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Abstract

For multiple-objective optimization problems, a common solution methodology is to determine a Pareto optimal set. Unfortunately,
these sets are often large and can become difficult to comprehend and consider. Two methods are presented as practical approaches to
reduce the size of the Pareto optimal set for multiple-objective system reliability design problems. The first method is a pseudo-ranking
scheme that helps the decision maker select solutions that reflect his/her objective function priorities. In the second approach, we used
data mining clustering techniques to group the data by using the k-means algorithm to find clusters of similar solutions. This provides the
decision maker with just k general solutions to choose from. With this second method, from the clustered Pareto optimal set, we
attempted to find solutions which are likely to be more relevant to the decision maker. These are solutions where a small improvement in
one objective would lead to a large deterioration in at least one other objective. To demonstrate how these methods work, the well-known
redundancy allocation problem was solved as a multiple objective problem by using the NSGA genetic algorithm to initially find the

Pareto optimal solutions, and then, the two proposed methods are applied to prune the Pareto set.

© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Determination of an optimal system design configuration
involves multiple considerations and trade-offs to maximize
reliability, minimize cost, maximize system performance,
etc. It is not uncommon for engineering design problems to
have multiple competing objectives and multiple prospective
solutions. However, one feasible solution must ultimately be
selected to be implemented as the system design. This poses
a problem because, when considering multiple objectives,
one generally either determines a single solution or identifies
a Pareto optimal set. Determination of a single solution can
be done using methods such as utility theory, weighted sum
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method, etc., but the difficulty lies in selecting the correct
utility functions or quantifying the objective function trade-
offs. In such methods, the value of the weights chosen or the
utilities used dictates the final solution. This can be
challenging for a decision maker who is new to such
methods.

An alternate solution to this problem is to determine an
entire Pareto optimal solution set. A Pareto optimal set is a
set of solutions that are all nondominated with respect to
each other. While moving from one Pareto point to
another, there is always a certain amount of sacrifice in
one objective to achieve a certain amount of gain in the
other. Pareto optimal solution sets are often preferred to
single solutions because they can be practical when
considering real-life problems, since the final solution of
the decision maker is almost always a trade-off between
crucial parameters.

As the number of competing objectives increases, the
problem of finding the best compromise solution becomes
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increasingly complex. Hence, it can become overwhelming
to analyze the entire Pareto optimal solution set to pick one
solution for implementation. In such cases, pruning
becomes attractive to reduce the size of the solution set,
and to assist the decision maker select a final solution
[4,26].

In this paper, we describe and demonstrate two methods
to intelligently reduce the size of the Pareto set. To show
how these methods work, the redundancy allocation
problem (RAP) was solved. In this problem, the reliability
of the system can be improved by appropriately adding
redundant components to improve the system reliability. In
our formulation, the main goal is to find the best
redundancy allocation for maximizing the overall system
reliability while minimizing system cost and weight. Thus,
RAP was formulated as a multiple objective problem. It
was initially solved using the NSGA genetic algorithm
(GA) to identify Pareto optimal solutions, and then, the
two proposed pruning methods are applied to reduce the
size of the Pareto set.

The first method uses an approach similar to the
weighted sum method applied to the Pareto optimal
set, except that explicit numerical weights are not re-
quired. Instead, the objective functions are ranked non-
numerically. For numerous iterations, scaled objective
functions for each solution are combined into a single
composite objective function using randomly generated
weight sets. These weight sets adhere to the decision
maker’s objective function rankings. The solution that
gives the best result for a particular weight set is recorded.
This process is repeated for a pre-selected number of
iterations, and the final result obtained is a set of solutions
that most often provided the best combined objective
function.

In the second approach we made use of clustering
techniques often associated with data mining. In this
case, we grouped the data by using the k-means algo-
rithm to find clusters of similar solutions. Since the
members contained in each cluster are similar to one
another, the decision maker has now just k general
solutions to choose from. In the later approach, the
decision maker does not have to specify any objective
function preferences.

2. Multiple objective problems

Multiple objective problems are solved using a variety of
different approaches. Often the multiple objectives are
combined into a single objective so that traditional
optimization and mathematical programming methods
can be used. Alternatively, a Pareto optimal set is found.
This is usually done by using an evolutionary algorithm
such as GA.

