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The two-terminal reliability problem assumes that a network and its elements are either in a working or a failed state. However, many
practical networks are built of elements that may operate in more than two states i.e., elements may be degraded but still functional.
Multistate two-terminal reliability at demand level d (M2TR,) can be defined as the probability that the system capacity generated
by multistate components is greater than or equal to a demand of d units. This paper presents a fully multistate-based algorithm that
obtains the multistate equivalent of binary path sets, namely, Multistate Minimal Path Vectors (MMPVs), for the M2TR; problem.
The algorithm mimics natural organisms in the sense that a select number of arcs inherit information from other specific arcs contained
in a special set called the “primary set.” The algorithm is tested and compared with published results in the literature. Two features of
the algorithm make it relevant: (i) unlike other approaches, it does not depend on an a priori knowledge of the binary path sets to obtain
the MMPVs; and (ii) the use of an information sharing approach and network reduction technique significantly reduce the number
of vector analyses needed to obtain all the component levels that guarantee system success. Additionally, the complexities associated
with the computation of reliability are discussed. A Monte Carlo simulation approach is used to obtain an accurate estimate of actual

M2TR values based on MMPVs. Examples are used to validate the algorithm and the simulation procedure.

1. Introduction

System-reliability evaluation can be understood as the com-
putation of the probability that a system is functioning for a
given amount of time under specified conditions (Elsayed,
1996). In the mathematical theory of reliability, the evalu-
ation of this probability can be broadly defined as a two-
phase problem. The first phase consists in analyzing how a
system’s operation is affected by the behavior of its compo-
nents. This is a crucial phase because it requires an under-
standing of the interactions between the components and
the system behavior. The second phase is computational.
Based on the interactions between the components and the
system and the quantitative characteristics of the system
components, system reliability can be computed using ei-
ther exact methods or approximations.

The traditional mathematical theory of system reliability
assumes that both the system and component behaviors are
binary in nature. That is, the system and components are
either completely failed or perfectly functional. When bi-
nary behavior holds, system-reliability evaluation becomes
a well-developed, extensive and robust theory. Based on this
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behavior, extensive research has been performed to develop
methods that represent the interactions between the system
and its components (Hansler, 1972; Ball and Van Slyke,
1977; Dotson and Gobien, 1979; Torrieri, 1994; Netes and
Filin, 1996; Kuo et al., 1999). Similarly, computational pro-
cedures have been developed to obtain an exact or approx-
imate system reliability once the first phase has been con-
ducted (Esary and Proschan, 1963; Ball and Provan, 1983;
Fishman, 1986; Colbourn, 1988; Jin and Coit, 2003).
However, some systems are more complicated. For exam-
ple the system components may be operating in a degraded
state with the system still being able to provide an acceptable
level of service (Natvig, 1982; Hudson and Kapur, 1983;
Aven, 1985; Natvig et al., 1986; Boedigheimer and Kapur,
1994). For these systems, the theory of multistate reliabil-
ity can offer modeling and computational procedures that
better represent and account for system functioning.
Multistate reliability theory copes with the problem of
evaluating system reliability when the components and the
system operate in any of several intermediate states (Barlow
and Wu, 1978; El-Neweihi et al., 1978; Ross, 1979; Hansler,
1972; Block and Savits, 1982). The last decade has seen the
development of methods to evaluate specific multistate sys-
tem architectures (Levitin et al., 1998; Ramirez-Marquez
and Coit, 2004). The evaluation of system reliability for
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more complex designs either relies on enumerative tech-
niques (Patra and Misra, 1993, 1996; Billinton and Zhang,
2000) or considers a particular multistate behavior of the
system components (Lin, 2001, 2002; Ramirez-Marquez
and Coit, 2003; Yeh, 2004).

This paper is focused on the development of a method
for Multistate two-Terminal Reliability (M2TR) evalua-
tion. When the arcs and nodes of a network are considered
as being multistate in nature then binary evaluation meth-
ods (Hansler, 1972; Ball and Van Slyke, 1977; Dotson and
Gobien, 1979; Torrieri, 1994; Netes and Filin, 1996; Kuo
et al., 1999) can only provide an approximation to the ac-
tual system reliability. In the multistate case, two-terminal
reliability at demand level d (M2TR ) is defined as the prob-
ability that the system capacity, generated by the multistate
arcs, is greater than or equal to a demand of d units.

This paper provides an analysis technique for the M2TR
problem that is based on the extension of binary concepts
to the modeling of the interactions between the multistate
behavior at the component and system levels. Moreover,
based on this interaction, an extension of a computational
method for the approximation of the actual numerical mul-
tistate system reliability is presented.

The approach presented in this study evaluates system
reliability by determining Multistate Minimal Path Vectors
(MMPVs); the multistate equivalent of minimal path sets in
2TR. Once the MMPVs are obtained then one approach to
obtain the M2TRy; is the classical inclusion/exclusion for-
mula (Lin, 2001, 2002; Ramirez-Marquez and Coit, 2003;
Yeh, 2004). For some cases, this may be a simple and prac-
tical approach. However, as the size of the network or the
number of component states increases, using inclusion/
exclusion may become computationally inefficient.

