Buckling of Rods in Bending and Torsion
by Ellis Harold Dill

The equaionsfor buckling ofthin walled rodsby torsion and flexure were obtained by
Timoshenko and Gere by usng drect mechanical reasoning o pick outthe primary
effects of the combined axial load and wisting displacements.® It may notbe appaent
tha they have introduced the correct gpproximation and induded dl of theimportant
termsin theequaions Ther goproximationscan be made explicit by formulating the
budkling poblem usng the energy method & treated by Washizu? SQuch an energy
andysis has been carried out for thin walled sections by Trahar drawing drectly on first
prindples of mechanics.> However, in Trahair's treatment, it may notbeclear how his
relationsfit into the general theory of noninear dastic bodies.* In this paper, | will
derive the bukling equationsof Timoshenko and Gere, from the general theory of
elasticity in the mannea of Washizu butusng asequence of goproximations smilar to
those proposd by Trahar.

1. Theory of Elasticity Allowing Large Displacements
The postion vector of amaterial paticle in theinitial (undg¢ormed) configuration is

denoted by X. Thepostion oftha paticle in thedeformed body & denoted byx. The
deformation is described by

x=1(X). (1.1)

Theddormation giadient tensor is
|
p=XX) (1.2)
X

The (right) deformation tensor is

C=F"IF. (1.3)
The (Kirchhdf) strain tensor is

E=2(C!1). (1.4)

Let X, betherectangular Cartesian coordinaes of the paticle in the undé¢ormed
configuration: X = X, e,. Thebase vectors will dso bedenoted by(e,) = (i, ], k) .

We will regard the coordinae system XX for the undeformed configuration a imbedded
in thebody and mnvected dong with it into acoordinate system in the deformed body
which is defined by he deformation. In this case the coordinates of a particle remain the
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same, and it is the coordinae system tha changes. Using theimbedded coordinaes, the
local base vectors are

:l X (15)
Ok = v
In this case,
F=0,G,
C = g GG™, (1.6)
O = 9 9,

Thetrue (Cauchy) stresstensor is T and the stress vector per unit ddformed areat. The
stress vector per unit reference areais denoted by p: pdA, =tdA. This vector is

determined by therelation
p=N!P,

P=(dgF)F 1T, (.7

where N is the unit vector to the unddormed bodyand P is the Piola tensor (first Piola-
Kirchhoff tensor). The Kirchhoff stress tensor (second Rola-Kirchhdf tensor) is

S=PI(FHT. (1.8)

The equilibrium problem for an dastic material condsts of thefollowing equaionsfor
thedeformation x =1 (X) tha hold ove theunddormed body\,.

| "P+#,b=0,
$94(E)
$E
2E=F""F &1,
$ (X)

F=2"22
$

S:#o

(1.9)

Suppoe tha the displacement is specified on pat of bounday S and theloading is
given on heremainde ' of the bounday:

1(X)="%(X) on &,

(1.10)
N(X)#(X,t) = p°(X) on SP.



We dso suppoe tha thebody force isfixed,b =b(X). Thecorresponding potential
energy is afundion ofthe deformation ! given by

P(1)= $O N \VA %$Ob&<#odvo %%, p& dA,. (1.11)

If x=1(X,t) isasolution © the equilibrium problem tha satisfies the bounday
conditions then thedeivative of P at x is zero for all fundions! tha satisfy the
displacement bounday conditions

DP(x|!)=0, (1.12)

and onvesey. Tha is, among dl possible ddormationsthe actud onesatisfies (1.12)
for dl smooth fundionstha satisfy the bounday conditionson displacement.

Note tha for the noninear problems, the potential energy is stationary a the equilibrium
point. Thepotential energy may notbeaminimum at al equilibrium points snce
ingability is posible for the noninear equations We will here find such points by
searching for naghboing equilibrium configurationsunde the same loading.

