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A new methodology is presented to allocate testing units to the different components
within a system when the system configuration is fixed and there are budgetary con-
straints limiting the amount of testing. The objective is to allocate additional testing
units so that the variance of the system reliability estimate, at the conclusion of testing,
will be minimized. Testing at the component-level decreases the variance of the compo-
nent reliability estimate, which then decreases the system reliability estimate variance.
The difficulty is to decide which components to test given the system-level implications
of component reliability estimation. The results are enlightening because the components
that most directly affect the system reliability estimation variance are often not those
components with the highest initial uncertainty. The approach presented here can be
applied to any system structure that can be decomposed into a series-parallel or parallel-
series system with independent component reliability estimates. It is demonstrated using
a series-parallel system as an example. The planned testing is to be allocated and con-
ducted iteratively in distinct sequential testing runs so that the component and system
reliability estimates improve as the overall testing progresses. For each run, a nonlinear
programming problem must be solved based on the results of all previous runs. The
testing allocation process is demonstrated on two examples.

Keywords: Optimal test allocation; system reliability variance; series-parallel system.

1. Introduction

System reliability estimation is generally based on a system model and reliability
estimates at the subsystem and/or component levels. In most cases, these reliability
estimates are based on limited component data, and it is desirable to increase the
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amount of available data to yield reliability estimates with lower variability at both
the component-level and system-level. It is desirable, but often unrealistic to allo-
cate numerous testing units or plan a lengthy testing schedule. This is particularly
true for a new system or product. For systems where a new design or architecture
has already been determined, deciding the number of components to be tested gen-
erally involves trade-offs and compromises. A strategy to efficiently allocate testing
units based on system-level effects is required.

Component and system-level reliability testing are conducted for a variety of
reasons:

(1) To identify design flaws and to improve the design reliability

(2) To evaluate the system reliability compared to a quantitative requirement

(3) To provide an accurate measure of reliability that can be later used for main-
tenance planning, warranty assessments, safety hazards analyses, etc.

The methodology presented in this paper pertains to the third reason. From a
general perspective, this methodology solves the problem of deciding, for a specific
fixed system architecture, which and how many components should be tested in
order to reduce the variance at the system level. The methodology addresses the
difficulties in allocating component test sample sizes once a system design has been
determined and a tentative decision to produce a system has been made.

If reduced variability of the estimate of system reliability is of primary im-
portance, then one strategy is to simply wait until the system is designed and
manufactured and conduct system-level testing. However, this is not always pos-
sible or efficient, particularly for large systems where the various subsystems and
components are designed by different teams and perhaps even in different geograph-
ical locations. Additionally, component-level testing can be started earlier, thereby
offering greater potential efficiencies.

At the system-level, reliability estimation variability is associated with the prop-
agation of component-level uncertainties. The propagation of variability depends on

(1) the system structure (e.g., series-parallel),
(2) the component reliability estimates, and
(3) the variance of those reliability estimates.

It is beneficial to allocate testing units in accordance with the relative impact
at the system-level if an accurate system reliability estimate is required.
In general, most existing test allocation strategies pertain to one of two areas:

e Component-level testing without regard to system-level implications.
e Component-level testing used to demonstrate system-level quantitative reliability
requirements.

If component-level tests are conducted to demonstrate system reliability, then
there are constraints that must be satisfied for Type I and Type II error, but the
system-reliability estimation variance is not directly considered. These plans are
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preferable and recommended in cases where a vendor or contractor must demon-
strate system reliability to satisfy a customer’s specifications (internal or external),
or in cases where there is an explicit and meaningful reliability level that must be
achieved for the system to be successful.

The problem addressed here is fundamentally different; it is of interest to provide
a sound estimate of system reliability through component testing. In this paper,
the methodology focuses on presenting an optimal component-testing plan that
considers how the variability at the component level influences the variability at
the system level. The objective of testing is to provide a system reliability estimate
with minimum estimation variability.

2. Component Test Plan Research

Easterling et al.! designed a test plan for a series system of independent components
based on the binomial component data. The objective was to minimize the testing
cost subject to a reliability constraint. They evaluate the test plan by considering
the system reliability operating characteristic (OC) envelope by pre-assigning an
acceptable reliability threshold. For this case, an equal numbers of test units for
each component yields the minimum cost.

