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Optimal solutions to the redundancy allocation problem are determined for systems
designed with multiple k-out-of-n subsystems in series. The objective is to select the
components and redundancy levels to maximize system reliability given system-level
constraints. The individual subsystems may use either active or cold-standby redun-
dancy, or they may require no redundancy. Previously, optimization methods for this
problem either pertained to k-out-of-n systems consisting of a single subsystem or to
series–parallel systems (k = 1). Additionally, it had generally been assumed that only
active redundancy was to be used. In practice design problems can vary appreciably
from these restrictions and the design process may consider more complex system con-
figurations. Unfortunately, available optimization algorithms are inadequate for many
of these design problems. The methodology presented here is specifically developed to
accommodate the case with k-out-of-n subsystems. Optimal solutions to the problem are
found by an equivalent problem formulation and integer programming. The methodology
is demonstrated on a well-known test problem with interesting results. The availability
of this tool fills a void and should result in more reliable and cost-effective engineering
designs.

Keywords: Redundancy Allocation Problem; Reliability Optimization; k-out-of-n
Reliability.

1. Introduction

A new problem formulation and solution method is presented to determine opti-

mal system design configurations when a system design includes multiple k-out-of-n

subsystems that are designed with either active or cold-standby redundancy. The

redundancy allocation problem has previously been analyzed for many different sys-

tem structures, objective functions and time-to-failure distributions. Generally, the

problem domain has been limited to series–parallel systems with active redundancy

or k-out-of-n systems consisting of a single subsystem. The redundancy allocation

problem involves the selection of components from among discrete choices and the

determination of a system-level configuration to maximize system reliability given

constraints on the system. Formulation of the problem to accommodate k-out-of-n
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subsystems and different redundancy options offers enhanced capabilities. More

engineering design problems can be analyzed, thereby providing a better tool for

designers and reliability analysts.

When formulated to consider only active redundancy and restricted to series–

parallel systems, efficient optimization algorithms have been developed to determine

optimal designs using dynamic programming or integer programming. These exist-

ing solution methodologies are not applicable when the system design may involve

active and cold-standby redundancy in different parts of the design and when there

may be subsystems where more than one component is required for the system to

operate (ki > 1).

A methodology is presented and demonstrated here to determine optimal solu-

tions to this more general form of the redundancy allocation problem. The problem

is solved by developing an equivalent problem formulation and the application of

zero–one integer programming methods. For this problem formulation, component

time-to-failure is distributed according to the exponential distribution.

1.1. Notation

R(t) system reliability at time t depending on design vectors z and n

n = (n1, n2, . . . , ns)

ni number of components used in subsystem i

nmax,i upper bound for ni(ni ≤ nmax,i∀ i)
z = (z1, z2, . . . , zs)

zi index of component choice used for subsystem i, zi ∈ {1, 2, . . . ,mi}
mi number of available component choices for subsystem i

k = (k1, k2, . . . , ks)

ki minimum number of operating components for subsystem i

s number of subsystems

Tij time-to-failure of the jth available component for subsystem i

λij component failure rate (exponential distribution parameter) for the jth

available component for subsystem i, fij(t) = λij exp(−λijt)
C, W system-level constraint limits for cost and weight

cij , wij cost and weight for the jth available component for subsystem i

t mission time (fixed)

2. Redundancy Allocation Problem

The redundancy allocation problem has been studied in great detail as an effi-

cient means to select sound design configurations. There are two general problem

classifications. For the first, there are discrete component choices with known char-

acteristics (cost, weight, etc.). The objective for this combinatorial problem is to

select which components to use and the corresponding redundancy levels. For the

second general problem class, component reliability (or an exponential distribution
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parameter) is treated as a design variable and component cost is a predefined in-

creasing function of component reliability. This paper pertains to the first type

of problem. It is a difficult combinatorial problem which has been shown to be

NP-hard.1

The design of new products involves the specification of performance require-

ments, the selection of components to perform clearly defined functions and the

determination of a system-level architecture. Detailed engineering specifications

prescribe minimum levels of reliability, maximum weight, maximum volume, etc.

If the design is to be produced within some specified budget, numerous design al-

ternatives must be considered, resulting in a complex combinatorial optimization

problem.

The redundancy allocation problem studied here pertains to a system of s in-

dependent k-out-of-n subsystems in series. Each subsystem may be designed with

one component (ki = ni = 1), parallel redundant components (ki = 1 < ni),

or components in a k-out-of-n configuration. Figure 1 presents a typical example

of the system configuration being considered. Within a particular subsystem, the

redundant components are either active or in a standby mode. For a k-out-of-n

subsystem with cold-standby redundancy, k of the original n components are fully

active and susceptible to failure. As a component fails, it is detected and one of

the redundant components is activated. It is assumed that the system has perfect

failure detection and switching.

