
Buckling of Rods in Bending and Torsion 
by Ellis Harold Dill 

 
 

The equations for buckling of thin walled rods by torsion and flexure were obtained by 
Timoshenko and Gere by using direct mechanical reasoning to pick out the primary 
effects of the combined axial load and twisting displacements.1  It may not be apparent 
that they have introduced the correct approximation and included all of the important 
terms in the equations.  Their approximations can be made explicit by formulating the 
buckling problem using the energy method as treated by Washizu.2   Such an energy 
analysis has been carried out for thin walled sections by Trahair drawing directly on first 
principles of mechanics.3  However, in Trahair's treatment, it may not be clear how his 
relations fit into the general theory of nonlinear elastic bodies.4  In this paper, I will 
derive the buckling equations of Timoshenko and Gere, from the general theory of 
elasticity in the manner of Washizu but using a sequence of approximations similar to 
those proposed by Trahair.   
 
1.  Theory of Elasticity Allowing Large Displacements 
 
The position vector of a material particle in the initial (undeformed) configuration is 
denoted by X.  The position of that particle in the deformed body is denoted by x.  The 
deformation is described by  
 x = ! (X) . (1.1) 
 
The deformation gradient tensor is  

 F =
! x(X)

!X
. (1.2) 

The (right) deformation tensor is 

 C = FT! F . (1.3) 
The (Kirchhoff) strain tensor is 

 E = 1
2

(C ! 1) . (1.4) 

 
Let Xk be the rectangular Cartesian coordinates of the particle in the undeformed 
configuration:X = Xk ek .  The base vectors will also be denoted by(ek) = (i, j,k) . 
  

We will regard the coordinate system Xk  for the undeformed configuration as imbedded 
in the body and convected along with it into a coordinate system in the deformed body 
which is defined by the deformation.  In this case the coordinates of a particle remain the 

                                                 
1 TG section 5.5. 
2 KW section 7.5. 
3 NT chapter 17. 
4 ED chapter 2. 
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same, and it is the coordinate system that changes.  Using the imbedded coordinates, the 
local base vectors are 

 
ek =

! X

! Xk ,

gk =
! x

! xk .
 (1.5) 

In this case, 

 

F =gkG
k,

C = gkmGkGm,

gkm = gk !gm.

 (1.6) 

 
The true (Cauchy) stress tensor is T and the stress vector per unit deformed area t.  The 
stress vector per unit reference area is denoted by p: pdA0 = t dA.  This vector is 
determined by the relation 

 
p = N !P,

P = (det F)F" 1!T,
 (1.7) 

 
where N is the unit vector to the undeformed body and P is the Piola tensor (first Piola-
Kirchhoff tensor).  The Kirchhoff stress tensor (second Piola-Kirchhoff tensor) is  
 

 S= P!(F" 1)T . (1.8) 
 
The equilibrium problem for an elastic material consists of the following equations for 
the deformation x = ! (X)  that hold over the undeformed bodyV0. 
 

 

! X "P+ #0b = 0,

S= #0
$%(E)

$E
,

2E = FT"F &1,

F =
$' (X)

$X
.

 (1.9) 

 

Suppose that the displacement is specified on part of boundary S0
u  and the loading is 

given on the remainder S0
p  of the boundary: 

 

 
! (X) = " 0 (X) on S0

u,

N(X)#P(X,t) = p0(X) on S0
p.

 (1.10) 
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We also suppose that the body force is fixed,b = b(X) .  The corresponding  potential 
energy is a function of the deformation !  given by 
 

 
 
P(! ) = " #0dV0V0

$ % b &x#0dV0V0
$ % p0&xdA0S0

p$ . (1.11) 

 
If x = ! (X,t)  is a solution to the equilibrium problem that satisfies the boundary 
conditions, then the derivative of  P at x is zero for all functions ! that satisfy the 
displacement boundary conditions, 
 
  DP(x | ! ) = 0 , (1.12) 
 
and conversely.  That is, among all possible deformations the actual one satisfies (1.12) 
for all smooth functions that satisfy the boundary conditions on displacement.   
 
Note that for the nonlinear problems, the potential energy is stationary at the equilibrium 
point.  The potential energy may not be a minimum at all equilibrium points since 
instability is possible for the nonlinear equations.  We will here find such points by 
searching for neighboring equilibrium configurations under the same loading. 
 
2.  Application to the In-plane Buckling of Rods. 
 
 

 
Fig. 2.1 In-plane bending of a rod. 