An extension of Easterling et al.,' presented by Sando and Fujii?> propose an
optimal life test with Type I censoring. Based on a Bayesian approach, they derived
an optimal test plan to allocate the number of test items and the censoring time. To
extrapolate based on lifetime distributions, they assume the Weibull distribution
with known shape parameter, and the scale parameter is estimated from the testing
data.

Willits et al.® describes series system reliability estimation based on component-
level binomial data. They used a Bayesian approach to estimate the posterior reli-
ability distribution of small binomial data sets through the preassumed beta prior
reliability distribution. A comparison between the Bayes method and the classical
Lindstrom-Madden was conducted by Monte Carlo simulation. It was concluded
that the Bayes method has no strong advantage if the sample data set is small.

There has been significant literature describing component level test plans and
sample size determination without regard to system-level implications. A summary
of these is provided by Nelson.

There has only been limited research pertaining to the propagation of
component-level reliability estimation uncertainty to the system-level. Coit® de-
rived an approximate confidence interval for system reliability applicable to systems
that can be decomposed to an equivalent series-parallel system. The system relia-
bility confidence interval is derived based on component reliability estimates and
the estimate variances. This model is general and has many practical advantages.
Jin and Coit® extended this work to yield the system reliability estimate variance
when there are arbitrarily repeated components used within the system, and thus,
the subsystem reliability estimates may not be independent. Coit and Jin” and
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Coit® present a method that prioritizes system-reliability prediction. These studies,
present methods that can be used to allocate limited testing and analysis resources
efficiently. An index is defined to provide a relative ranking of components based
on their potential for improving the accuracy of a system-level reliability prediction
by decreasing the variance of the system-reliability estimate. The ranking is based
on whether a decrease of the component-reliability estimate variance meaningfully
decreases the system-reliability estimate variance.

The development of test plans to minimize system reliability estimation vari-
ance has not been adequately considered, although this is a common system design
problem in practice. When there are not clearly defined or meaningful system quan-
titative requirements, then a logical objective is to minimize the system reliability
estimate variance. The algorithm presented in this paper addresses this need and
allows for the development of efficient testing programs.

3. Variance of System Reliability Estimate

An exact expression for system reliability estimate variance can be determined
if the component reliability estimates are independent and the system can be
decomposed into an equivalent series-parallel system.® An approximation of the
variance can be computed when available data is used to estimate component reli-
ability values.

Estimation of component reliability and variance are often based on binomial
data. For the ith component used in the system, consider that n; components
were each put on test for ¢ hours and f; failures are observed. The status of each
component (survival/failure) is considered as an independent Bernoulli trial with
parameter 7;(t). An unbiased estimate of r;(¢) and an approximation of the variance
of the estimate are determined from the binomial distribution using the following
well-known equations.

. fi
() =1-— 2
7i(t) T
(D)1 —ri(t
Var(fl(t)) — Tl( )( Tl( ))
;g
o (1-49f
Var(r;(t)) = ————
n;
where,
n; = testing sample size for the ith component.
fi = number of failures for the ith component.
;i (t = reliability of ith component (an unknown constant)

= estimate of reliability of ith component
ri(t)) = variance of the reliability estimate for ith component
7i(t)) = estimate of Var(7;(t))



Test Plan Allocation to Minimize System Reliability Estimation Variability 261

For any system that can be decomposed into an equivalent series-parallel sys-
tem, the variance of the system reliability estimate can be obtained using a
decomposition methodology. The algorithm presented in this paper pertains to
series-parallel systems, but it can be readily adapted to other system configura-
tions as well. The variance of the system reliability estimate is given below for
series-parallel (s-p) systems. The first expression is directly from Coit® and the
second expression is simplified.