For each subsystem, there are mi equivalent components that may be selected.

There is an unlimited supply of each of the mi choices. Each available component

has different levels of cost, weight and other characteristics. Component time-to-

failure is independent and is distributed according to the exponential distribution,

Tij ∼ EXP(λij). There are system-level constraints on cost and weight (and others)

and the objective is to select the component choices and levels of redundancy to

maximize the system reliability.

Fig. 1. System with k-out-of-n subsystems.
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A general problem formulation to maximize system reliability is defined as

Problem P1 and presented as follows:

Problem P1:

max R(t) ,

s.t.
s∑
i=1

cizini ≤ C ,

s∑
i=1

wizini ≤W ,

ni ∈ {ki, ki + 1, ki + 2, . . . , nmax,i} ,

zi ∈ {1, 2, . . . ,mi} .

The problem has most often been formulated considering only series–parallel

systems (ki = 1) or k-out-of-n systems consisting of a single subsystem (s = 1).

There has only been very limited research directed towards optimization of systems

with cold-standby redundancy and k-out-of-n subsystems. Previous optimization

methods also require the assumption that only one type of redundancy will be used

throughout the system. That is, the system design will use only active redundancy

or only cold-standby redundancy throughout the subsystem.

In practice, system design may involve some subsystems that use cold-standby

and other subsystems that use active redundancy. The choice of redundancy type

is often dictated by the particular failure mechanisms and technology of the part

types being used. If it is not efficient or possible to detect a failed component and

activate a redundant component (without significantly interrupting service), then

active redundancy will be used. Furthermore, there may be a time lag associated

with the switching that is unacceptable for some safety critical systems. Alter-

natively, if power, cost or space restrictions preclude the simultaneous operation

of redundant components, then cold-standby will be used. If either redundancy

strategy is possible for a particular subsystem, then cold-standby redundancy will

generally be preferable when the failure detection and switching capability is highly

reliable. In practice, it is unrealistic to limit a system design to exclusively one

redundancy strategy.

There has been significant research activity devoted to different forms of the

redundancy optimization problem. Kuo et al.2 provides a comprehensive overview

of system reliability optimization problem formulations and solution methodologies.

For a single subsystem, there have been research findings describing optimal config-

urations for the k-out-of-n subsystem. For multiple subsystems in series, reliability

optimization research has largely been limited to series–parallel systems. This is

equivalent to k-out-of-n subsystems with ki always set equal to one.
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Pham3 describes an optimal design method for k-out-of-n redundant systems.

The optimization problems are formulated and solved to minimize expected total

cost of k-out-of-n systems. The optimal number of units can be obtained for a

system consisting of a single k-out-of-n subsystem. Similarly, Pham4 also demon-

strates methods to optimally determine the most economical number of components

in k-out-of-n subsystems. In this case, methods are presented to determine the op-

timal values of k (for fixed n) and n (for fixed k) to minimize the mean total cost of

k-out-of-n subsystems. Suich and Patterson5 have also derived several cost models

for a single k-out-of-n subsystem and presented a numerical solution for k and n

that minimizes the total cost of a k-out-of-n system.

Pham and Malon6 consider the problem of achieving optimal system size n, and

a threshold k for k-out-of-n subsystem with competing failure modes. Methods to

determine optimal k (given n); optimal n (given k); and optimal k, n are described.

In each case, only one subsystem is considered.

Bai, Yun and Chung7 describe the problem of determining the optimal number

of redundant units in k-out-of-n subsystems with common-cause failures (CCFs).

The mean cost rate is obtained, and the number of redundant units minimizing

the mean cost rate is shown to be finite and unique. Again, only one subsystem is

considered.

Chiang and Chiang8 considered a relayed mobile communication system. Such

a system can be considered as a consecutive k-out-of-n subsystem. They present

equations for computing the mean number of stations needed for a successful relay

and studied the optimal choice of k to minimize the mean number. Hwang and Shi9

demonstrate that it is always better to replace a consecutive k-out-of-n subsystem

by a consecutive l-out-of-n line but with k redundancy. The problem of choosing an

optimal k still has no closed-form solution but is more tractable than the original

problem studied by Chiang and Chiang. There has been other research pertaining

to optimization problems for k-out-of-n subsystems.10–14 For each of these, only

one subsystem is considered.