Actual systems in which the M2TR ; is a critical reliability
metric tend to be complex systems. Reliability computation
may be too costly to obtain, in terms of computational ef-
ficiency or accuracy, through traditional techniques. The
algorithm presented in this paper is complemented by a
Monte Carlo (MC) simulation approach, that is an im-
proved version of the approach proposed in Ramirez-
Marquez and Coit (2005a) that is able to effectively approx-
imate the M2TR, value for relatively large systems. This
MC approach is based on the identification of all the MM-
PVs and consists in generating component states for each
component, comparing them against each MMPV and de-
ciding if the capacity of the network satisfies the required
demand.

The remainder of the paper is organized as follows. Sec-
tion 2 presents an introduction to the analysis and compu-
tation of the M2TR along with current methods to solve
this problem. Section 3 discusses and illustrates the pro-
posed algorithm, and in Section 4, the approach is applied
to three different multistate networks. Section 5 contains a
discussion on multistate numerical reliability computations
based on the algorithm output. Finally, Section 6 presents
conclusions.
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2. M2TR computation

The major focus of this research is to generalize the bi-
nary reliability theory concept of path sets to multistate
reliability and present analysis methods for their compu-
tation. Elsayed (1996) defines a binary path set as a set of
components that guarantees system success. Since in the
multistate case system reliability is a hybrid of connectivity
and capacity, the binary definition of a path set must be
modified. The multistate version of path sets should con-
sider, not only components that guarantee s-f connectivity
success between source node s and sink node ¢, but also
the capacity levels at which these components guarantee s-
t capacity success (Hudson and Kapur, 1983; Natvig et al.,
1986). For the multistate case, the concept of path sets will
be replaced by the notion of multistate path vectors. These
vectors describe the current state of each of the system com-
ponents that guarantee system success.

2.1. Problem description and definitions

Let G = (N, A) represent a stochastic capacitated network
with known demand d between known source node s and
sink node 7. N represents the set of nodes and 4 = {i|1 <
i < m}represents the set of arcs. The current state (capacity)
of arc i is defined by x; which takes values from vector
b;, represented by b; = (b =0, b, ..., bi,, = M;) where
b e Z", M; equals the maximum capacity of arc i and w;
equals its number of states. That is, vector b; represents the
range of states (capacities) associated with arc i. The vector
p; = (pi1, pi2, - - ., Piw) TEPrEsents the probability associated
with each of the values taken by x; (i.e., p;j = P(x; = by))).
The system state vector x = (x1, X2, . . ., X;;) denotes the state
of all the arcs of the network. Function ¢: Z™ — Z*, maps
the system state vector into a system state. That is, ¢(x) is
the network capacity between s and ¢ under system state
vector Xx. M2TR, denotes the probability that a demand
of d units can be supplied from source node to sink node
through the multistate arcs: M2TR,; = P{p(x) > d}.
We make the following assumptions.

1. The component states are mutually stochastically inde-
pendent.

2. The structure function ¢(x) is coherent. That is, improv-
ing component performance cannot cause the network
to become less reliable.

3. The component states and their associated probabilities
are known.

2.1.1. Vector properties

e A vectory issaid to be less than x, or y < x, iff for every
y; (the ith entry of vector y) and x; (the ith entry of vector
X), ¥; < x; and for some y; (the kth entry of vector y),
and x; (the kth entry of vector x), yx < xi.

e A vector y is said to be greater than x, or y > X, iff for
every y; (the ith entry of vector y) and x; (the ith entry of
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vector x) y; > x; and for some yy (the kth entry of vector
y) and x; (the kth entry of vector X), yr > xi.

e A vectoryissaid to be equal to x, or y = x, iff for every y;
(the ith entry of vector y) and Xx; (the ith entry of vector
X)s Vi = X;.

e A vector x is said to be a MMPYV at level d if ¢(x) > d
and for every othery < x, ¢(y) < d.

e A vector x is said to be a Multistate Minimal Cut Vector
(MMCYV) at level d if ¢(x) < d and for every other y >

X, p(y) > d.

2.1.2. Weakly homogeneous components

Letby, = (bu1, b, . . . \bpam) and by = (bx1, bya, . . . ,bras) be
the state space vectors of components ay, and a; respectively.
Components a;, and a; are called weakly homogeneous if
the first /; component states are equal. That is, components
can have a different number of states yet for components,
ay and ai with |b,| = I, and |by| = I and [;, > [;, where |by|
and |by | represent the cardinality of the state vectors b, and
b;. of components a; and ay, the first /; component states
must be equal. Components that are not initially weakly
homogeneous can often be transformed into weakly homo-
geneous components by introducing new component states
with a zero associated probability.

2.2. On multistate minimal vectors

The system success (failure) at a demand level d can be
completely characterized by the set containing all the min-
imal path (cut) vectors. To clarify these concepts, consider
the series system depicted in Fig. 1. This system has m arcs
and the system capacity must be at least  for the system to
function properly. All vectors that guarantee system success
(failure) can be obtained based on the definition of minimal
path (cut) vectors at level d MMPVs (MMCVs).

For the system to fulfill demand d, each of the system
components must have at least a capacity of d. Assuming
that the nominal capacity of each of the components is
greater than or equal to d, then a single MMPV, MMPV,,
can be obtained: MMPV,| = (xy, x2, ..., X,;) where x; rep-
resents the current capacity of arc a; and the value of x; is
obtained as follows: x; = min;{b;|b; > d}Vi=1,...m.