2
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where,
ri;(t) = reliability of jth component in ith subsystem at time ¢
qij(t) =1 —7i;(t)
m = total number of subsystems
Si = total number of components in subsystem i, where i =1,2,...,m

If the reliability of each component is estimated from binomial data, then the
variance expression becomes,

Var(R Hl%ﬂw@ﬂﬂ%ﬁ#ﬂ%@>
2

m
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i=1 j=1
where, n;; = units tested for jth component in subsystem ¢

4. Problem Formulation

The problem is to iteratively allocate the number of test units for each component,
in a sequence of testing runs, to minimize the system reliability estimate variance.
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For each testing run, tests are conducted, failures are observed, and component and
system reliability estimates are updated. Thus, each sequential testing run relies on
improved reliability information.

The problem is formulated with an overall cost constraint or testing budget of C.
The testing is to be conducted with g+ 1 distinct runs, and the testing budget, C, is
allocated into budgets for the individual runs, Cy, such that Co+C1+Cs+---+C, =
C. There is a cost associated with testing each component. The cost of testing
multiple units of a particular component is proportional to the number of units
tested. The unit test cost may be different for different components because of the
needed test fixtures, the component cost and the test facility cost.

4.1. Determination of testing budget for initial testing run

Cy represents the budget allocated to conduct testing at the preliminary run. For
some components in the system design, there may be plentiful data already avail-
able, but for others, there may be very little or even no data available. Therefore, the
initial budget, Cp, is devoted to obtaining initial component reliability estimates
that can be used in the subsequent algorithm steps to reduce system reliability
variance. If sound reliability estimates are not already available, then the budget,
Cp, needs to represent a meaningful amount of the overall testing budget, C, so
that reasonable and sound initial estimates are available. It is recommended that
40 to 50% of the initial budget be allocated to run 0. This can be reduced greatly if
there are already some initial data available to estimate component reliability. The
remaining budget (C' — Cp) can be equally allocated among the g testing runs.

To conduct the component testing in the preliminary run, within the testing
budget of Cy, there are four general alternatives to select component test sample
sizes.

(1) Allocate sample sizes equally to each component until the budget is relin-
quished.

(2) Allocate an equal testing cost to each component (Cy divided by the total
number of components).

(3) Determine initial allocation by adjusting equal allocation results (1 or 2 above)
based on all available quantitative or qualitative data indicating the anticipated
reliability of the components.

(4) Determine allocation based on assumed Bayesian prior distributions of the com-
ponent reliability estimates.

If the component reliability values are completely unknown, then options 1 or
2 above are recommended. However, normally this is not the case because there
is usually some data, even judgmental or qualitative data, to indicate the relative
reliability values of the components. It is suggested that a larger proportion of the
initial Cy be allocated to the components with higher anticipated reliability be-
cause it is more difficult to estimate reliability when the likelihood of observing a
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failure is less. Also, if there is plentiful previous data or valid expert opinion, then
Bayesian prior distributions for component reliability can be determined using an
assumed beta distribution. Then, the Cy allocation can be made based on minimiz-
ing the expected variance of the posterior distribution of system reliability. For the
remainder of the paper, it is assumed that options 1, 2 or 3 are selected.

Once the initial allocations are made, testing is conducted and failures are ob-
served. After the preliminary run testing is conducted, component reliability esti-
mates are obtained. However, it must be recognized that these estimates are subject
to error. By testing in runs, the variability of the estimates is iteratively reduced,
enhancing both the reliability estimates of the components and the allocations for
the next run.

4.2. System reliability variance reduction problem

Once the preliminary estimates are made, a test allocation methodology is sequen-
tially applied. As the actual testing of components is performed, the reliability
estimates are updated and improved. For those components where no additional
test units are assigned after the preliminary or some later run, it can be concluded
that the system reliability estimate variance is not sensitive to uncertainty at the
component level.

A general formulation for the kth run of the testing allocation problem is pre-
sented below as Problem SPK. The decision variables, x;;i, are limited to non-
negative integers.

Problem SPK:

m Si S; ~ ~
Al B . o2 Tigk(D)die(t)
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where
Xk = (ﬂink, T12ks -3 Lls ks L21ky L22ky - - -  L2s9ky L31k, L32ky - - - ,xmsmk)
Zijr = number of units to test of the jth component in subsystem ¢ in

run k



264 J. E. Ramirez-Marquez, D. W. Coit & T. Jin

Pk (8) = 1= 300 Fun/ Yio wigt

Gijr(t) =1 —7ijn

Cij = unit testing cost for jth component in subsystem i
Cy = maximum allowable testing cost for run k.

