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A solution methodology is described and demonstrated to determine optimal design con®gurations for nonrepairable series±
parallel systems with cold-standby redundancy. This problem formulation considers non-constant component hazard functions
and imperfect switching. The objective of the redundancy allocation problem is to select from available components and to
determine an optimal design con®guration to maximize system reliability. For cold-standby redundancy, other formulations have
generally required exponential component time-to-failure and perfect switching assumptions. For this paper, there are multiple
component choices available for each subsystem and component time-to-failure is distributed according to an Erlang distribution.
Optimal solutions are determined based on an equivalent problem formulation and integer programming. Compared to other
available algorithms, the methodology presented here more accurately models many engineering design problems with cold-
standby redundancy. Previously, it has been di�cult to determine optimal solutions for this class of problems or even to e�ciently
calculate system reliability. The methodology is successfully demonstrated on a large problem with 14 subsystems.

1. Introduction

The redundancy allocation problem has been studied for
many di�erent system structures, objective functions and
distribution assumptions. In this paper, a problem for-
mulation and solution methodology are presented to
maximize system reliability for nonrepairable system de-
signs that use cold-standby redundancy as a strategy to
increase system reliability. This methodology allows
constant and increasing hazard functions and imperfect
component failure detection and switching.
Cold-standby redundancy involves the use of redun-

dant components that are shielded from the operational
stresses associated with system operation. Without ex-
posure to those stresses, the likelihood of failure is very
low, and assumed to be zero, until the component is re-
quired to operate as a substitute for a failed component.
When a failure does occur, it is necessary to detect the
failure and to activate the redundant component. For a
nonrepairable system, the failure detection and switching
must be accomplished by additional system hardware
that would not otherwise be required.
Many ®elded systems use cold-standby redundancy as

an e�ective system design strategy. Space exploration and
satellite systems (Sinaki, 1994) achieve high reliability by
using cold-standby redundancy for nonrepairable sys-
tems. Generally the use of cold-standby redundancy
provides higher system reliability compared to an analo-

gous system architecture with active redundancy. How-
ever, cold-standby is more di�cult to implement because
of the necessity to detect failures as they occur and acti-
vate the redundant component. This is not necessary for
active redundancy.
Space inertial reference units are required to accurately

monitor critical information for extended mission times
without opportunities for repair. Sinaki (1994) describes
several design strategies to achieve high system reliability
for these systems. He contends that space-based com-
puter systems cannot achieve the required reliability levels
without the use of redundancy. The use of cold-standby
redundancy is preferable for these systems because of the
comparable system reliability advantages. Redundant
computer functions and hardware, including gyros, are
used as part of the system design. They are not activated,
and thus not stressed, until the functioning unit has
failed. Many other systems use cold-standby redundancy
as an e�ective strategy to achieve high reliability includ-
ing textile manufacturing systems (Pandey et al., 1996)
and carbon recovery systems used in fertilizer plants
(Kumar et al., 1996).
Existing system reliability optimization algorithms are

most often available only for active redundancy. Addi-
tionally, available algorithms that do address cold-
standby optimization generally assume perfect switching
and exponential failure times. The use of cold-standby
requires that the system be able to detect a failure and
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activate the redundant component. In practice, switching
is often very reliable, but it can fail. The problem of im-
perfect switching has been studied in detail by Shankar
and Gururajan (1993) and also Gurov and Utkin (1996),
although there have been no previously successful re-
search e�orts to incorporate imperfect switching into
system reliability optimization.