Kuo et al.2 provide the most comprehensive description of system reliability

optimization. There are generally two classes of problems. The first is where com-

ponent reliability is a continuous design variable and cost is expressed as an explicit

function of component reliability. The second is where components are selected

from discrete choices. Both problems are difficult and many solution strategies

have been proposed for both. Generally, the first problem classification has been

analyzed using problem-specific variants of nonlinear programming, often relying on

the problems special structure. The second class has been addressed with integer

programming, dynamic programming and heuristic approaches.

For multiple subsystems in series, the problem has been formulated to maxi-

mize system reliability and solved using dynamic programming15,16 integer program-

ming17,18 and genetic algorithms.19–21 Systems with k-out-of-n subsystems have not

received significant attention, although Misra and Sharma22 and Coit and Smith21

do consider these systems.
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Misra and Sharma22 consider the most general case of system designs with mixed

redundancies. They use a combination of direct search methods and random search.

Coit and Smith21 develop a problem-specific genetic algorithm (GA) to analyze

series–parallel systems and to determine the design configuration to maximize re-

liability when there are multiple component choices available for each k-out-of-n

subsystem. Only active redundancy is considered. While this GA has repeatedly

been demonstrated to yield good solutions, it cannot guarantee optimality, and

furthermore, the final solution may be dependent on the initial population that is

randomly selected.

A similar problem has been addressed by Nakashima and Yamato.23 They

consider improving the reliability of multivalue output systems by the use of n

redundant subsystems. The mean loss of multivalue output systems with multi-

channels can be minimized by adopting k-out-of-n redundancy for each channel.

The optimal k depends on the probability and loss matrices, but it can be specified

in some special cases. Only active redundancy is considered.

3. System Reliability with k-out-of-n Subsystems

A system design may employ active redundancy for some subsystems and cold-

standby redundancy for other subsystems. The choice of redundancy strategy may

be based either on reliability benefits or practical design constraints. The choice of

redundancy strategy may be dictated by the practicality of sensing a failure and

activating a component in cold-standby. For other subsystems, there may already

been a decision to use a single component in series. System reliability is a function of

the design variables represented by z and n, given a mission time t, and minimum

component numbers k. For notational brevity, system reliability will simply be

expressed as R(t), i.e., R(t) = R(z,n|t,k).

The reliability of a system, with both active and cold-standby redundancy is

given in Eq. (1). Ri(t, zi, ni, ki) is the reliability of the ith subsystem.

R(t) =
s∏
i=1

Ri(t, zi, ni, ki) . (1)

A k-out-of-n subsystem with cold-standby redundancy requires ki components

to be operating, and thus, they are prone to failure. The remaining ni − ki redun-

dant components are not exposed to operating stress and not prone to failure. As

components do fail, the failures are sensed and a redundant component is activated.

Prior to subsystem failure, there are always a collective ki operating components.

The subsystem failure process can be considered as a Poisson process with rate

λijki. The expected time to failure of the ith subsystem can be determined by

summing the expected interarrival times of the first ni− ki +1 failure events of the

Poisson process. If X is defined as the Poisson process interarrival time, then

MTTFi = (ni − ki + 1)E[X] = (ni − ki + 1)
1

λijki
=
ni − ki + 1

ki
E[Tij ] , (2)
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where MTTFi = mean time to failure of the ith subsystem with cold standby

redundancy.

Subsystem reliability for cold-standby subsystems is the probability that there

are less than or equal to ni− ki failures observed until time t. This probability can

now be computed from the Poisson distribution. Subsystem reliability for active

redundancy is computed using standard techniques. System reliability is now given

by the following equation:

R(t) =
∏
i∈A

ni∑
l=ki

(
ni

l

)
(exp(−λi,zit))l(1− exp(−λi,zit))ni−l

×
∏
i∈S

exp(−λi,zikit)
ni−ki∑
l=0

(λi,zikit)
l

l!
(3)

A = set of all subsystems using active redundancy

S = set of all subsystems using cold-standby redundancy

4. Solution Methodology

A methodology for maximization of system reliability was developed by transform-

ing the problem and defining new decision variables to yield an equivalent zero–one

integer programming problem. This approach is based on the research and al-

gorithms from Misra and Sharma.24 The problem was transformed by taking the

logarithm of Eq. (3) and by defining new 0–1 decision variables yijp. This linearizes

the problem and allows for the use of integer programming algorithms. yijp is

defined as follows:

yijp =

{
1 , p of the jth component is used for subsystem i ,

0 , otherwise .

The following methodology is used to determine an optimal solution to Problem

P1. The resulting solution maximizes system reliability.