In general, for a problem with n objective functions, the
multi-objective formulation can be as follows [20]:

minimize/maximize f(x) fori=1,2, ..., n

subject to

g](X)<O ]:17 25aJa
Mx)=0 k=1,2,..., K.

There are n objective functions and p variables so f(x) is
an n dimensional vector, and x is a p dimensional vector
corresponding to p decisions or variables. Solutions to a
multi-objective optimization problem are often mathema-
tically expressed in terms of nondominated or superior
points. It is useful to express nondominance in terms of
vector comparison; let x and y be two vectors of p decision
variable values, X = (xy, X2, ..., xp) and 'y = (V1, Y2, ..., Vp)-

We say in a maximization problem that x dominates y iff

fix)=f(y) Viand f,(x)>f(y)

for atleastonei i e {l, 2, ..., n};
similarly, for a minimization problem, x dominates y iff

Si)<f(y) Viand f,(x)<f(y)

foratleastonei i € {1, 2, ..., n}.

X is defined as the set of feasible solutions or feasible
decision alternatives. Thus, in a maximization problem x is
nondominated in X, if there exists no other X in X such that
f(x)=>f(x) and X#x. We define N as the set of all
nondominated solutions in X. Then, the optimal solutions
to a multi-objective optimization problem are in the set of
nondominated solutions N, and they are usually known as
a Pareto optimal set [27].

Generally the two most common approaches to solve
multiple objective problems are: (1) combine them into a
single objective function and obtain a single solution such
as in the cases of the weighted sum method or utility
functions, or (2) obtain a set of non-dominated Pareto
optimal solutions.

For multiple-objective problems, it can be problematic
to combine the objectives into a single objective (e.g.,
weighted sum method, utility functions) to obtain a single
solution. A slight perturbation in the parameters used to
combine the objectives could result in very different
optimal solutions. This can be a problem because decision
makers are often unsure about the exact objective function
weights or utility functions to use.

The Pareto set includes all rational choices, among
which the decision maker has to select the final solution by
trading the objectives against each other. The search is then
not for one optimal solution but for a set of solutions that
are optimal in a broader sense, i.c. they are Pareto-optimal.
There are a number of techniques to search the solution
space for a set of Pareto optimal solutions. Possibly, the
main disadvantage of these methods is that the decision
maker has too many solutions to choose from. Thus, there
is a need to bridge the gap between single solutions and
Pareto optimal sets as it is shown in Fig. 1.

The objective of this research is to achieve this balance,
by introducing two practical methods that reduce the
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Fig. 1. Achieving a balance between single solutions and Pareto optimal
solutions.

Pareto optimal set to achieve a smaller set called the
“pruned Pareto set.”

3. Multiple objective GAs

GAs were developed by Holland [13]. GAs are a
particular class of evolutionary algorithms that uses
techniques inspired by some mechanisms of natural
selection. They are essentially search techniques used to
find approximate solutions to difficult combinatorial
optimization problems.

The GA starts with a population of random individuals
(called chromosomes) that are revised over successive
generations. The crossover and mutation operators are
used to introduce new prospective design solutions each
generation. During each successive generation, each in-
dividual is evaluated and a value of fitness is returned by a
fitness function. Individuals with high-fitness values rank at
the top while individuals with low-fitness function values
are likely to disappear from the population. The algorithm
continues for a pre-determined maximum number of
generations or until no additional improvement is observed.

Several versions of multi-objective GAs, most often
referred as multiple-objective evolutionary algorithms
(MOEAs), have been developed, such as

e vector evaluated genetic algorithm (VEGA) by Shaffer
[24];

e multi-objective genetic algorithm (MOGA) by Fonseca
and Flemming [9];

e niched-Pareto genetic algorithm (NPGA) by Horn,
Nafpliotis and Goldberg [14];

e nondominated sorting genetic algorithm (NSGA) devel-
oped by Srinivas and Deb [25];

e strength Pareto evolutionary algorithm (SPEA) by
Zitzler and Thiele [28];

o NSGA-II by Deb, Agrawal, Pratab and Meyarivan [6,7].

For this research, the RAP was solved using the NSGA.
NSGA uses a non-dominated sorting procedure proposed
by Goldberg [11]. This algorithm uses a ranking method
that emphasizes the good solution points and tries to
maintain a population of such points. NSGA maintains
diversity in its population by a sharing method. This
eliminates focusing on certain regions of the solution space,
and explores different regions in the Pareto front. This
algorithm is highly efficient in obtaining good Pareto
optimal fronts for any number of objectives and can handle
any number of constraints. These features made NSGA
attractive for this research effort.