In the Problem SPK objective function, 7;(t) and §;;x(t) are used to approxi-
mate 755 (t) and ¢;;(t). An approximation for the system reliability estimate variance
is then used as a surrogate in the problem formulation.

4.3. Problem transformation

Direct solution of Problem SPK would be preferable, but it is generally not prac-
tical or efficient to solve directly. When the product terms in the Problem SPK
objective function are expanded, the number of terms can present a problem even
for relatively small systems. However, the problem can be rewritten in a simpler,
equivalent form.

Consider the objective function for Problem SPK. The last term in Eq. (1) is
subtracted from the remainder, and it does not include any decision variables (x;;i).
A modified equivalent objective function can be written as,

m
w(xk) = [0 = 2Qux + Iix)
i=1

where,

T = H (%k(t)z + M)

k
> i—0 Tijl

k = index corresponding to run k.

When expanded, the modified objective function still contains terms that can
be discarded, for optimization purposes, because they are additive terms that do
not depend on the decision variables. Let A,,(xy) represent all terms necessary for
optimization purposes. Consider the following cases:

Case m = 1:

Ye(xk) = (1 = 2Qux + Iix),
then
Al(Xk) = Ilk .

Case m = 2:

Ye(xk) = (1 —2Quk + i) (1 — 2Qa2k + o),
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then,
Ao(xy) = Liglog + (I + Lok) — 2(Qurlor + Q2rlik) -

A general form of the expression for A, (X)) can serve as the objective function
in a nonlinear programming optimization problem. A general form follows for the
case with m = 1.

Case m = I:
I
w(xk) = [J(1 = 2Quk + ix)
i=1
and,

l
HIm—FZH +ZZ Ika "'+§Iik

71 u=1
uFj

l l
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j=1 i=1

1 4=1
= uFj
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i= uF#j 7= u#j iU

4o ZI Hz lQlk

5. Solution Methodology

The testing is conducted in distinct runs. As discussed in Sec. 3.1, Run 0, is de-
voted to determine initial component reliability estimates while subsequent phases
are conducted in accordance with the solutions obtained to minimize the system
reliability estimate variance. If sufficient data were available from previous testing
or field experience, then Cy can be set to zero and the procedure can be initiated in
Run 1. The methodology allocates testing units in an efficient schedule and follows
the subsequent steps.

Step 1.

e Allocate budget C' to each of the runs such that Co +C1 +Cy +---+Cy = C.
o Allocate budget Cj to determine n;jo (see Sec. 3.1) conforming with:

m

s
Z Z cijTijo < Co

i=1 j=1
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and
Tijo > 0Vi,j.

e For each component, test n;jo for time ¢ and record failures and survivals.
e Set k=1.

Step 2.

o After testing is completed compute:

k-1 k-1
Pk =1=> fi | D wiji
1=0 1=0
Gijk(t) = 1 — Py .
Step 3.

e If k = g stop, the test allocation methodology has been completed.
e Otherwise, solve the following problem (using a nonlinear programming solver,
e.g., LINGO) or equivalent:

min A, (xx)
Xk

subject to:

m S

chijxijk <Cr we{l,2,3,...}

i=1 j=1

e Obtain xj and go to Step 4.
Step 4.

e Conduct component testing according to the optimal solution xj.

e Observe and record the number of failures (f;;x) and survivals (x5 — fijx)-
e Set k=Fk+1.

e Go to Step 2.

6. Numerical Example

Two example series-parallel systems were subject to the proposed methodology.
Example 1, consists of four subsystems connected in series; it is depicted in Fig. 1.
Each subsystem has two to four components in parallel. A total budget of 1200 cost
units was available and a four-run test schedule was planned. An initial budget
of Cy = 600 was allocated to obtain initial reliability estimates. The initial test
allocation was determined subjectively (see Sec. 3.1) based on prior information
regarding the component reliability. The remainder of the budget was allocated in
equal amounts for runs 1, 2 and 3.
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Fig. 1. Example 1 system.