Step 1. Partition each subsystem i into sets A, S, N .

A = set of all subsystems limited to active redundancy

S = set of all subsystems limited to cold-standby redundancy

N = set of all subsystems which will not use additional redundancy

(ni = ki)

Step 2. Compute,

αijp = cijp for 1 ≤ i ≤ s, 1 ≤ j ≤ mi, ki ≤ p ≤ nmax,i

βijp = wijp for 1 ≤ i ≤ s, 1 ≤ j ≤ mi, ki ≤ p ≤ nmax,i
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for i ∈ A,

γijp =



−λijkit , p = ki

ln

(
ni∑
l=ki

(
ni

l

)
(exp(−λijt))l(1− exp(λijt))

ni−l

)
,

ki < p ≤ nmax,i

for i ∈ S,

γijp =


−λijkit , p = ki

−λijkit+ ln

(
ni−ki∑
l=0

(λijkit)
l

l!

)
, ki < p ≤ nmax,i

for i ∈ N ,

γijp = −λijkit, p = ki

nmax,i = ki

Step 3. Solve the following 0–1 integer program (Problem P2) using any conve-

nient branch-and-bound or cutting plane algorithm.

Problem P2:

max
s∑
i=1

mi∑
j=1

nmax,i∑
p=k

γijpyijp

s.t
s∑
i=1

mi∑
j=1

nmax,i∑
p=k

αijpyijp ≤ C

s∑
i=1

mi∑
j=1

nmax,i∑
p=k

βijpyijp ≤W

mi∑
j=1

nmax,i∑
p=k

yijp = 1 ∀ i

yijp ∈ {0, 1}

Step 4. Interpret the results. There will be exactly s yijp values equal to one in

the optimal solution and the remainder will be equal to zero.
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(1) For i ∈ A and yijp = 1, the optimal system design uses p of the jth

available component choice in active redundancy for subsystem i.

(2) For i ∈ S and yijp = 1, the optimal system design uses p of the jth

available component choice in cold-standby redundancy for subsystem

i (i.e., ki active component and p− ki in cold-standby).

(3) For i ∈ N and yijp = 1, the optimal system design uses one of the jth

available component choice.

To solve the problem, the user is required to pre-specify t, k and nmax,i and

determine sets A, S and N . These decisions should be based on mission require-

ments and preliminary design decisions. If it is technologically possible to assign

a particular subsystem to set A, S, or N but the decision is unclear, then the

subsystem should be assigned to set S unless the detection and switching capabili-

ties are suspect. In that case, the subsystem should be assigned to A. nmax,i is an

upper-bound for ni. Usually, nmax,i can be selected based on pragmatic restrictions.

Otherwise, nmax,i can be computed as

nmax,i = max
j

min

[
C

cij
,
W

wij

]
.

αijp, βijp and γijp are expressed entirely as a function of specified component

and problem parameters. Any problem with exponential component times-to-failure

and known cost and weight measures will yield a unique set of αijp, βijp and

γijp values.

Problem P2 is linear and in the form of a standard 0–1 integer program with∑s
i=1(nmax,i − ki + 1)mi decision variables. Optimal solutions can be found using

standard algorithms developed specifically for 0–1 integer programs.25–27 There

are many readily available automated packages (e.g., CPLEX, LINDO) to solve

integer programs. The optimal solution is found using branch-and-bound or cutting

plane methods that are based on a linear programming relaxation and successive

application of the simplex algorithm.

For very large problems, the number of variables and/or constraints may become

prohibitive and the capacities of available automated algorithms may be exceeded.

In this case, it may be necessary to use other approaches for very large problems.

Linear program complexity is largely dictated by the number of constraints. In the

problem formulations presented here, there were only two constraints, but there

may be many more in practice. The use of surrogate constraints methods16,17 is

one viable option. This involves the combination of all constraints into a single

surrogate constraint creating a surrogate problem that can be readily solved using

special algorithms for the knapsack problem. Then, a series of surrogate problems

is solved with different constraint combinations to determine the optimal solution

to the original problem.

If there are many constraints but only one component choice per subsystem

(mi = 1), then the specialized integer programming algorithm proposed by Misra
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and Sharma28 can be used to solve Problem P2. This algorithm is designed specif-

ically for reliability optimization problems and exploits the special structure of the

problem for coherent systems.

If the problem is sufficiently large that none of these approaches are viable,

then the genetic algorithm proposed by Coit and Smith21 can be extended for this

problem formulation. This approach acts directly on the Problem P1 formulation. It

does not guarantee optimal solutions, although it has been demonstrated repeatedly

to yield high-quality solutions that are optimal or near-optimal.