4. Reducing the size of the Pareto optimal set

The next step after obtaining the set of Pareto optimal
solutions is to prune that set if it is too large. One of the
main goals of reducing the size of the Pareto optimal set is
to make it easier for the decision maker to comparatively
analyze a set of promising solutions. To achieve this, two
methods are presented as practical approaches to reduce
the size of the Pareto optimal set: (1) pruning by using non-
numerical ranking preferences and (2) pruning by using
data clustering.

Fig. 2 shows how to select the preferred Pareto optimal
set pruning procedure. The decision maker should select
the first method if he/she knows in advance the objective
function preferences as shown in Fig. 2. Essentially, this
method should be chosen by more experienced decision
makers that are familiar with the importance of the
objective functions. On the other hand, if the decision
maker does not know a priori the objective function
preferences, he/she may prefer to use the second method to
cluster solutions in regions, and then, just analyze k
solutions or focus on the most interesting regions to
concentrate his/her efforts.

Many multi-objective optimization problems may have a
large set of Pareto solutions. If the non-numerical ranking
preferences method is applied to prune the size of this
Pareto set, and if after its application, there are still a large
number of solutions, data clustering can be applied to
further reduce the set.

4.1. Pruning by using non-numerical ranking preferences

The first method is based on a non-numerical ranking of
the objective functions based on their relative importance.
This pruning method helps the decision maker select
solutions that reflect his/her preferences. In a broader
sense, this method is a pseudo-ranking scheme that
accommodates preferences but it is different from assigning

Pareto-optimal set

I
DECISION-MAKING STAGE

v

objective function
preference
information?

yes no

v v

Non-numerical Still large
Ranking number of Data.
Preferences solutions? Clustering
method

!

Pruned Pareto-optimal set

Fig. 2. Methods to prune the Pareto optimal set.
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preselected weights or utility functions. This method allows
objectives to have the same rank. One example of ranking
objective functions is:

objective f1(x) is more important than objective f3(x);
objective f3(x) is more important than objective f>(x);
ranked objectives = {f1(x), f3(X), /2(X)}: f1(X)>f3(x) >
fo(x).

Based on the objective function rankings, an weight
function f,(w) is developed, indicating the likelihood of
different weight combinations. The weight function f,,(w) is
derived from a region where all the weights in this set sum
to one as shown in Fig. 3 for a case with three objective
functions.

To illustrate, consider a case where the objective
function preference is f; >f>>f3, and the objectives have
all been similarly scaled. The exact value of the weights is
not known but we know that w;>w,>ws;. The resulting
region where the weights are sampled, and then combined
with the objective functions, is shown in Fig. 4.

Wy

W1+ L +W3= 1

Wa

Fig. 3. Plane containing set of possible weights.

WySw3

witwytwi=1

The weights are uniformly sampled from the region
of interest with a weight function that is defined as
follows:

c Yw > wy > ws,
Ju(w) =
0 elsewhere.
The marginal distribution of w; (for w;>w,>wj3) is
derived, in which f,(w) is integrated over w,, where ¢ is a
constant. For three objective functions

0 0<W1<%,

3 1 1 1

S (1) =/ fulwi,wa)dws = ¢ 126w —3) 3<wi<j,
2 12(% — %wl) %<w1<l.

The value of w, is obtained based on

Swwi,w)

LW wr) = :
fw2|11f1( 2| 1) fwl(W])

Finally, by knowing the values of w; and w,, the value of
ws is just 1—w—ws.

Then, random but ranked weights are generated using
Monte Carlo simulation methods. These weights adhere
to the ranking pattern used for the objective functions. A
substantially large set of weights is generated, with each
set containing one weight for each objective. As an
example, Fig. 5 shows the distribution of 5000 ranked
randomly generated weights; the y-axis represents the
frequency or number of times a specific weight was
generated and the x-axis represents the value of each
individual weight. As can be seen, the possible values for
the weights in the case f;>/>>f3 are: T<w; <1, 0<wy<}
and 0<ws <1

These weight sets are used to repeatedly combine the
scaled objectives into a single objective function. The best
solution for each combined objective is recorded from the
set of the Pareto optimal solutions available. This is
repeated with the next set of weights, and the best solution

w1

witwytwa=1

Possible
weight
region

L

Fig. 4. Weight region for the f, > f>> f; objective function preference.
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Distribution of three weights generated using uncertain
weight function
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Fig. 5. Distribution of random weights used for a three objective problem.

for that combination is identified. This process is repeated
many times (e.g., several thousand), and the end result is a
“pruned” Pareto optimal set. This method has been
observed to achieve a 90% reduction of the entire Pareto
optimal set, as reported by Coit and Baheranwala [4].