2. Redundancy allocation problem

The design of new products involves the speci®cation of
performance requirements, the evaluation and selection
of components to perform clearly de®ned functions and
the determination of a system-level architecture. Detailed
engineering speci®cations prescribe minimum levels of
reliability, maximum weight, maximum volume, etc. If
the design is to be produced economically or within some
speci®ed budget, numerous design alternatives must be
considered, resulting in a complex combinatorial opti-
mization problem.
The redundancy allocation problem pertains to a sys-

tem of s subsystems in series. Each subsystem is designed
with one or more parallel components. If more than one
component is used (ni > 1), then there will be one initially
operating component and ni ÿ 1 components in cold-
standby waiting to be activated, if required.
For each subsystem, there are mi functionally equiva-

lent components that may be selected. Each available
component has di�erent levels of cost, weight, reliability
and other characteristics and there is an unlimited supply
of each of the mi choices. There are system-level con-
straints and the problem is to select the component
choices and levels of redundancy to maximize the system
reliability. It is a di�cult combinatorial problem which
has been shown to be NP-hard by Chern (1992).
System reliability, R�t; z; n�, depends on the component

selections, z, and the levels of redundancy, n. zi and ni are
the component choice and redundancy level respectively
for subsystem i. The formulation assumes that the re-
dundant component(s) for each subsystem are of the
same type as the originally operating component, which is
selected from any of the mi choices.
A general problem formulation to maximize R�t; z; n� is

presented as Problem P1. This formulation has only two
constraints. The solution methodology presented in this
paper can be readily extended to accommodate any
number of linear constraints.
Problem P1:

max g�z; n� � R�t; z; n�
subject to Xs

i�1
ci�zi�ni �

X
i:ni>1

cs;i � C

Xs

i�1
wi�zi�ni �

X
i:ni>1

ws;i � W

ni 2 f1; 2; . . . ; nmaxg
zi 2 f1; 2; . . . ;mig

ci�j� and wi�j� are the cost and weight of the jth
available component for subsystem i while cs;i and ws;i are
the cost and weight of the failure detection and switching
required if ni > 1. C and W are the maximum system cost
and weight. nmax is a user-selected parameter. It is the
maximum number of components that can be used in any
subsystem. Often, this can be selected based on practical
constraints. However, if an analyst has no rationale to
select nmax or does not wish to limit the number of re-
dundant components, than an upper-bound value can be
selected to include the entire feasible region as de®ned by
the system-level constraints.

There has been little research directed towards the
study of cold-standby redundancy with nonrepairable
systems. The problem has often been solved for active
redundancy with nonrepairable systems, or cold-standby
redundancy with repairable systems. For active redun-
dancy, the problem has been solved using dynamic pro-
gramming (Fy�e et al., 1968; Nakagawa and Miyazaki,
1981), integer programming (Bul®n and Liu, 1985; Gen
et al., 1990) and genetic algorithms (Coit and Smith, 1996;
Gen and Cheng, 1997; Painton and Campbell, 1995).
With cold-standby redundancy, it has generally been

assumed that component repair is possible. The problem
has been modeled as a Markov chain and formulated
to minimize steady-state operating costs. Solution
methodologies have been presented (Agra®otis and
Tsoukalas, 1994; Gurov et al., 1995; Harunuzzaman and
Aldemir, 1996; Subramanian and Anantharaman,
1995; Vaurio, 1997) to allocate redundancy for various
system structures, maintenance strategies and repair time
distributions.
When standby redundancy is used for nonrepairable

systems, the problem has received less attention. Yearout
et al. (1986) reviewed and categorized 156 references
speci®cally describing research in standby redundancy.
They identi®ed only one reference, by Albright and Soni
(1984) which pertained to optimization of nonrepairable
systems with standby redundancy. Albright and Soni
assume exponential time-to-failure and one component
choice per subsystem. Tillman et al. (1977) reviewed 144
references describing reliability optimization research. Of
those 144, only 14 pertained to standby redundancy.
Messinger and Shooman (1970) describe a dynamic

programming algorithm and several heuristics to allocate
spare components, which could equivalently be used to
allocate cold-standby redundant components. Hwang
et al. (1971) use an integer programming problem for-
mulation to determine optimal cold-standby redundancy
levels with one component choice for each subsystem,
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exponential time-to-failures and perfect switching.
Robinson and Neuts (1989) studied system design for
nonrepairable systems with cold-standby redundancy.
They examined systems designed with components that
have phase-type time-to-failure distributions.
Prasad et al. (1999) consider the problem of allocating

multi-functional redundant components for deterministic
and stochastic mission times. In their formulation, there
is a limit on the total number of redundant components
that can be used. The total number of spare components
can be allocated to any of the subsystems, although the
component degradation processes are application speci®c
depending on the subsystem. Their algorithm is based on
su�ciency conditions for di�erent classes of component
lifetime and mission time distributions.