On the other hand, system failure is guaranteed when
the capacity of any component is strictly less than d. Thus,
there are m distinct MMCVs, MMCV,;, i = 1,...m, of the
form: MMCV; = (M, M>, ..., xi;, Miyy,..., M,,) where
x; represents the capacity of arc a; and the value of x; is
obtained as follows: x; = max;{b;|b; < d}Vi=1,...m.

a as
®_ I

Fig. 1. Series system configuration.
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2.3. Reliability computation

Based on these vectors the M2TR, can be computed
through the inclusion/exclusion formula. For binary relia-
bility this formula is defined as:

/ !
R= l—P(U c,1> =1-) PC+)_ PG
h=1 h=1 h<k
— (=1 P(Cy ﬂczﬂ...ﬂcl),

where / is the number of minimal cut sets, and Cj, is the
minimal cut set 4. Equivalently:

R= P(U Ph> = ZP(P;,) — ZP(Ph ﬂPk)
h=1 h=1 h<k

+ ...(_l)lP(lepzﬂ"‘ﬂPf)’

where ¢ is the number of minimal path sets, and P, is the
minimal path set /.

This formula has to be extended to account for the new
vector structure of the minimal sets. For the multistate case
the M2TR; can be obtained with the following modification
of the inclusion/exclusion formula:

L
M2TR; =1- Y P(x < MMCV,)
h=1
+ ) P(x < MMCV), A x < MMCV)
h<k
— - (=DfP(x < MMCV; A x <MMCV,
A AX<MMCV))
where L is the number of MMCVs and MMCYV,, is the Ath
MMCY such that:

P(x <MMCVy) =[] P(xi <y) Vxie x
i=1
and every y; € MMCVj,.
In order to compute the remaining terms in the formula:
we must have that:

P(x < MMCV, A x < MMCVy)

=[] P(x < minfy;, z)  V¥xi e x,
i=1 !
and every y; € MMCV), and z; € MMCV,.
Equivalently:

T
M2TR, = ) P(x = MMPV;) — Y P(x > MMPV, A
h=1 h<k
X > MMPV,) + - - - ()T P(x > MMPV,; A
X > MMPV, A --- A X > MMPV7),

where T is the number of MMPVs and MMPV,, is the Ath
MMPYV such that:
P(x > MMPV;) = [ [ P(x; = y))¥xi € x,
i=1
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and every y; € MMPV,,. In order to compute the remaining
terms in the formula: we must have that:

m

P(x = MMPV;, A x = MMPV;) = [ [ P(x; = max{y;, zi})
i=1 !
Vx; € X

and every y; € MMPV,, and z; e MMPV,.
The reliability of a system that follows the two-terminal
rationale can be obtained based on the transformed inclu-

sion/exclusion formulas. The problem reduces to finding
either the MMCYV or MMPYV at the required demand level.

2.4. M2TR Approaches

For systems where binary-state analysis is insufficient, an
incorrect reliability assessment can lead to faulty decision-
making with regard to network performance. Unneces-
sary expenditures, incorrect maintenance scheduling and
a reduction in safety standards are problems that poten-
tially can be related to unsatisfactory reliability assessments.
Thus, there is a real need to incorporate a more realistic view
of system performance concerning the multistate behavior
of systems.

Recently, multistate network reliability modeling has at-
tracted the attention of network reliability researchers. The
first approach to solve this problem was to use enumera-
tive methods as in the papers of Hudson and Kapur (1983),
Aven (1985), Natvig et al. (1986), and Boedigheimer and
Kapur (1994). These methods relate all possible combina-
tions of the component states to a system state. Thus, it is
understandable that enumerative procedures can be applied
only to relatively small systems.

The method proposed by Patra and Misra (1993, 1996)
is an enumerative procedure that uses binary cut sets to
develop multistate system state vectors that potentially sat-
isfy the system demand. Each of these vectors is analyzed
by filtering out all these infeasible vectors that do not ful-
fill the required demand from source to sink. This method
does not provide either multistate paths or cut vectors. In
fact, in some cases this approach may lead to a complete
enumeration procedure.

Lin (2001) and Ramirez-Marquez and Coit (2003) have
developed approaches to compute the exact M2TR value
using a multistate version of minimal path sets. The algo-
rithm presented by Lin (2001) considered weakly homo-
geneous components. Thus, for systems in which the com-
ponents are heterogeneous, the method must be improved.
A network reduction technique is described in Ramirez-
Marquez and Coit (2003) that is able to obtain all possible
MMPVs. If binary components are considered than the
method reduces to the approach developed by Kuo et al.
(1999). These approaches have only been applied to rela-
tively small networks.

Lin (2002) and Yeh (2004) presented the first approaches
to identify the multistate version of minimal binary cut sets
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for the M2TR problem. The MMCVs are computed in a
similar form. For each binary cut, they enumerate all dif-
ferent state combinations of the components in the cut to
obtain the multistate levels that guarantee a MMCYV. These
methods consider weakly homogeneous components with
the added constraint that the capacity of arc i is an integer-
valued random variable. This research represented an im-
portant contribution to the problem solution. However, the
algorithms cannot be applied to problems of the type pre-
sented by Patra and Misra (1993, 1996).

