML model
r.v. random variable

variance

NOTATION

reliability of component
: unreliability of component

estimate of
estimate of
number of subsystems
set of components used in subsystem,

number of component-types in the system
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number of component used in subsystem
for

: unreliability of subsystem

: unreliability estimate of subsystem
system reliability (unknown)
approximation of
estimate of

binomial : number of component/system
failures

binomial : number of component/system
survivals
sample size
pseudo sample size

: gilb
: liub

I. INTRODUCTION

T HE ESTIMATE OF ( ) are generally based on sub-
system and component reliability information. For many

system-design problems, there are limited failure and survival
data at the component level; thus one must consider the un-
certainty (measured here by variance—square of standard de-
viation) of the . It is also common to use the same compo-
nent-type in different subsystems and in different system-loca-
tions, due to the need for similar performance requirements. For
example, the same type of pump, operating with similar stress
levels, can be used in many different locations within a nuclear
power plant. For systems with repeated components, the vari-
ance of is relatively larger.

This paper presents a method to estimate variance of
for series-parallel systems with arbitrarily repeated compo-
nents. No parametric assumptions are required for component
time-to-failure. The component reliability and variance are
estimated based on the binomial distribution.

Early research focused on determining the CL with-inde-
pendent component-reliability estimates. Reference [1] initially
determined exact CL estimation for products of 2-indepen-
dent binomial parameters. Reference [2] extended the model in
[1] to calculate the upper CL on series and parallel systems with
any number of subsystems. These CL are generally conservative
because the number of failures is discrete. Reference [2] also
presents a method for computing lower CL on series systems
with -independent components, based on determining equiva-
lent or pseudo binomial failure data for the system. Then, the
lower CL is based on the equivalent data. These CL are gener-
ally conservative.
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Reference [3] derived the asymptotic distribution of the
logarithm of the likelihood ratio statistic, called the “LR model.”
Later [4] and [5] extended the LR model to complex systems.
Reference [6] suggested another method, ML, for estimating
the CL on based on the asymptotic-normality of the ML
estimate. Reference [7] suggested a modified MLM so that the
upper CL never exceeds 1. These models generally do not allow
component repetition or arbitrarily repeated components in the
system.

Reference [8] proposed an approximate CL for com-
plex-system reliability based on a log-normal approximation
of system-reliability estimate. This approach applies to any
system design that can be decomposed into series and/or par-
allel connections with -independent components. Reference
[9] extended this so that repeated components are allowed
within a subsystem as long as subsystem reliability estimates
remain -independent.

Except for a few models, such as [9] and MLM, the available
models require that the component and subsystem reliability es-
timates be -independent. To apply one of the available models,
it was often necessary to randomly-segment the available data to
create -independent subdata sets. This is a valid, but undesir-
able, approach because estimates from the segmented data-set
can have high variance. More importantly, there often are small
data sample-sizes initially, thus segmenting already limited data
can be an unrealistic approach. A new model is proposed for es-
timating the variance and CL. It offers greater flexibility by
allowing arbitrarily repeated components anywhere within a se-
ries-parallel system.

Assumptions

1) Redundancy is active (failure behavior of redundant com-
ponents is the same as active components).

2) There is no component (or system) repair or preventive
maintenance.

3) Failures are recorded without error.
4) The number of component failures has a binomial distri-

bution.
5) System failure is attributed to component failure.

II. RELIABILITY MODEL FORSYSTEMS WITH REPEATED

COMPONENTS

Consider the 2 series-parallel systems in Figs. 1 and 2, and the
empirical reliability data in Table I. The two systems have the
same general configuration. For each component-typeused,
there is a single that is used everywhere the component ap-
pears. For these 2 systems, the numericalare the same in
each position. However, system A has-independent compo-
nent (and subsystem) reliability estimates, whereas, system B
does not have-independent estimates because of the repeated
components.

For each sample system, the variance ofis different, even
though the , and the variance of those estimates, are the same.
When repeated are used, the is biased; and the variance is
larger when error is magnified at the system-level because of
repeated components.

Fig. 1. System A.

Fig. 2. System B (arbitrarily repeated components).