2. Application to the In-plane Buckling of Rods.
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Fig. 2.1 h-plane bending of arod.
Theunddormed body 5 shown in Hg. 2.1. heimbedded material coordinaes are now
denoted by lower case letters, and te (x,y)-axes are centroidd prindpd axes of the cross
section. Thez-axisistheunddormed centroidd axis of therod. Theforces acting on he
rod a shown ae fixed in direction and megnitude
The postion ofapoint of theunddormed axis is
Rg = ze3. (2.1

Theinitial postion of a point of thebody &

R=Rgp+Xxe tye,. (2.2)

Thedd&ormed postion ofthat pointis



r=R+Ue +Ve,+We, (2.3)
where (U,V,W) are the displacements of the materia point. The deormed axisis

ro =R +V(2)e, +W(2)e; (2.4)
where (v,w) are the displacements of the axes of therod. The vector

sz%gzw%+a+mm3 (2.5)

istangent to thedeformed axes.
Approximation I. The displacement gradients are small compared to 1. Therefore

s! ve, +e; (2.6)
and thelength is

=)+ @rwh? " 1 27)
Theunit vector in the plane of the ddformed cross section is given by
n=s! e ="vie;+(1+whe, $"vies+e, (2.8)

Approximation Il. We assume tha the cross section of the rod remains plane and noma
to thedeformed axis. Therefore the postion of apoint of the deformed bady is

r=ro+xe +yn. (2.9
Equaing thetwo expressions(2.3) and (2.9) for r, we find

U=0,
V =Vv(2), (2.10
W=w(z)! yv'(2),
as thefirst order goproximation for the displacements of therod. Thus therotation éout
the x-axis is goproximately
I ="VH (2.12)

From (2.3) and (2.10), the find expression for thedeformed postion ofaparticle is

r=R+v(2)e, +(W(2)! yV(2))e; (2.12)
From (1.5),



81~ ¢y,
g,=¢e,! Ves, (2.13)
gz=eg! Ve, +(W'! W")es.
Therefore,
1 N O A VI
93325(933! 1)=(w"! w )+§(W L) +§(v') : (2.14)

Approximation Ill. We neglect (w!" yvil)* compared to (w" yvIl) so that

633! "Hy# (2.15)
where
— 1] 1 1) 2
I =w +§(v') , (2.16)
#=3Vv"

The stress vector on across section is

p=e3!P=¢3!Rjeg =Pyg;. (2.17)
The component nomal to the cross section is
! =5"p = Pyg(1+ Wi yvit (v§? / 2) (2.18)

Approximation IV. For small displacement gradients, we negglect the secondary terms and
take
I Pss. (2.19

ApproximationV. We assume that the other components of P can be neglected compared
to theprimary stressP;3 ! . TheKirchhoff stress tensor is then

S=PI(F YT
= P!gkek

- k
=#e303'9" e
=# e3e3.

(2.20)

Approximation M. We condder only small strain of an isotropic material so the material
modd used is notsgnificant. We will use the Kirchoff model:

S=2uE+ A(trE)1 (2.21)
Therefore,
I =Eey; = E(" +y#). (2.22



Define
N="1dA=AE#
A (2.23)
M, = "Ay! dA = EL $,
where theintegration is ove the unddormed body Then,
p N My (2.24)
A

asin thelinear theory.

Approximation MI. We consde only the primary nomal strainsfor calculation ofthe
strain energy. The strain energy of the rod is therefore

U

L E(e33)” dVp

| E("+y#)" dAdz

(2.25)

|
© - ©

!AE("2 +2y"# + yz#z)dAdz

L

NI NIFP NP NP

o

(AE"2 + E1,7) oz
The potential energy (1.11) reduces to

_1.t 2 "2
P(v,w)—Ej:g(AE! +El, )dz 226
$1:5L pyvdz $ 8w+ Fyv+ M%OL.

Oneway to calculate the derivatives of the potential energy is to replace

V= Vv+ay,
W — W+ oW,
2.2
gevv’+ocv_v’+%(\/+oc\7')2 227
K— -V —aV’
Then,



OP (V + oV, w + o) |

P(v+av,w+ow)=P(v,w)+a

Ja |a:0
2 ~2 - -
+ +
+a_a P(v ocvz,w aw)| (2.28)
2 oo ‘a:o
o2
= P(v,w)+(xDP(v,W|\7,v_v)+?D2P(v,w|\7,v_v)+....
In the common nottion of variationd calculus,
I'P="DP(v,w|V,w)=DP(v,w|/v,/w),
) _ ) (2.29
1P ="“D“P(v,w|V,W) =DP(v,w|! v,/ w),
where
lvyv="%
Iy v_, (2.30)
Tw="w.