3. System reliability with cold-standby redundancy

The reliability of a series±parallel system with cold-
standby redundancy and perfect switching is given by
Equation (1). Equation (1) is a general equation that is
appropriate for any component time-to-failure distribu-
tion. System reliability is the product of subsystem reli-
ability values. Determination of subsystem reliability is
presented in Appendix A.

R�t� �
Ys

i�1
ri�t� �

Xniÿ1

x�1

Z t

0

ri�t ÿ u�f �x�i �u�du

0@ 1A �1�

where ri�t� is the reliability at time t for component used
for subsystem i; and f �x�i �t� is the pdf for the xth failure
arrival for subsystem i, i.e., sum of x iid component
failure times.
In Equation (1), subsystem reliability is the sum of ni

probabilities associated with ni mutually exclusive events
that result in successful subsystem operation for mission
time t. ri�t� is the probability that no redundant compo-
nents are required. The subsequent ni ÿ 1 additive terms
(in the summation) represent the mutually exclusive
probabilities that there are between one and ni ÿ 1 fail-
ures and a redundant component is still operating at time
t. For example, the ®rst term �x � 1� is the probability
that the ®rst component fails, but the second component
is still operating at time t. Since, the ®rst failure time is a
random variable, it is necessary to integrate over all
possible failure times from zero to t. The convolution
integrals and f �x�i �t� are intractable for most applicable
time-to-failure distributions.
For cold-standby redundancy, a detection and switch-

ing mechanism is required to sense the presence of a failed
component and to activate a redundant component, if
one is available. The switch itself may fail. qi�t� is de®ned
to be the reliability of the detection/switching mechanism
for subsystem i. For subsystems with a single component
�ni � 1�, no switch is required.

There are two distinct imperfect switching cases: (i)
continual monitoring and detection, and (ii) detection
and switching only at time of failure. For case (i), the
switching/detection capability is monitoring system
functionality at all times to detect a failure. In this case,
the switch/detection capability can fail at any time and
it is represented by a continuous function, qi�t�. Prior
to switch failure, all required switches are e�ective, and
after the switch failure, no switches will be e�ective.
The system does not necessarily fail when the detection/
switching mechanism fails because it may not be re-
quired to detect and switch during the remainder of the
mission. For case (ii), a detection/switching failure can
only occur in response to an observed failure with
probability qi. The probability that the system fails due
to detection and switching in response to the xth
component failure can be modeled as a geometric ran-
dom variable with probability mass function of
qxÿ1

i �1ÿ qi�.
If there is imperfect failure detection and switching,

system reliability is given by the following equations for
the two imperfect detection/switching cases.

Case (i): Continual monitoring and detection, qi�t�

R�t� �
Ys

i�1
ri�t� �

Xniÿ1

x�1

Z t

0

qi�u�ri�t ÿ u�f �x�i �u�du

0@ 1A �2a�

Case (ii): Detection and switching only at time of failure,
qi

R�t� �
Ys

i�1
ri�t� �

Xniÿ1

x�1
qx

i

Z t

0

ri�t ÿ u�f �x�i �u�du

0@ 1A �2b�

The problem formulation is further developed based on
case (i), although an analogous formulation could be
developed for case (ii). It is di�cult to determine a closed-
form version of Equation (2a). A convenient lower-bound
on system reliability, ~R�t�, can be determined because
qi�u� � qi�t� for all u � t.