The algorithm presented by Ramirez-Marquez et al.
(2004) reduces the computational burden inherent in pre-
vious approaches (Lin, 2002; Yeh, 2004). The motivation
behind the algorithm is two-fold. Firstly, a binary minimal
cut vector is a cut vector in the multistate case, although it
may not be minimal. That is, the level, x;, at which the arcs
belonging to the binary cut operation, may not be minimal
when considering multistate behavior. Thus, the problem in
the multistate case reduces to finding the minimal state lev-
els of the components in the binary cut. The algorithms pre-
viously developed use this property to construct the MM-
CVs. Secondly, information sharing between the cuts can
significantly reduce the number of enumerations needed to
obtain the MMCVs. Based on the binary minimal cut sets,
the algorithms of Lin (2002) and Yeh (2004) use exhaustive
enumeration to find the new component states of a given
binary cut that entail system failure in the multistate case.
The approach of Ramirez-Marquez et al. (2004), however,
identifies two basic cuts, called parent cuts, which propa-
gate information (component states) to a specified number
of binary cuts called offspring cuts.

Levitin et al. (1998) use a procedure based on the concept
of a universal generating function to compute M2TR ;. This
technique has proven to be a valuable and efficient tool
for relatively complex systems. It requires relatively small
computational resources to evaluate multistate reliability
indices. A detailed description of the universal generating
function is presented in Levitin and Lisnianski (2003).

Finally, it is important to note that most methods to
compute M2TR are based on providing MMCVs. Since the
number of potential MMCVs generated by these methods is
a function of the network binary cut sets, these approaches
are usually preferable for use in cases in which the binary
minimal cut sets can be readily obtained and the total num-
ber of these sets is of a manageable size. However, for some
networks a multistate-path-based approach is more attrac-
tive because:

1. The MMPVs can be used as a potential indicator of the
different scenarios in which the network is successful.
Hence, finding these network state vectors provides a
good method to study and prioritize these components
that should be improved or backed-up to ensure that
the network sustains high levels of reliability (Aven and
Osteba, 1986; Ramirez-Marquez and Coit, 2005b).
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2. The number of state enumerations and vector analyses
to obtain the MMPVs can be significantly reduced as
compared with MMCV methods. That is, the number
of enumerations to obtain the MMCVs is closely related
to the number of binary minimal cut sets. As the net-
work size increases the problem of identifying these sets
becomes more difficult for larger and more complex sys-
tems (Fotuhi-Firuzabad et al., 2004; Kuo et al., 1999).

3. The total number of MMPVs may be made more man-
ageable than the number of MMCVs, thus contributing
to a faster M2TR exact computation (Ramirez-Marquez
and Coit, 2005a).

3. M2TR through a MMPYV approach

3.1. Discussion of the approach

The algorithm presented in this paper is a fully multistate
approach. Current M2TR computation methods assume
that the binary cut sets of network G are known a priori.
Thus, when no information about these sets is available then
the algorithms are not applicable. Lin (2001) and Lin ef al.
(1995) have developed methods to compute the MMPVs
by developing and solving sets of inequalities imposed by
the structure of the network. These approaches are prob-
lem specific, and for each particular network, a set of in-
equalities must be developed and solved. Furthermore, they
depend on knowing the binary minimal path sets a priori.

Unlike the MMCYV case (Lin, 2002; Yeh, 2004), a binary
minimal path vector is not necessarily a multistate path vec-
tor. The MMPYV computation problem is complicated be-
cause different combinations of arc levels must be analyzed
in order to obtain the MMPVs and ultimately M2TR ;. The
inequalities developed by use of binary path sets and system
requirements in Lin (2001) and Lin ez al. (1995) reduce the
search space in which to obtain the MMPVs. The approach
presented in this section can be regarded as a network re-
duction or transformation method. Once the network is
reduced, information sharing among the removed and suc-
cessor arcs reduces the number of vector analyses needed
to obtain the MMPVs. This reduction and information-
sharing step is iteratively performed until all network arcs
have been examined.

3.2. Algorithm description

The rationale behind the algorithm mimics the MMCV
approach of Ramirez-Marquez et al. (2004) in the sense
that a select number of network arcs share information be-
tween themselves to reduce the number of state enumera-
tions needed to obtain all MMPVs. The information shar-
ing mechanism allows for an effective computation of the
network’s MMPVs without the need to rely on the binary
minimal path sets.
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The initial step of the algorithm requires that a successor
matrix be computed along with a primary set of compo-
nents. Initially, the “primary set” is constructed by consid-
ering the set containing all arcs that originate at the source
node. The second step identifies component states (x;) that
guarantee that the components in the primary set satisfy
the demand requirement used to set up the information
sharing process. Step 3 identifies successors of the compo-
nents in the primary set via the successor matrix and passes
information about the component states (x;) that should
be analyzed. Once these successors have been exhausted,
the primary set is updated and the process is repeated. The
updated primary set is constructed by considering the set
containing all the successors analyzed in the previous run.

At each process run (primary set update) potential
MMPVs are updated. When no successor is left to analyze,
i.e., the primary set can no longer be updated, functions u
and § check for vector feasibility and MMPYV condition,
respectively. Finally, M2TR,; can be computed using in-
clusion/exclusion formula or approximated through a MC
simulation approach similar to Ramirez-Marquez and Coit
(2005a).

It should be noted that this algorithm significantly differs
from current approaches reported in the literature in the fol-
lowing respects: 1) it does not depend on a priori knowledge
of minimal path or cut sets; and (ii) although it uses an
information sharing technique initially used in Ramirez-
Marquez et al. (2004) the application of the technique in
the proposed algorithm is entirely innovative because of
the way the arcs are selected to inherit information.