TABLE I
COMPONENT-FAILURE DATA

Few previous articles have considered the variance and CL of
reliability estimates for system B; yet this is a common system-
design model in practice. In the following subsections, methods
and mathematical models are established where arbitrarily re-
peated components exist among multiple subsystems.

A. Model-Development Procedure

Fig. 3 shows the procedure for variance and CL estimation.
An expression is determined based on, and .
To compute , the mean and the second moment ofare
calculated based on higher order moments of.

The system in Fig. 2 is a series-parallel with arbitrarily re-
peated components. For example, component #1 has 2 repeti-
tions in subsystem #1 and 1 repetition in subsystem #2. Re-
liability estimates for subsystems #1 and #2 are-dependent
because the estimate for component #1 is from the same data
set. Similarly, reliability estimates for subsystems #1 and #3 are
-dependent because of component #5.
For the example in Fig. 2

, , .

Series-parallel system reliability can be written as

(1)
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Fig. 3. Model-development procedure.

B. System Reliability Approximation

System reliability can also be expressed as,

(2)

Many systems have relatively high reliability in practice.
When , an accurate approximation for system
reliability can be obtained using the first three terms of (2).
Simulation shows that the approximation (3) is very accurate
[9]

(3)

(4)

In practice, the are not known and must be estimated. Thus
use in (4) instead of the :

(5)

C. Mean and Variance for

The mean and variance of from (5) are

(6)

(7)

(8)

The variance of is expressed as a linear combination of
products of higher order moments of the. An iteration for-
mula is developed in Section II-D to compute the higher-order
moments of . Using these moments, and can be
estimated directly from (6) and (8).

D. Component Unreliability Moments

The probability generating function for a discrete r.v.is

for

coefficient (9)
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TABLE II
a COEFFICIENTS(1 � m � 6)

The can be obtained by the discrete convolution operator
. The increases the dimension of by 1 when is

increased by 1.

(10)

The can be determined iteratively for any by using
(10) and starting with , and .
Table II presents example values of coefficients for .

The number of component failures is a binomial r.v.

(11)

(12)

By equating (9) and (12), and noting that for all , a
recursive equation is derived to compute higher order moments
based on lower-order moments

(13)

(14)

has a binomial distribution; thus

(15)

In practice, is not known with certainty, but is available.
Approximations of all moments can be determined by using
instead of . The variance of is computed iteratively using
(10), (14), (15) to compute the moments for, and (8) is used
to compute .

As the component binomial sample sizes increase, the ap-
proximate variance estimates and CL become more accurate.
Alternatively, with very low binomial sample sizes (
for all ), the approximate variance estimates and CL can be ap-
preciably in error. This method is very robust and offers many
benefits, compared to alternative methods, but it can not always
be applied. Reference [8] uses simulation to demonstrate the ef-
fect of component-data sample-sizes on an analogous problem.
A similar effect is anticipated here.

TABLE III
CL WITH (� = 0:05)

III. CONFIDENCEINTERVALS

-Confidence intervals for can be estimated using an ap-
proach similar to that in [7]: regard as a binomial-distribution
parameter associated with unknown sample size,. Because the

can be estimated (8), a useful pseudo sample-size is

(16)

has an approximate binomial distribution with parameters
and . Approximate CL for are:

(17)

(18)

IV. NUMERICAL EXAMPLES

Systems A and B (from Figs. 1 and 2, and Table I) are used to
show how to compute the and its CL. System B has re-
peated components both within and among subsystems. There-
fore, component and subsystem reliability estimates are-de-
pendent. There are no repeated components in system A, thus
all components and subsystems are-independent.

Table III presents the results. As anticipated, the variance for
system B is larger than for system A. This is reasonable because
all reliability estimates in system A are-independent. The point
estimates for in both systems are the same, but their CL are
quite different.

These results are very important because many system-de-
signs use different copies of the same component-type within
a system design, yet use the same reliability estimates each
time. Previous methods either required-independent compo-
nent-reliability estimates, required assumed time-to-failure dis-
tributions, or required more rigid system-structures (viz. series,
parallel).
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