This problem has been formulated with two constraints but it can be readily

expanded to accommodate additional linear constraints. The redundancy allocation

problem can also be formulated to minimize system cost given a constraint for

system reliability R (a reliability requirement or minimal acceptable reliability).

System cost becomes the objective function and the following constraint is added:

s∑
i=1

mi∑
j=1

nmax,i∑
p=ki

γijp yijp ≥ ln[R ] .

5. Illustrative Example

A system reliability optimization example is provided to demonstrate the method-

ology. The example has been adapted from the example provided by Fyffe, Hines

Table 1. Component data for example.

Component Component Component Component
Subsystem Choice Choice Choice Choice

1 2 3 4

i ki type λij cij wij λij cij wij λij cij wij λij cij wij

1 1 A .001054 1 3 .000726 1 4 .000943 2 2 .000513 2 5

2 2 A .000513 2 8 .000619 1 10 .000726 1 9 —

3 1 A .001625 2 7 .001054 3 5 .001393 1 6 .000834 4 4

4 2 A .001863 3 5 .001393 4 6 .001625 5 4 —

5 1 A .000619 2 4 .000726 2 3 .000513 3 5 —

6 2 A .000101 3 5 .000202 3 4 .000305 2 5 .000408 2 4

7 1 A .000943 4 7 .000834 4 8 .000619 5 9 —

8 2 S .002107 3 4 .001054 5 7 .000943 6 6 —

9 3 S .000305 2 8 .000101 3 9 .000408 4 7 .000943 3 8

10 3 S .001863 4 6 .001625 4 5 .001054 5 6 —

11 3 S .000619 3 5 .000513 4 6 .000408 5 6 —

12 1 S .002357 2 4 .001985 3 5 .001625 4 6 .001054 5 7

13 2 S .000202 2 5 .000101 3 5 .000305 2 6 —

14 3 S .001054 4 6 .000834 4 7 .000513 5 6 .000101 6 9

NOTES: A = active redundancy, S = cold-standby redundancy, units for λij are failures/hour
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and Lee.15 The system is designed with 14 subsystems. For each subsystem, there

are three or four component choices. Component cost, weight and exponential

distribution parameter (λij) are provided in Table 1. The objective is to maximize

system reliability at a time of 100 h given constraints for system cost (C = 130)

and system weight (W = 170).

The problem was revised by randomly selecting ki ∈ {1, 2, 3} for each subsystem

and by assigning each subsystem to set A or S. The original problem was for

series–parallel systems (ki=1) with exclusively active redundancy. The component

exponential distribution parameters in Table 1 yield the same component reliability

data (for t = 100) as originally presented by Fyffe, Hines and Lee.15 For each

subsystem, the selection of ki and redundancy type has been indicated in Table 1.

The maximum number of components within a subsystem has been defined to be

six (nmax,i = 6).

For this problem, there are 244 0–1 decision variables in the reformulated prob-

lem. The number of prospective unique solutions to the problem is larger than

1.6 × 1017. The problem was then solved on a personal computer using readily

available linear programming software (Hyper-LINDO).

The optimal solution is given in Table 2. It corresponds to a system with system

reliability of .4466, a system cost of 118 and a system weight of 170.

Table 2 also presents the optimal solution to the original problem with active

redundancy and ki = 1. The comparison in Table 2 is interesting, but it must be

emphasized that by changing ki and redundancy type, the problem is fundamentally

different. For 13 of the 14 subsystems, the optimal solutions to the two problems

Table 2. Example results.

Optimal Solution-
Solution Fyffe15

i zi ni zi ni

1 3 2 3 3

2 1 2 1 2

3 4 1 4 3

4 3 3 3 3

5 2 1 2 3

6 2 2 2 2

7 2 1 1 2

8 1 3 1 4

9 3 3 3 2

10 2 4 2 3

11 1 4 1 2

12 1 2 1 4

13 2 2 2 2

14 3 4 3 2
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involved the same component selection (zi). Alternatively, the number of compo-

nents used (ni) is the same for only four of the 14 subsystems. The differences

for ni in the two optimal solutions is not unexpected. For systems with k-out-of-n

subsystems, ni must be at least as large as ki.

6. Conclusions

A solution methodology is presented to determine optimal solutions for the redun-

dancy allocation problem for systems consisting of multiple k-out-of-n subsystems

in series. This problem had not previously been satisfactorily solved and the pro-

posed method offers the capability to solve a greater range of engineering design

problems.
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