Using (2.16) and (2.23), thefirst derivative (first variation) of the potential energy is

IP(V+"V,W+" W)

|

DP(v,w|V,w) = ‘
" 20

= & (AEwte (vy? 1 2) e+ v + 1 vitit) iz (2.31)

%G Py Vel YEF T+ FY %M
Integration by pats leads to
DP (v,w |V, W) = F(Nw -+ NV)"'+ M, + p,)V|dz
# x Py
LY E, + N)W+{Fy + N+ M7 (Mg + M)V (2.32)
z vyl X 1 X l 0
7=
!Z)FZZ! N)W+(Fy2! Nv"! MX")\_/! (M, ! Mx)v“l :
z=L

Since this derivative mug bezero for dl functions(v,w) , the differential equéions for
the deformed equilibrium postion for the given end loads are®

N!(z) =0,
| (2.33
My + (Nv)!+ p, = 0.

TG (1-5), NT (17.19)(17.20)



Note tha Nis postivein tenson and therefore negative for acompressed column. The
bourdary conditionsare

I'N(O)=F,, N(L)=F,,
I {M,(0) +N(O)V'(0)| = Ry, M,{L) +N(L)V(L)+=F,, (2.34)
M, (0)=M;, M,(L)=!M,.

these are the differential equaionsand ounday conditionsof the beam-column.

2.1 Buckling as a neighboring equilibrium configuration

Thebudled configuration is an equilibrium configuration, ® therelation /P =0 dso
appliesto it. Let (v(z),w(z)) denote the equilibrium configuration for a given loading.

We seek an infinitesimally near configuration (v+ vb,w+wb) for the same loading:

Ll AE(W +w/ +( +v. )2 12w
DP(v+vb,w+wb|\7,vT)):Jo ( b+ 5 )" 12)( d

+(V' + ) W)+ EL (V' + v v (2.35)

- jOpr vdl -[FF+Fi-M7] =0,

Linearizing in (W, Wyy) and subtracting (2.31) gives

L;AEéW!Vb' +w V! +%(V!)2 v+ (V)2 ?/%!’;
/) & dz=o0. (2.36)
; + AE %wbl + Vi) .ZW! + El, W VI
Integrating by pats gives
) # I v& -
Li%Nvt; N+ AE[(W) + VI VI " Ely v, Vit
Q « %0 "dz
+ o+
+ +AE|wW! + (viyd )!|w ¥ (2.37)

_&L
+§joNvg + AE(W] +Vviv] V! Elxvg!!}v( _

GAE(WY +vivy )W+ El I 7 (

0.
0



Thebudling differential equaionsof equilibrium are therefore®

ELviY | (N )"! AE((Wt',' + VY )v")":o,
W+ (V)" =0,

where N is postive in tengon. Thebounday conditionsare

$}\lvb + AE(W) +VIw) )V!" El, v nlfﬂ =0,

i +V'Vb'(
ggu :08:) =0.

In the case of compression by an axial load N =! P and the pre-buckling
displacementv = 0, the differential equation reduces to’

El v +Pyll =
with bounday conditions

= I % =

g+ Bt 2 0,

h | -— % =

$v =0 2 0.
These are the equationsfor the Euler budkling load.

2.2 Buckling as the transition to neutral equilibrium.

Since thefirst deivative of the potential energy is zero for an equilibrium state, the

(2.39)

(2.39)

(2.40)

(2.41)

second deivative in (2.28) will deermine whether the potential energy is aminimum
maximum, or sationay. Anothe way to determinethe budling equaionsisto find the

fundionstha make the second deivative sationay.