This first approach is an extension of earlier research
considering multi-criteria decision making with a finite
set of alternatives. Lahdelma et al [16] considered
uncertainty in weight selection similar to the uncertain
weight function proposed here. Rietveld and Ouwers-
loot [21] and Hinloopen et al. [12] also describe solution
methods where solutions must be selected based on
ordinal data. The uncertain weight function combined
with Tabu search was demonstrated by Kultural-Konak
et al. [15].

4.2. Pruning by using data clustering

The next approach to reduce the size of the Pareto set for
RAP is to use data clustering. In multi-dimensional
situations, clustering can be very insightful. Cluster
analysis is a multivariate analysis technique that seeks to
organize information about variables so that relatively
homogeneous groups, or “clusters” can be formed. The
clusters formed should be highly internally homogeneous
(members are similar to one another) and highly externally
heterogeneous (members are not like members of other
clusters). The use of clustering for RAP is described in
more detail by Taboada and Coit [26].

In the literature, there exists a variety of clustering
algorithms. One of the most well known clustering
methods is k-means, as introduced by MacQueen [17],
which is known for its efficiency in clustering data sets. The
k-means algorithm groups data into k sets. The grouping is
done by calculating the centroid for each group, and
assigning each observation to the group with the closest
centroid. The centroids are calculated by minimizing the
sum of all the squared-Euclidean distances to its closest
centroid.

The general k-means clustering algorithm [17] is com-
posed of the following steps:

1. Place k points into the space represented by the objects
that are being clustered. These points represent initial
group centroids.

2. Assign each object to the group that has the closest
centroid.

3. When all objects have been assigned, recalculate the
positions of the k centroids.

4. Repeat steps 2 and 3 until the cluster assignments do not
change.

The objective function that the k-means algorithm
optimizes is

KMV, O)=3  min_[If(x) = gl

where x; is the ith data vector, f(x;) is ith objective function
vector (f1(x;), /2(X,), ..., fa(X;)), ¢;is jth cluster centroid, N is
set of Pareto optimal solutions, C is set of centroids.

The algorithm seeks to minimize the within-cluster
variance (the squared distance between each center and
its assigned data points). The k-means algorithm often
converges to one of the many local minima, which is not
necessarily the global solution. To overcome this situation,
several runs were performed to find the smallest sum over
all elements of the squared Euclidean distance.

In order to determine the optimal number of clusters, k,
Rousseeuw [22] suggested a cluster validity technique,
the silhouette plot, to evaluate the quality of a cluste-
ring allocation, independently of the clustering tech-
nique that is used. Silhouettes are based on the evaluation
of the silhouette width s(i) and it is calculated as
follows:

b — al)
s = max{a(i), b(i)}’

where a(i) is the average distance from the ith is point to all
the other points in its cluster. b(i) is average distance from
the ith point to all the points in the nearest neighbor
cluster.

From this formula it follows that s(i) has a value between
—1 and 1. When s(i) is close to 1, one may infer that
the ith data point (Pareto solution) has been assigned to
an appropriate cluster. When s(i) is close to zero, it sug-
gests that the point could also be assigned to the
nearest neighboring cluster, i.e., such a sample lies equally
far away from both clusters. If s(i) is close to —1, one may
argue that such a data point has been “‘misclassified.”
Then, different partitions with several values of k’s are
performed using the k-means algorithm, the value of
silhouette width is calculated for each different partition
and the clustering with the highest average silhouette width
is preferred.
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Fig. 6. General series parallel redundancy system.

5. Redundancy allocation problem

The RAP pertains to a system of s subsystems in series.
For each subsystem, there are m; functionally equivalent
components, with different levels of cost, weight, reliability
and other characteristics, which may be seclected. A
minimum of one component must be chosen for each
subsystem, but it is often advantageous to add redundant
components to improve reliability. A series-parallel system
example is depicted in Fig. 6. The use of redundancy
improves system reliability but adds to system cost, weight,
etc. There are system-level constraints and the problem is
to select the design configuration that maximizes some
stated objective function.