Algorithm pseudo-code
Initialize:

x=0V i=1,....m Pi=I'=T=Q=¥v=T7T =
9, r =0, d = source-sink requirement.

Step 1. Successor matrix and primary set
1.1. Compute successor matrix U.

1 arcjis asuccesor of arci
e — ‘
Y 0 otherwise

1.2. Define primary set Py:

P = {a;]a; originates at the source node}
T — P1

Step 2. Initial potential MMPVs
Identify all combinations of states b; such that:

For each combination, create vectors x via:
X,‘-Fb,‘j ifaieT’,
X = .
X; otherwise.

Update @ — QU {x}
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Step 3. Information sharing
3. If P £ 0O

r — min {k|a; € P;}

T — a,
Py — (TNP)
T" = {ak|ug, = 1}
32.If7T"=0
Return to Step 3.1
Ifa. e ¥
Return to Step 3.1
Else
v —->TUw
r-rurt
Q> Q>0
For each x; in a potential MMPV
xeQ
Identify all combinations of states
b such that:
2 by=2x
aiéT’
For each combination, create
vectors X via:
X + b,] if a; € T
X = .
X; otherwise
Update Q@ — Q U {x}
Return to Step 3.1
Ifr=9
Q' — Q
While Q' # @
Take x € Q. Go to Step 4
Q- (QNO)Y
For every x € Q and y € 2, x#£y. Go to
Step 5
STOP: The multistate minimal path
vectors are contained in set ©
Else
Pl — T
r—-o

Go to Step 3.1

Function u(x)

Q — (Q' N {x})

Fori=1,...,m
Ifx,'>M,',X[€X

®—->0Ux

Else

Function §(x, y)

Ifx>y
®—->0Ux
Return ®

Else ® — ®
Return ®

Step 4.

Step 5.

Ramirez-Marquez et al.

Fig. 2. The multistate network due to Lin (2001).

4. Examples and comparison with commonly
used methods

In this section, several examples are provided to demon-
strate the algorithm. Example 1 is taken from Lin (2001)
and each step of the algorithm and the computations
needed are presented at each of the iterations to obtain the
MMPVs. Example 2 considers the same data as example
1 with a variation of system demand to provide differing
MMPVs. Complete enumeration requires the computation
and capacity analysis of 2304 state vectors for each problem.
Lin (2001) and Lin et al. (1995) have the added complex-
ity of obtaining minimal path sets and creating and solving
problem-specific inequalities to obtain the MMPVs. This
is the first time a fully multistate approach has been used
to solve this type of network. That is, the proposed algo-
rithm does not depend on the a priori computation of binary
minimal path sets. Finally, example 3 considers a multistate
system initially analyzed by Levitin et a/. (2003). This last
example is used to show how the proposed approach can
be used to obtain MMPVs in systems where components
have heterogeneous states.

4.1. Example 1

Figure 2 presents the network analyzed by Lin (2001). It
is desired to obtain all the MMPVs that guarantee that
the system capacity from the source to sink node is greater
than or equal to five units. Table 1 presents the states of each
of the network arcs. The following figure and sequence of

Table 1. The states of the network arcs.

States

a; bis biz biz biy
1 0 1 2

2 0 1 2 3
3 0 1 2

4 0 1 2 3
5 0 1 2 3
6 0 1 2 3
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Successor Matrix

Ll,:]‘ aj ap as ay as dg
a 0 1 1 0 0 0
a 0 0 0 0 0 0
as 0 0 0 0 0 1

a 0 1 0 0 0 0
as 0 0 0 1 0 1

as 0 0 0 0 0 0

Fig. 3a. The successor matrix.

tables illustrates how the potential MMPVs are constructed
and updated based on the primary set and on the inherited
values.

The initial step requires input of the successor matrix,
shown in Fig. 3a, and the primary set. Note that in the con-
struction of the predecessor matrix arcs asz and a4 are not
considered to be successors of one another. See the note
on cycle handling in Section 4.1.1. In this example the pri-
mary set is Py = {aj, as}. From this primary set, shown
in Table 2, the information sharing approach will be ini-
tiated by developing vectors as dictated in Step 2 of the
algorithm.

(Step 3.1.) The values of the sets are updated in the
following form: T' — {a1}, T' — {a», a3}, Py — {as}, T —
{az, as}. (Step 3.2) The potential MMPYV are listed in
Table 3.

(Step 3.1.) Sets are updated: T — {as}, T' — {aa, ag},
P— 9, T — {ay, a3, as, ag}. (Step 3.2) This gives the po-
tential MMPVs listed in Table 4.

The initial primary set has been analyzed and must be
updated. This process is repeated until the primary set can
no longer be updated. The remaining steps follow.

(Step 3.1.) Sets are updated: P — {ay, a3, a4, ag}, T —
{ax}, Py — {az,a4,06), T — O, T — @. No potential
MMPYV is updated since the successor set is empty. A new
updating process is performed:

(Step 3.1.) T — {as}, Py = {ag,a¢}, T' — {ag}, T —
{ag}. (Step 3.2.) The potential MMPVs in this case are
listed in Table 5.

(Step 3.1.) Now T — {a4}, P1 — {a¢}, T — {ap}, T —
{ay, ag}. (Step 3.2.) The potential MMPVs listed in Table 6
are computed.

Sets are updated: 7 — {as}, Py > 9, T' > I3, T’ —
{as, ag}. No potential MMPYV can be updated since the set
containing successors is empty. Moreover, the primary set
is empty thus a new process must be started.