From (2.27)-(2.28), the second deivative is

D2P (v,w |V, ®) = " {AE(WI+V'VI) +N(7)? + Bl (W) }

® NT (17.32)(17.33)
TG (2-9)

(2.42)



10
We therefore have to find the fundions (V = v,,w =w,) tha make stationay theintegral

I (Vi W) = "OLF (W vl ,wy )dz=0 (2.43
where
Fwy, vl wy ) = AE(WY +viwg )% + N(w! )% + El (). (2.44)

By the procedure illudrated above the correspondng differential equaionsare

) O (ugt v wg) | 0 (vgh vt wee)
' dz "t dZ " Vight '

(2.45)

o "F (g Vi W) _

dZ "Wk#

with bounday condiions

$ L

S (6" ), d LF (OB ")) o

% RV dz AViS zo

$ L

g (o W W)y _ (2.46)
% Lwy 20

$ L

P (8 W)y

% RViS 20

Subdituting (2.44), we find the differential equaions(2.38) and bounday conditions
(2.39).
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3. Buckling in Bending and Torsion

We congder only thin-walled opan aoss sectionsand denote the postion ofthe shear
center by(xo,Yo). Theline (xo,Yo,2) of shear centersis theelastic axis of therod. The
postion vector apoint on he eastic axis before deformation is

Rs = X081+ Yo&2 +283. (3.1)
Thedd&ormed postion is
r«=Rs+u
>0 (3.2)
= (%0 +u(@)ey + (Yo + V(2) &z +(z+ W(2)) €.
Thetangent to the ddformed dastic axisis
drg
S:E:u!e1+v!e2+(1+w!)e3 (3.3)

Approximation I. The displacement gradients are small compared to 1. We therefore
neglect w! compared to 1 so tha

drg
s=—=2=ule +Vvle, +e 34
dz 1 2 TE3 (3.4)

and thelength of sis

o= 1+ (un)2 +(v1)? " 1 (35)
so tha s is goproximately a unit vector.

Approximation Il. Each cross section oftherod remainsnomal to the deformed axis
except for small out of plane (warping) displacements. Thetwo vectors

n=s!i="wk+j,

3.6
m=s! j="uk +I. (36)

liein the deformed cross section and a@rrespond b rotationsaboutthex and y principd
axes of thecross section. Let ! (z) denote therotation of the cross section @out s 0

tha n and m are rotated into

10 = cog(¢)m +sin(@)n,

3y . (3.7)
@ =—sin(¢)m + coq¢)n.

Approximation lll. Thetorsiond rotationsare small, ! <<1. For small rotations
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M=m+/(z)n,

; 3.8
e="7(z) m+n. (38)
Using (3.6),
Mm=i+¢j—(U+oV)k,
Beioi-(usov) (39)
B=—¢i+j—(V-ou)k.
Therefore, the postion of a point of the deformed cross section is
r=rg+(x! x)m+(y! y)f+" $ (3.10)
whee ! =1 (s) isthewarping function and s is the distance dong he thin-walled
contour. We neglect thevariation of warping ove thethickness and treat ! (S) as
condant over thethickness.
From theglobd prospective
r=(x+U)i+(y+V)j+(z+W)k. (3.12)
Equaing (3.10) to (3.11), we find®
U=u@! (y! %)"@
V =v(z) +(Xx! "(2),
@ +(x! %)"@ 312
W =w(2)+#(5)"%2)
L ! (YY) @[ usD)! B! Yo+ (X! %) (2 V82,
Define
Wo(2) = W(2) + xul(2) + yoVI(2) " Yo#A(2)ul(2) + X4 2V!(2). (3.13)
Then,
W =wo — x(U' + V) - y(V - ou’) + 0 ¢’ (3.14)
Thus
r .
9=-=m
i (219
92 = W =9,
and
| | woo
0= —Zi+-Ljrgre LA (3.16)
Iz Iz l7 &

From (1.6) and gproximation |,

8T (17.158)
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W 1w 1 _Uf+1 V%
%707 Tohiza Tobiza Tokize
. (3.17)
(w L _Uf+1 _vf
1z 2#1z& 2%1z2&°
Subdituting (3.12) and (3.14) gives’
€3 =W " xull" ywil + #$l
+%° 1) +(v1)? +(x02 + yoz)($!)2'( " XoVIB! + youl$!
: (3.18)
+x%x0($') $v!!(+y& Yo () +$U"(
' lan\2
+§?§?2 +y* (#)
The dress vector on he deformed cross section is
p=e3!P=e3!Reg =Pyg;. (3.19)
The component nomal to the cross-section is
' =p"s=Py0y's=P303"s (3.20)

since g; and g, are orthogonato s by (3.6) and (3.15). Using(3.16) and(3.3),

! = Poa{l+ W' W'+ WW"+ uu"# (y # Yo)$T+VIV'+ (x# %0)$}  (3.2D)
Approximation IV. Theprimary bending gressis! " Ps3.
TheKirchhdf gress tensor is given by