Solving the RAP as a single-objective optimization
problem involves either the maximization of the system
design subject to limits on resource consumption or the
minimization of the consumption of one resource subject to
minimum requirements of system reliability and other
resource constraints. Numerous researchers have addressed
several methodologies and approaches to solve it. The
redundancy allocation problem has been considered to be
NP-hard [2].

In Fyffe et al. [10] the redundancy allocation problem
was solved using dynamic programming by limiting the
problem to only one type of component available for each
subsystem. Nakagawa et al. [18] accommodated multiple
constraints with dynamic programming using a surrogate
constraints approach. Bulfin and Liu [1] used integer
programming and they formulated the problem as a
knapsack problem using surrogate constraints. Genetic
algorithms have also been applied, e.g., Painton and
Campbell [19], Coit and Smith [5].

In reality, most system design initiatives are multi-
objective. When designing a reliable system, in addition to
the maximization of system reliability, it is desirable to
consider the minimization of other objectives such as cost,
weight, etc. In such situations, the designer faces the
problem of optimizing all objectives simultaneously.

For the multi-objective redundancy allocation problem
the objective is to determine the optimal design configura-
tion that will maximize system reliability, minimize the
total cost and minimize the system weight, for a
series—parallel system. The mathematical formulation of
the problem is given below.

5.1. Problems MORAP

{max

minlW = i: i Wijxjj] }
i=1 j=1

J

@

, min

R= ﬂ Ri(x;)
=1

m;
C=> > cixy|s
i=1 =1

s.t.
m;

1< Xij < Mmax,i
J=1

xpel0 1,2, ..,

where R, C, W is the reliability, cost and weight of the
system respectively, s is number of subsystems, x; is
quantity of jth component in subsystem i, 7,y ; 1S user-
defined maximum number of components in parallel used
in subsystem i, m; is total number of available components
for subsystem i, R{(x;) is reliability of subsystem 7, c;;, wy, is
cost and weight for the jth available component for
subsystem i.

Other researchers have considered multiple objective
versions of system reliability optimization problems. Saka-
wa [23] considered a large series system with four objectives:
maximization of system reliability, minimization of cost,
weight and volume. Sakawa proposed a method to derive
Pareto optimal solutions by optimizing the composite
objective functions that were obtained as linear combina-
tions of the four objective functions. The Lagrangian
function for each composite problem was decomposed into
parts and optimized by applying both, the dual decomposi-
tion method and the surrogate worth trade-off method.

Dhingra [8] used a combination of goal programming
and the goal attainment method to generate Pareto optimal
solutions in a four-stage series system to maximaze system
reliability and minimize cost, weight and volume. Kulturel-
Konak et al. [15] solved the problem using Tabu search
method with three objective functions: maximize reliability,
minimize the cost of the system, and minimize the weight of
the system. Coit et al. [3] proposed a multicriteria
formulation to maximize the system reliability estimate
and minimize the associated variance.

Vi=1,2,...

15

6. Example

An example problem was solved for a system consisting
of three subsystems, with an option of five, four and five
types of components in each subsystem, respectively. The
maximum number of components is eight in each
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Table 1
Component choices for each subsystem
Design alternative j Subsystem #

1 2 3

Iy Cij Wy Iy Cjj Wi Iy cjj Wi
1 0.95 2 5 0.99 4 4 0.90 6 5
2 0.93 1 4 0.98 3 6 0.85 5 4
3 0.91 2 2 0.97 1 5 0.82 3 3
4 0.90 1 3 0.96 2 7 0.79 3 5
5 0.95 2 8 0.99 2 4

0.92

- 0.8 .
s og 084 reliability

20
15
Cog 10

Fig. 7. Pareto optimal set.

Comparing Pruned solutions with Pareto Optimal solutions
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Fig. 8. Comparing pruned Pareto solution with the Pareto optimal
solution set for reliability versus cost.

subsystem. Table 1 defines the component choices for each
subsystem.

For this case, NSGA was solved with a population size
of 100. There were 46 solutions in the Pareto optimal set.
This set is shown in Fig. 7. The Pareto set was then pruned
using both methods previously described.