R�t� � ~R�t� �
Ys

i�1
ri�t� � qi�t�

Xniÿ1

x�1

Z t

0

ri�t ÿ u�f �x�i �u�du

0@ 1A
�3�

The limit of R�t� ÿ ~R�t� is zero as qi�t� approaches one
(qi�t� is generally close to 1.0 even with imperfect switch-
ing). When there is perfect switching �qi�t� � 1 8 i�, then
the approximation in Equation (3) yields the exact system
reliability. This approximation is used as the objective
function for the system reliability maximization problem.
A system reliability approximation can be expressed as a
function of z and n as follows.
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~R�t;z;n� �
Ys

i�1
ri�t;zi��qi�t�

Xniÿ1

x�1

Z t

0

ri�tÿ u; zi�f �x�izi
�u�du

0@ 1A
�4�

If component time-to-failure is exponential, then a
closed-form version of Equation (4) can be expressed by
considering the occurrences of subsystem failure as a
homogeneous Poisson process prior to the nith failure. In
this case, subsystem reliability is the probability that there
are strictly less than ni failures, which is Poisson distrib-
uted. However, an exponential assumption is too re-
strictive for most actual engineering design problems,
which are likely to use some mechanical or electro-me-
chanical components with increasing hazard functions.
Another tractable form of the system approximation

(Equation (4)) can be determined if component time-
to-failure is distributed according to an Erlang distri-
bution, i.e., gamma distribution with shape parameter
restricted to positive integers. If times-to-failure, Tij, for
available components are distributed according to the
Erlang distribution with parameters kij and kij, then
component reliability and probability density function
are given by,

ri�t; j� � eÿkijt
Xkijÿ1

l�0

�kijt�l
l!

; fij�t� � kij
kij tkijÿ1eÿkijt

C�kij�

Consider Ni�t� as the number of component failures for
subsystem i from time zero to t. For Ni�t� < ni, Ni�t� can
be described by a renewal process with Erlang interarrival
times. An Erlang random variable, with parameters kij
and kij, is equivalent to the sum of kij iid exponential
random variables with parameter kij. Now consider
N 0i �t� as a Poisson process with parameter kij. Then,
PrfNi�t� < xg � PrfN 0i �t� < kijxg, and,Z t

0

ri�tÿ u; j�f �x�ij �u�du

� PrfT1� T2� � � � � Tx� Tx�1 > t jT1� T2� � � � � Tx < tg
� PrfNi�t� � xg
� Prfx� Ni�t�< x� 1g
� Prfkijx� N 0i �t�< kij�x� 1�g

�
Xkij�x�1�ÿ1

l�kijx

eÿkijt �kijt�l
l!

: �5�

Xniÿ1

x�1

Z t

0

ri�t ÿ u; j�f �x�ij �u�du �
Xkijniÿ1

l�kij

eÿkijt �kijt�l
l!

: �6�

The results presented as Equations (5) and (6) can be
used with the approximation from Equation (4) to ap-
proximate system reliability as,

~R�t; z; n� �
Ys

i�1
eÿkizi t

Xkiziÿ1

l�0

�kizi t�l
l!
� qi�t�

Xkizi niÿ1

l�kizi

�kizi t�l
l!

0@ 1A24 35
�7�

The Erlang distribution is appropriate for hardware
reliability and provides greater ¯exibility and realism for
engineering design problems. Example Erlang hazard
functions are presented in Fig. 1 for an arbitrary ®xed
scale parameter and various shape parameters. A wide
variety of di�erent increasing hazard functions can be
modeled with this distribution. Additionally, when kij
equals one, the Erlang distribution is equivalent to the
exponential distribution. The Erlang distribution o�ers
superior characteristics than the exponential distribution
for modeling component time-to-failure.

4. Solution methodology

A solution approach was developed to maximize system
reliability by transforming the problem and de®ning new
decision variables to yield an equivalent problem. The
problem was transformed by taking the logarithm of
Equation (7) and by de®ning new 0±1 decision variables,
yijp. This linearizes the problem and allows for the use of
integer programming algorithms.
Problem P2:

max ln�~R�t; z; n�� �
Xs

i�1

Xmi

j�1

Xnmax

p�1
cijpyijp

subject to Xs

i�1

Xmi

j�1

Xnmax

p�1
aijpyijp � C

Xs

i�1

Xmi

j�1

Xnmax

p�1
bijpyijp � W

Xmi

j�1

Xnmax

p�1
yijp � 1 8 i

Fig. 1. Erlang hazard functions (kij � 1; 2; 3; 5).
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yijp 2 f0; 1g;

yijp � 1; if ni � p and zi � j,
0; otherwise.