S=Fjeig;'g ek—Pkeek,
S33= Py ="

For the material modd (2.21),

(3.22)

! =Eeys (3.29)

Approximation V. For thecalculation of ! it is sufficient to use thefirst line of (3.18):

°NT (17.163)
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I =E",
(3.24)
" # wi YoxuBoyvdt+ & ' $
Defing
N = "A! dA= AEwg#,
M, =", y! dA=SEl, v# 229

My =$"AX! dA= El, u#

Mo, =" 96! dA= Elg,vit

where we have used thefollowing conditions Because the axes are centroidd princpd
axes

ijdAzo, jAydAzo, ijydA:o. (3.26)
Since the shear center isaprindpad pole of the thin walled open aross section,
"1 dA=0, " x! dA#" xtds=0, " x/ dA#" ytds=0 (3.27)
A A C A C

From (3.24) and (3.25), we find

:ﬂ_'_ Mxy_ MYX+ Ma)w

o (3.28)
A ly I,
asin thelinear theory.
Approximation M. Thepotential energy dueto the torsiond stressis given with
sufficient accuracy by the linear theory
1. L )
U= 5 !0 GJ#'(z)"dz (3.29

Combining this with the potential energy associated with the nommal gtress, the patential
energy of therod is

_1 " 1.1 2
U—E#O! dV+§1-,':é_L GJ %% 2)“dz. (3.30)
Therefore,
_1 n n L
/u_5$0{ I #+ # }dV+$GJ&%&%z, (3.31)
and
21y - " 2 L 2 2
! U—$O{! 14+ #1 }dV+${GJ&% &%GJ(!&%}dz, (3.32)
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wherewe haveused !"# = E!'"! = #"1 .

Approximation MI. The second oder term 12 can beneglected. For /" and!" , we
can u<e thefirst goproximation (3.24). In the expression! "2# weus ! " N/A asthe
primary stress and the complete approximation (3.18) for! 2" :

127 =yt + 1 vif +(x02 +y02)!$¢?
WRxg! v &+ 2yq | u#t &#
(2 +7)r 87 (333
%zx'(xo.ls;;@ +1$1v#) %2y'(y0!$¢? %N $! utf).

Then (3.32) becomes

- 2
JEG WG #xI U HyIv+ 8 1 98), n
/ /
; f!u"2+!v"2+(x02+y02)!%2 );
L +
=4 4 NIV, T2y lu, 2Adz 030
+— 34
1A (+(x2 +y?) 1922 +
/ +
A (#2x 8xo! 9% + 198 V") # 2y 8yl 98° # ! % u L
+ 4: GI( %) dz.

Thelast terms linear in x or y integrate to zero over the area Since the (x,y)-axes are
centroidd. Also

%',xz +y2§dA: Il +1y =1y &' FA (3.35)
After integration ove the area, (3.34) becomes

“El, /U2 +El/v2 +EL 1 $? +GII$2 1

L
121 = 45 )+N'!u"2+!v"2+(%2+x02+y02)!$"2*}2dz (3.36)
O (8% !V'Ig+2y!ul g 18

Replacing/u™ wu,/v" v,!#" #, weobtan theextremum problem:

;’:ELF (uhul,vivi "1 " Ndz=0 (3.37)



whee

The Euler equationsare

F =El,u"? +El,v" +El, 0" + Gl ¢

W2+ V2 + (po” + %0 + Yo )"
2% V¢’ + 2y U9’

+N

0,

d"F d®"F
|l - +— — =0
dz"$# dZ "t

Thebudling differential equaionsfor N =! P are therefore found b be?®

El,u™ +P(ull +y,"1) =0,

El, V'Y + PVl # X" 1) = 0,
Elg " # GI"1+ PR + X0 +Yo*)"!! # Xou + youllf = 0.

These are the bukling equdionsof Timoshenko for thin-walled rods
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