6.1. Pruned results by using non-numerical ranking
preferences method

Pareto optimal solutions were obtained using NSGA
and the pruned solutions identified by using the proposed

Comparing Pruned solutions with Pareto Optimal solutions

30 . N
25 * Pareto Optimal Solutions:Reliability Vs Cost ¢
O Comparing Solutions: w3>w1>w2 R
“g 20 Comparing Solutions: wi>w3>w2 \ . '8
© 15 °3
$ o e}
107 o
5 1
0.8 082 0.84 0.86 0.88 0.9 0.92 094 096 0.98 1
Reliability

Fig. 9. Comparing pruned Pareto solution with the Pareto optimal
solution set for reliability versus cost.

0.8 — P
ol 2
Cost : 0

Fig. 10. Clustered Pareto optimal set.

method. The objective function priorities used on these
solutions were: (R>C> W), (C>R>W), (R>W>C) and
(W>R>C). Fig. 8 shows the pruned solution set for
wi>wr>ws3 and w,>w;>ws;, compared to the original
Pareto optimal set (obtained by using NSGA), and Fig. 9
shows the pruned solution set for w;>ws3>w, and
w3 >w; >w,, compared to the original Pareto optimal set.
Considering two objective functions at a time, the charts
map reliability versus cost. The pruned solution sets for all
four possibilities are shown in the figures. Pruning the
solutions caused almost a 90% reduction in the size of the
Pareto optimal set.
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Table 2
Summary of results obtained with the clustering analysis

# Of solutions Representative solutions Reliability Cost Weight
Cluster 1 22 #39 0.9978541 22 34
Cluster 2 19 #91 0.984265 15 25
Cluster 3 5 #37 0.819216 11 24

6.2. Pruned results by using data clustering

The k-means algorithm was then used to cluster the
original 46 solutions in the Pareto optimal set. The three
objective functions were scaled from 0 to 1 using the
following equation:

%) = 1)
S0 = 7R
where f;™"(x) is the minimum value for f{x) in the Pareto
optimal set, f;"**(x) is maximum value for fi(x) in the
Pareto optimal set.

We made use of silhouette plots using the cluster indices
output from the k-means algorithm to determine the
optimal number of clusters for this particular data set.
We found three to be the optimum number of clusters for
this problem. The three clusters are shown in Fig. 10 from
standardized data. Cluster 1 contained 22 solutions; there
were 19 solutions in cluster 2 and five in cluster 3.

The clusters formed are highly internally homogeneous.
That is, members within a cluster are similar to one another.
One way for the decision maker to pick one solution,
among the solutions contained in a cluster, is to identify
what solution is the closest to its centroid. Table 2 shows
the summary of results obtained by the cluster analysis. The
representative solutions are those that are closest to their
corresponding centroid; each solution is shown with its
corresponding reliability, cost and weight. With the
information from Table 2, the decision maker now has a
small set of solutions, and it is thus, easier to make his/her
choice regarding the importance of the different objectives.

Another way to take advantage of this method is that,
once having the optimal number of clusters selected (three
in our case), then we looked for the cluster that contained
the most interesting solutions of the Pareto optimal set.
These are the solutions where a small improvement in one
objective would lead to a large deterioration in at least one
other objective. These solutions are sometimes called
“knees.” In this case, as we can see from Fig. 10, solutions
in cluster 2 are likely to be more relevant to the decision
maker. Thus, solution #91 can be chosen as a good
representative solution of this mentioned knee region.

Vi=1,2,...,n,

7. Conclusions

The proposed methods are practical approaches to the
solution of multi-objective system reliability design pro-

blems that help achieve a balance between Pareto optimal
solution sets and single solutions. These pruned Pareto sets
give the decision maker a workable sized set of solutions.

With the first method, pruning by using the non-
numerical ranking preferences, the decision maker obtains
a pruned set of solutions that match his/her preferences. In
the second approach, the solutions in the Pareto optimal
set are filtered and clustered so that the Pareto optimal
front is reduced to a set of k clusters. Each cluster consists
of solutions with similar properties, and therefore the
decision maker only has to investigate one solution per
cluster.

Moreover, with this method, once the optimal number of
clusters is identified, the decision maker can focus his/her
search to the cluster(s) that contain(s) the knee region,
which are the solutions to be likely to be more interesting
to the decision maker.
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