Table 2. The primary set

X; X1 X2 X3 X4 X5 X6

1 2 0 0 0 3 0
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Table 3. The potential MMPVs
Xi X7 X2 X3 X4 X5 X6
1 2 0 2 0 3 0
2 2 1 | 0 3 0
3 2 2 0 0 3 0
Table 4. The MMPVs after the second updating process
X; XJ X2 X3 X4 X5 X6
1 2 0 2 3 3 0
2 2 0 2 2 3 1
3 2 0 2 1 3 2
4 2 0 2 0 3 3
5 2 1 1 3 3 0
6 2 1 1 2 3 1
7 2 1 1 1 3 2
8 2 1 1 0 3 3
9 2 2 0 3 3 0
10 2 2 0 2 3 |
11 2 2 0 1 3 2
12 2 2 0 0 3 3
Table 5. The MMPVs after the fourth updating process
X; X X2 X3 X4 Xs X6
1 2 0 2 3 3 2
2 2 0 2 2 3 3
3 2 0 2 1 3 4
4 2 0 2 0 3 5
5 2 1 1 3 3 1
6 2 1 1 2 3 2
7 2 1 1 1 3 3
8 2 1 1 0 3 4
9 2 2 0 3 3 0
10 2 2 0 2 3 1
11 2 2 0 1 3 2
12 2 2 0 0 3 3
Table 6. The MMPVs after the fifth updating process
X; X7 X2 X3 X4 X5 X6
1 2 3 2 3 3 2
2 2 2 2 2 3 3
3 2 1 2 1 3 4
4 2 0 2 0 3 5
5 2 4 1 3 3 1
6 2 3 1 2 3 2
7 2 2 1 1 3 3
8 2 1 1 0 3 4
9 2 5 0 3 3 0
10 2 4 0 2 3 1
11 2 3 0 1 3 2
12 2 2 0 0 3 3
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Table 7. The inadequate vectors
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Table 9. Potential MMPVs for example 2

X; X7 X2 X3 X4 X5 X6 X; X7 X2 X3 X4 X5 X6
3 2 1 2 1 3 4 1 3 4 0 1 1 0
4 2 0 2 0 3 5 2 3 3 0 0 1 1
5 2 4 1 3 3 13 3 3 1 1 1 1
8 2 1 1 0 3 4 4 3 2 1 0 1 2
9 2 5 0 3 3 0 5 3 2 2 1 1 2

10 2 4 0 2 3 1 6 3 1 2 0 1 3

7 3 1 3 1 1 3
8 3 0 3 0 1 4
Py — {a,a6l, T — {a), P —> {ag), T' > B, T > Q. 9 2 4 0 2 2 0

No potential MMPV can be updated since the set con- 10 2 3 0 1 2 1

taining successors is empty. 7 — {as}, P1 > 9, T' — O, }é g % (1) g ; %

I' - O. The process has been exhausted since the updated 13 5 > 1 | 5 )

primary set equals the null set. The next step applies the |, 5 1 | 0 ) 3

adequacy function u. This function identifies the vectors |5 ) 2 2 2 2 2

listed in Table 7 as being inadequate. 16 ) 1 b 1 ) 3

For the remaining vectors function § checks the condition 17 2 0 2 0 2 4
of the MMPVs, this function yields the MMPVs listed in = 18 1 4 0 3 3 0
Table 8. 19 1 3 0 2 3 1

20 1 2 0 1 3 2

4.1.1. Cycle handling 21 1 1 0 0 3 3

One of the user inputs into the algorithm is the successor g } 2 } ; ; ;

matrix. This matrix contains information on the network 24 1 1 1 ) 3 3

structure. If cyclic networks occur then the successor ma- 5 1 0 | 0 3 4

trix has to be constructed with special care to ensure that
the algorithm does not generate infeasible MMPVs. As an
example, consider the successor matrix associated with the
network depicted in Fig. 2. According to the definition of
uyj, uz4 and ug3 should have a value equal to one. However,
if these values were coded into the successor matrix the al-
gorithm would cycle between these arcs, create infeasible
values for both x3 and x4 and impose these values on the
successors of these arcs. In summary, the network structure
and associated connectivity protocol must be well under-
stood before using the successor matrix.

4.2. Example 2

The second example considers the same network and data
given for example 1. However, the demand requirement
is reduced to four units. Table 9 presents the potential
MMPVs obtained using the proposed algorithm. These vec-
tors are checked first with function u to test for adequacy.
The adequate vectors, after application of function u, are
presented in Table 10. Finally, Table 11 presents the final
vectors after the use of function § to check for the MMPV
condition.