�
cijp, aijp and cijp are constants de®ned as follows.
For p � 1,

cijp � ÿkijt � ln
Xkijÿ1

l�0

�kijt�l
l!

 !
: �8�

aijp � ci�j�; bijp � wi�j�: �9�
For 1 < p � nmax,

cijp � ÿkijt � ln
Xkijÿ1

l�0

�kijt�l
l!
� qi�t�

Xkijpÿ1

l�kij

�kijt�l
l!

0@ 1A: �10�
aijp � pci�j� � cs;i; bijp � pwi�j� � ws;i: �11�

Solution of Problem P2 provides solutions to the
original problem formulation, Problem P1. The con-
straints in Problem P2 are functionally the same as in
Problem P1 except that new constraints were needed so
that only one yijp is equal to one for each subsystem.
Maximization of the logarithm of system reliability in
Problem P2 also maximizes system reliability, as in
Problem P1. Functionally, the only di�erence is that the
approximation for system reliability is used in Problem
P2. Of course, the approximation provides the exact re-
liability when perfect switching is assumed, as has been
done by most other researchers.

aijp; bijp and cijp are expressed entirely as a function of
speci®ed component and problem parameters. Any
problem where available components have known Erlang
time-to-failure parameters and cost and weight measures
will yield a unique set of aijp; bijp and cijp values. The
switch reliability, cost and weight must also be known,
and system mission time, t, must be speci®ed. The switch
reliabilities, qi�t�, can be from any parametric distribution
or estimated nonparametrically. This problem has been
formulated with two constraints but it can be readily
expanded to accommodate additional linear constraints.
Problem P2 is linear and in the form of a standard 0±1

integer program. Optimal solutions can be found using
standard algorithms. There are nmax �

Ps
i�1 mi decision

variables. In the optimal solution, there will be exactly
s yijp variables equal to one and the remainder will be
equal to zero.
The optimal design can be interpreted directly from the

®nal solution. For example consider a system with four
subsystems (s � 4) and a ®nal solution given by y134 �
y213 � y322 � y412 � 1 and all other yijp equal to zero.
Then, the optimal solution (given in Fig. 2) uses four of
the third available component for subsystem one, three of
the ®rst available component for subsystem 2, and so on.
For very large problems, the number of variables and/

or constraints may become prohibitive to solve the

problem using integer programming. In this case, it may
be necessary to use other approaches to more readily
solve very large problems. The use of surrogate con-
straints methods (Bul®n and Liu, 1985; Nakagawa and
Miyazaki, 1981) is one viable option to iteratively solve a
series of simpler problems instead of one large problem.
The genetic algorithm proposed by Coit and Smith (1996)
can also be used to produce solutions to the problem,
although it cannot guarantee optimality.
The redundancy allocation problem is sometimes for-

mulated to minimize system cost given a constraint for
system reliability (a reliability requirement or minimal
acceptable reliability). Problem P2 can be readily refor-
mulated to accommodate this case. System cost becomes
the objective function and the following constraint is
added where R is the system reliability requirement.

ln�~R�t; z; n�� �
Xs

i�1

Xmi

j�1

Xnmax

p�1
cijpyijp � ln�R�:

5. Illustrative example

A system reliability optimization example is provided to
demonstrate the methodology. The example has been
adapted from the example provided by Fy�e et al. (1968)
where system reliability was maximized using active re-
dundancy. The system is designed with 14 subsystems.
For each subsystem, there are three or four component
choices. Component cost, weight and Erlang distribution
parameters are provided in Table 1. The objective is to
maximize system reliability at a time of 100 hours given
constraints for system cost (C � 130) and system weight
(W � 170). The system uses cold-standby redundancy
and the reliability of a switch (at 100 hours) is 0.99 for
each subsystem. The cost and weight of the switches are
negligible. The maximum number of components within a
subsystem has been de®ned to be six (nmax � 6).
All example parameters are the same as those used by