Table 1. Example 1 Unit test cost & cumulative units tested.

Cumulative Number of Components

subsystem  component  unit test cost Tested at the End of Each Run
i i Cijk Run0 Runl Run2 Run 3
1 1 2 50 50 81 81
2 1 30 159 159 159
2 1 2 25 25 49 49
2 2 40 40 40 40
3 0.5 25 53 61 61
3 1 2 20 20 20 20
2 1.5 40 40 40 40
3 0.5 35 37 37 37
4 2 40 40 40 40
4 1 45 45 80 180
2 1 40 96 112 112
Cumulative Test Cost 600 800 1000 1200

Table 1 presents the component testing costs for each of the components. More-
over, it presents the cumulative number of components and the cumulative test cost
after the end of each run. Potentially, each of the components can be tested at each
run. The total number of components tested using the proposed methodology can
be obtained by referring to the last column of Table 1. Table 2 presents example
test data observed at each run and the updated reliability estimates after each test
has been completed. To simulate the testing for each run, Monte Carlo simulation
was used. In practice, actual testing would be conducted.

Example 2 consists of four subsystems connected in series. Each subsystem has
two components connected in parallel. The system is shown in Fig. 2. A budget
of 1250 was allocated to a four run scheduling plan. An initial budget of 500 was
used to obtain preliminary component reliability estimates and each of the remain-
ing runs was assigned 250 as the testing budget. Table 3 presents the component



Table 2. Example 1 Components testing schedule & estimates by run.
Component Data Run 0 Run 1
sub unit test no. no. no. no.
system  component cost tested survivals tested survivals
i J cij nij nijg — fiy  Fii(t)  Var(fi;(t)) nij nig — fig Pig(t)  Var(fi;(t))
1 1 2 50 46 0.920 0.00147 0 0 0.920 0.00147
2 1 30 28 0.933 0.00208 129 119 0.925 0.00044
2 1 2 25 20 0.800 0.00640 0 0 0.800 0.00640
2 2 40 34 0.850 0.00319 0 0 0.850 0.00319
3 0.5 25 23 0.920 0.00294 28 22 0.849 0.00242
3 1 2 20 18 0.900 0.00450 0 0 0.900 0.00450
2 1.5 40 36 0.900 0.00225 0 0 0.900 0.00225
3 0.5 35 30 0.860 0.00344 2 2 0.865 0.00316
4 2 40 37 0.925 0.00173 0 0 0.925 0.00173
4 1 2 45 42 0.930 0.00145 0 0 0.930 0.00145
2 1 40 37 0.925 0.00168 56 51 0.917 0.0080
Component Data Run 2 Run 3
sub unit test no. no no. no.
system  component cost tested survivals tested survivals
i J cij nij nijg — fiy  Fii(t)  Var(fi;(t)) nij nijg — fig - Pig(t)  Var(fi;(t))

1 1 2 31 29 0.926 0.00085 0 0 0.926 0.00085
2 1 0 0 0.925 0.00044 0 0 0.925 0.00044
2 1 2 24 18 0.776 0.00355 0 0 0.776 0.00355
2 2 0 0 0.850 0.00319 0 0 0.850 0.00319
3 0.5 8 6 0.836 0.00225 0 0 0.836 0.00225
3 1 2 0 0 0.900 0.00450 0 0 0.900 0.00450
2 1.5 0 0 0.900 0.00225 0 0 0.900 0.00225
3 0.5 0 0 0.865 0.00316 0 0 0.865 0.00316
4 2 0 0 0.925 0.00173 0 0 0.925 0.00173
4 1 2 35 31 0.913 0.00100 100 90 0.906 0.00048
2 1 16 15 0.920 0.00066 0 0 0.920 0.00066

wr g g3 10D M d ‘Zenbuvp-zounwuny H [ 893
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Fig. 2. Example 2 system.

Table 3. Example 2 Unit test cost & cumulative units tested.