Table 8. The MMPVs yielded by the § function

X; X7 X2 X3 X4 X5 X6
11 2 3 0 1 3 2
12 2 2 0 0 3 3

Table 10. The adequate vectors for example 2

Xi Ry X2 X3 X4 X5 X6
10 2 3 0 1 2 1
11 2 2 0 0 2 2
12 2 3 1 2 2 1
13 2 2 1 1 2 2
14 2 1 1 0 2 3
15 2 2 2 2 2 2
16 2 1 2 1 2 3
19 1 3 0 2 3 1
20 1 2 0 1 3 2
21 1 1 0 0 3 3
22 1 3 1 3 3 1
23 1 2 1 2 3 2
24 1 1 1 1 3 3
Table 11. The MMPVs for example 2

X; X7 X2 X3 X4 X5 X6
10 2 3 0 1 2 1
11 2 2 0 0 2 2
14 2 1 1 0 2 3
19 1 3 0 2 3 1
20 1 2 0 1 3 2
21 1 1 0 0 3 3
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Fig. 3b. The system considered by Levitin et al. (2003)

4.3. Example 3

The system depicted in Fig. 3b with data given in Table 12
was first analyzed using the universal generating function
method by Levitin et al. (2003). The system must supply
five units from the source to the sink nodes. Since the
component states are heterogeneous no technique other
than our method can be applied. Our proposed algorithm
can provide the MMPVs by transforming the heteroge-
neous components into homogeneous components in the
form of “dummy” states. Table 13 presents the transformed
component data that allows for application of our pro-
posed method. The vectors obtained by using our algo-
rithm are transformed into system MMPVs by the values
of the component’s “dummy” states for its next highest
original state. Table 14 shows the list of heterogeneous
MMPVs.

5. Computation of the system reliability

The previous examples illustrated how the algorithm can
effectively obtain MMPVs in networks with homogeneous
and heterogeneous component states. If the component
state probabilities are known then the vectors obtained
through the algorithms can be used to compute or approx-
imate the actual M2TR value.

It is important to note that the approaches of Lin
et al. (1995), Lin (2001, 2002), Ramirez-Marquez and Coit
(2003), Ramirez-Marquez et al. (2004) and Yeh (2004) to
the analysis of M2TR,; assume that once the MMCVs
or MMPVs are obtained then the reliability computation

Table 12. The system data of Levitin et al. (2003)

a; bir biz biz biy bis
1 0 1 3 5 7
2 0 2 4

3 0 2 4

4 0 2 6 8

5 0 2 4

6 0 2 4

7 0 6 10 14 18
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Table 13. The transformed system data

ai by b2 bz by bis bis by b b b

1 0 1 2 3 4 5 7

2 0 1 2 3 4

3 0 1 2 3 4

4 0 1 2 3 4 5 6 8

5 0 1 2 3 4

6 0 1 2 3 4

7 0 1 2 3 4 5 6 10 14 18

is a straightforward process using the transformed inclu-
sion/exclusion formula for multistate reliability. However,
as the size of the network or the number of component
states increases, the inclusion/exclusion approach becomes
impractical because the number of minimal vectors needing
to be analyzed can increase considerably.

Recently, Ramirez-Marquez and Coit (2005a) developed
a MC simulation approach to the analysis of M2TR based
on MMCVs. A modification of this procedure can be used
to approximate M2TR values based on MMPVs. The modi-
fication is as follows. At each run of the simulation, a system
state vector is generated based on the state occupancy prob-
abilities dictated by vector p,. This vector is then compared
against the set of MMPVs to decide if it corresponds to a
system success ¢ (X) > d. If the simulated vector is greater
than or equal to even one of the MMPVs, then it repre-
sents a system success. At each run, the indicator variable
K (system success count) is updated.

This modification not only allows for the computation
of M2TR values based on MMPVs, but also allows the
modified MC method to be used to verify that the ob-
tained vectors are in fact the MMPVs of the system. If both

Table 14. The heterogeneous MMPVs

MMPV X7 X2 X3 X4 X5 X6 X7
1 5 4 2 0 0 0 6
2 5 2 4 0 0 0 6
3 3 4 0 2 2 0 6
4 3 4 0 2 0 2 6
5 3 2 2 2 2 0 6
6 3 2 2 2 0 2 6
7 3 0 4 2 2 0 6
8 3 0 4 2 0 2 6
9 3 2 0 3 4 0 6

10 1 2 0 6 4 0 6

11 1 2 0 6 2 2 6

12 1 2 0 6 0 4 6

13 1 0 2 6 4 0 6

14 1 0 2 6 2 2 6

15 1 0 2 6 0 4 6

16 0 0 0 6 4 2 6

17 0 0 0 6 2 4 6
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Table 15. The MMCVs obtained using the method of Ramirez-
Marquez et al. (2004)

MMCV X7 X2 X3 X4 X5 X6 X7
1 7 4 4 8 4 4 0
2 7 4 0 8 0 0 18
3 7 0 4 8 0 0 18
4 7 0 0 8 4 0 18
5 7 0 0 8 0 4 18
6 7 2 2 8 0 0 18
7 7 2 0 8 2 0 18
8 7 2 0 8 0 2 18
9 7 0 2 8 2 0 18

10 7 0 2 8 0 2 18

11 7 0 0 8 2 2 18

12 3 4 4 8 0 0 18

13 0 4 4 8 4 0 18

14 0 4 4 8 0 4 18

15 1 4 4 8 2 0 18

16 1 4 4 8 0 2 18

17 0 4 4 8 2 2 18

18 7 4 0 0 4 4 18

19 7 0 4 0 4 4 18

20 7 2 0 2 4 4 18

21 7 0 2 2 4 4 18

22 7 2 2 0 4 4 18

23 3 4 4 0 4 4 18

24 1 4 4 2 4 4 18

the MMCVs and MMPVs of a given network are known
for some demand level then their respective MC procedure
should yield the same failure or success count (provided that
the same seed for the random number generator is used).
Table 15 presents MMCVs obtained with the method of
Ramirez-Marquez et al. (2004) for example 3 solved in Sec-
tion 4. Table 16 presents probability data for the compo-
nent states for three different test cases. Finally, Table 17
shows the number of successes and failures by considering
the MMCYV and MMPYV simulation procedures separately
(same seed and number of runs). Each procedure consists
of 1000 000 runs. As shown by the results the complement
of the success count equals the failure count for each of the
cases.