Fy�e et al. (1968) except the Erlang parameters, switch
reliability and mission time. Fy�e et al. (1968) only

Fig. 2. Example solution.
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presented reliability values for some implicit, unstated
mission time. A mission time of 100 hours was chosen.
Then, Erlang shape parameters (kij) were randomly se-
lected from 1, 2, 3 or 4, ranging from constant hazard
function to increasing hazard functions. kij was then
computed so that the component reliability values would
be the same as those presented by Fy�e et al. (1968).

aijp; bijp and cijp values were computed using Equations
(8)±(11) and the information in Table 1. This resulted in a
linear formulation in the form of Problem P2. For this
problem, there are 288 0±1 decision variables in the re-
formulated problem. The number of prospective solutions
to the problem is larger than 2:1� 1018. The problem was
then solved on a Personal Computer using readily avail-
able linear programming software (Hyper-LINDO).
The optimal solution is given in Table 2. It corresponds

to a system with system reliability of 0.9863, a system cost
of 123 and a system weight of 170. For comparative
purposes, Table 2 also presents the optimal solution to
the problem with active redundancy.
Interestingly, for four of the 14 subsystems (8, 9, 11 and

12), the optimal solution does not even involve the same
component selection. For two of the subsystems (8 and
12), there is a di�erent number of redundant components.
These results are further evidence that optimization al-
gorithms speci®cally for standby redundancy were needed.

6. Conclusions

Maximization of system reliability was performed when
cold-standby is used as a redundancy strategy. This for-
mulation is more general than other available formula-
tions of the problem and explicitly considers nonconstant
component hazard functions, multiple component
choices for each subsystem and imperfect switching. So-
lutions were obtained by integer programming by the

development of an equivalent problem formulation for
Erlang distributed component time-to-failure. The ex-
ample clearly indicates that the optimal design for cold-
standby di�ers from the active standby case.
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Appendix A

Determination of subsystem reliability

A subsystem has one principal operating component and
nÿ 1 cold-standby redundant components. When one
component fails, the redundant component is activated.
For cold-standby redundancy, the redundant component
has not been exposed to stress, and therefore, a redun-
dant component (if one is available), has no probability
of failure prior to being activated. Ti is de®ned as the ith
iid component failure time and Si is the sum of the ®rst i
component failure times.
Reliability of a single subsystem with perfect switching

is equal to the probability that a component is still op-
erating at time t.

R�t� � PrfSn > tg � PrfT1 � T2 � � � � � Tn > tg;
R�t� � PrfT1 > tg � PrfT1 � T2 > t \ T1 < tg

� PrfT1 � T2 � T3 > t \ T1 � T2 < tg
� � � � � PrfT1 � T2 � � � � � Tn

> t \ T1 � T2 � � � � � Tnÿ1 < tg:
fSj�t� is the probability density function of the sum of j

iid component failure times; r�t� is the reliability for a
component at time, t, and fS1�t� � fT1

�t�.

R�t� � r�t��
Z1
0

PrfT2 > tÿ T1 \T1 < tjT1 � ugfT1�u�du

�
Z1
0

PrfT3 > tÿ S2 \ S2 < tjS2 � ugfS2�u�du� � � �

�
Z1
0

PrfTn > tÿSnÿ1\Snÿ1< tjSnÿ1� ugfSnÿ1�u�du:

R�t� � r�t� �
Z t

0

PrfT2 > t ÿ ugfT1
�u�du

�
Z t

0

PrfT3 > t ÿ ugfS2�u�du

� � � � �
Z t

0

PrfTn > t ÿ ugfSnÿ1�u�du:
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R�t� � r�t� �
Z t

0

r�t ÿ u�fT1
�u�du�

Z t

0

r�t ÿ u�fS2�u�du

� � � � �
Z t

0

r�t ÿ u�fSnÿ1�u�du

� r�t� �
Xnÿ1
j�1

Z t

0

r�t ÿ u�f �j��u�du; f �j��u� � fSj�u�:
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