Cumulative Number of Components

subsystem  component  unit test cost Tested at the End of Each Run
i i Cij Run0 Runl Run2 Run3
1 1 2 50 50 50 50
2 1 30 30 41 41
2 1 2 25 94 143 245
2 2 40 93 151 151
3 1 2 20 23 34 57
2 1.5 40 40 40 40
4 1 2 45 45 46 46
2 1 50 50 51 51
Cumulative Test Cost 500 750 1000 1250

testing costs for each of the components and it describes the cumulative number of
components and the cumulative test cost after the end of each run. Table 4 presents
the optimal scheduling plan at each run and the updated reliability estimates after
the test has been completed.

It is important to note that, after the methodology is completed, the variance of
the components reliability estimate is considerably reduced, and thus, component
reliability estimates are enhanced. From Table 4, consider as examples the variance
for the reliability estimates of components x12, 21, 31 and x41, (i.e., component
2 in subsystem 1, component 1 in subsystem 2, component 1 in subsystem 3 and
component 1 in subsystem 4) as each run testing progresses. For these components
the preliminary reliability estimates were 0.933, 0.8, 0.9 and 0.93 respectively. After
the end of run 3, the reliability estimates for these components were updated to
0.925, 0.776, 0.947 and 0.906. Notice that after testing has been completed, the
variability of reliability estimates has been considerably reduced. Thus, component
and system reliability estimates become statistically robust when the proposed
methodology is applied.

The methodology was implemented using commercially available nonlinear
solver (LINGO) software on a Pentium laptop. The problems are solved in an
efficient way; solutions are obtained in a matter of seconds.



Table 4. Example 2 Components testing schedule & estimates by run.

Component Data Run 0 Run 1
sub unit test no. no. no. no.
system  component cost tested  survivals tested  survivals

i J Cij nig  nig— fig Pi(t)  Var(Py(t)  neg o mag— fy Fig(t) Var(Pi(t)

1 1 2 50 47 0.940 0.00113 0 0 0.940 0.00113
2 1 30 28 0.933 0.00207 0 0 0.933 0.00207

2 1 2 25 20 0.800 0.00640 69 54 0.787 0.00178
2 2 40 33 0.825 0.00361 53 42 0.806 0.00168

3 1 2 20 18 0.900 0.00450 3 3 0.913 0.00345
2 1.5 40 38 0.950 0.00119 0 0 0.950 0.00119

4 1 2 45 41 0.911 0.00180 0 0 0.911 0.00180
2 1 50 48 0.960 0.00077 0 0 0.960 0.00077

Component Data Run 2 Run 3
sub unit test no. no. no. no.
system  component cost tested  survivals tested  survivals

i J cij ni;  nigg — fig o fi(t)  Var(f () ng o neg — fiy o Pi(t) Var(f (1)

1 1 2 0 0 0.940 0.00113 0 0 0.940 0.00113
2 1 11 11 0.951 0.00113 0 0 0.951 0.00113

2 1 2 49 43 0.818 0.00104 102 85 0.824 0.00059
2 2 58 44 0.788 0.00111 0 0 0.788 0.00111

3 1 2 11 11 0.941 0.00163 23 22 0.947 0.00087
2 1.5 0 0 0.950 0.00119 0 0 0.950 0.00119

4 1 2 1 1 0.913 0.00173 0 0 0.913 0.00173
2 1 1 0.961 0.00074 0 0 0.961 0.00074

wr g g3 o0 M d ‘Zenbuvp-zounwuvy H L 0L
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7. Conclusion

Due to the limited testing resources, allocation of testing units becomes increas-
ingly important for competitive industries. A methodology has been described and
demonstrated to allocate test units to minimize an approximation of the variance of
system reliability estimate. The methodology allocates testing units in an efficient
schedule. Moreover, by testing in sequential runs, the variability of the estimates
is reduced, enhancing the reliability estimates of the components. Given that the
proposed methodology uses nonlinear integer programming tools, the solution can-
not be claimed to be the global optimum solution, although it provides a good
approximation to such optimum.

This approach was demonstrated on series-parallel systems. It is also applicable
to other complex systems as long as they can be decomposed into a series-parallel
or parallel-series systems.
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