Table 16. The probabilities for the component states
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Table 17. The results for example 3

Case
Approach 1 2 3
MMPV* 996 931 964 969 973 167
MMCV** 3069 35031 26 833
Runs 1000 000 1000 000 1000 000

*Values indicate the total number of successes.
**Values indicate the total number of failures.

6. Future research and conclusions

6.1. Future research

As previously discussed the proposed algorithm requires
the user to input the successor matrix of the network. Cur-
rently, this matrix has to be manually constructed with spe-
cial attention being paid to ensure that the network has
no cycles so that the algorithm does not generate infeasible
MMPVs or infinite loops. As part of their research into net-
work reliability, the authors are working on an algorithm
to automate the construction of successor and predecessor
matrices to obtain binary minimal cut and path sets. How-
ever, a general rule for the construction of the predecessor
matrix is to: (i) identify network cycles by inspection and for
each cycle create a set containing the arcs associated with
it; (ii) for each set identify the arc for which the removal of
its successor eliminates the cycle yet does not interfere with
potential s-¢ paths; and, (iii) the successors (within the cy-
cle) of the chosen arc should not be included in the matrix.
Figure 4 presents two networks that are used to illustrate
this general rule in the following discussion.

e For network A, in Fig. 4 the arcs that cause cycles are
completely contained within the shaded box. From these
cycles, the sets generated are given by: S} = {6, 7, 8} and
S> ={3,4,7,8}. The analysis of S| identifies arc 8, as the
arc for which the removal of its successor does not inter-
fere with other potential s-¢ paths. Thus, arc 6 should not
be coded as a successor of arc 8 in the successor matrix.
An equivalent analysis for .S, identifies arc 8, as the arc
for which the removal of its successor does not interfere

Case 1 Case 2 Case 3
a; Pil Pi2 Pi3 Di4 Pis a; Dil Pi2 Di3 Di4 pis 4 Dil Pi2 Di3 Pi4 pis
1 0.003 0.003 0.003 0.001 099 1 0.025 0.025 0.025 0.025 09 1 0.025 0.025 0.025 0.025 0.9
2 0.005 0.005 0.99 2 0.05 0.05 0.9 2 0.013 0.013 0.975
3 0.005 0.005 0.99 3 005 0.05 0.9 3 0075 0.075 0.85
4 0.003 0.003 0.004 0.99 4 0.033 0.033 0.034 09 4 0.003 0.003 0.003 0.99
5 0.005 0.005 0.99 5 0.05 0.05 0.9 5 0.025 0.025 0.95
6 0.005 0.005 0.99 6 0.05 0.05 0.9 6 0.025 0.025 0.95
7 0.003 0.003 0.003 0.001 099 7 0.025 0.025 0.025 0.025 09 7 0.025 0.025 0.025 0.025 09
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Network A

Fig. 4. Cyclic networks A and B.

with other potential s-¢ paths. Thus, the successor matrix
should not contain arc 3 as a successor of arc 8.

¢ For network B, the shaded box contains all the arcs that
are responsible for generating cycles. The sets generated
are: S1=1{7,8,9,10}, S, ={4, 6, 7} and S5 = {3, 5, 6}. By
analyzing S, arc 9 can be identified as the arc for which
the removal of its successor does not interfere with other
potential s — ¢ paths. Thus, arc 7 should not be coded
as a successor of arc 9 in the successor matrix. Similarly,
the analysis of S, identifies arc 7, as the arc for which
the removal of its successor does not interfere with other
potential s — ¢ paths. Thus, the successor matrix should
not contain arc 6 as a successor of arc 7. Finally, S;
implies that not including arc 3 as a successor of arc 6 in
the corresponding matrix would not interfere with other
potential s-¢ paths.

6.2. Conclusions

This paper examined the M2TR,; modeling and computa-
tion problem. A generalized approach that provides com-
ponent states that guarantee system success has been pro-
posed. The method has been tested to show that it can
effectively solve the problem of generating MMPVs for
the M2TR, problem. The algorithm uses an informa-
tion sharing approach similar to that of Ramirez-Marquez
et al. (2004) that significantly reduces the number of vec-
tor analyses needed to obtain all the MMPVs. Moreover,
the algorithm mimics natural organisms in the sense that
the component levels are inherited from a select number of
components in a set called the primary set. The information
sharing rationale is complemented by a network reduction
technique to obtain the MMPVs.

Although it has been assumed that the nodes are perfectly
reliable, the method can be modified to accommodate un-
reliable nodes. Unlike other approaches, the algorithm can
handle both homogeneous and heterogeneous component
states. The only restriction on the application of the pro-
posed method is that the network has no cycles. The paper
also explains issues related to the reliability computation
for the M2TR; based on MMPVs.

The MMPV computational approach presented in this
paper is preferable when considering sparse large networks.
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For dense networks, the MMCYV algorithm of Ramirez-
Marquez et al. (2004) can be used as an alternative M2TR
computation method. Finally, by complementing a mul-
tistate network MMCV with MMPVs useful information
(i.e., criticality analysis, importance and sensitivity mea-
sures) regarding the network functioning can be gained.
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