 
The undeformed body is shown in Fig. 2.1.  The imbedded material coordinates are now 
denoted by lower case letters, and the (x,y)-axes are centroidal principal axes of the cross 
section.  The z-axis is the undeformed centroidal axis of the rod.  The forces acting on the 
rod as shown are fixed in direction and magnitude. 
 
The position of a point of the undeformed axis is 
 
 R0 = ze3. (2.1) 
 
The initial position of a point of the body is 
 
 R = R0 + xe1 + ye2 . (2.2) 
 
The deformed position of that point is  
 



 4 

 r = R +U e1 +V e2 +W e3 (2.3) 
 
where (U,V,W) are the displacements of the material point.  The deformed axis is 
 
 r0 = R0 + v(z)e2 + w(z)e3 (2.4) 
 
where (v,w)  are the displacements of the axes of the rod.  The vector  
 

 s =
dr0

dz
= !v e2 + (1+ !w )e3 (2.5) 

 
is tangent to the deformed axes.   
 
Approximation I. The displacement gradients are small compared to 1.  Therefore 
 
 s ! "v e2 + e3  (2.6) 
and the length is 
 

 s = !v( )2 + (1+ !w )2 " 1 (2.7) 

 
The unit vector in the plane of the deformed cross section is given by 
 
 n = s! e1 = " #v e3 + (1+ #w )e2 $ " #v e3 + e2 (2.8) 
 
Approximation II.  We assume that the cross section of the rod remains plane and normal 
to the deformed axis.  Therefore the position of a point of the deformed body is 
 
 r = r0 + xe1 + yn. (2.9) 
 
Equating the two expressions (2.3) and (2.9) for r, we find 
 

 

U = 0,

V = v(z),

W = w(z) ! y "v (z),

 (2.10) 

 
as the first order approximation for the displacements of the rod.  Thus, the rotation about 
the x-axis is approximately 
 ! x = " #v  (2.11) 
 
From (2.3) and (2.10), the final expression for the deformed position of a particle is  
 
 r = R + v(z)e2 + w(z) ! y "v (z)( )e3  (2.12) 
From (1.5), 
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g1 = e1,

g2 = e2 ! "v e3,

g3 = e3 ! "v e2 + "w ! y ""v( )e3.

 (2.13) 

Therefore, 

 e33 =
1
2

g33 ! 1( ) = "w ! y ""v( ) +
1
2

"w ! y ""v( )2 +
1
2

"v( )2 . (2.14) 

 

Approximation III.  We neglect !w " y !!v( )2  compared to !w " y !!v( )  so that 
 
 e33 ! " + y#  (2.15) 
where 

 ! = "w +
1
2

"v( )2 ,

# = $ ""v .

 (2.16) 

 
The stress vector on a cross section is  
 
 p = e3 !P = e3 !Pij eigj = P3j gj . (2.17) 

 
The component normal to the cross section is 
 

 ! = s "p = P33 1+ #w $ y ##v + ( #v )2 / 2( )  (2.18) 

 
Approximation IV.  For small displacement gradients, we neglect the secondary terms and 
take 
 ! " P33 . (2.19) 
 
Approximation V.  We assume that the other components of P can be neglected compared 
to the primary stressP33 ! " .  The Kirchhoff stress tensor is then 
 

 

S= P!(F" 1)T

= P!gkek

= # e3g3 !gkek

= # e3e3.

 (2.20) 

 
Approximation VI.  We consider only small strain of an isotropic material so the material 
model used is not significant.  We will use the Kirchoff model: 
 
 S= 2µE + !(tr E)1 (2.21) 
Therefore, 
 ! = Ee33 = E(" + y# ).  (2.22) 
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Define 

 
N = ! dA

A" = AE#,

Mx = y! dA
A" = EIx$,

 (2.23) 

 
where the integration is over the undeformed body.  Then, 
 

 ! =
N
A
+

Mx y
Ix

 (2.24) 

as in the linear theory.   
 
Approximation VII.   We consider only the primary normal strains for calculation of the 
strain energy.  The strain energy of the rod is therefore 
 

 

 

U =
1
2

E e33( )2 dV0V0
!

=
1
2

E " + y#( )2 dAdz
A!0

L
!

=
1
2

E " 2 + 2y"# + y2# 2( )dAdz
A!0

L
!

=
1
2

AE" 2 + EI x#
2( )dz

0

L
!

 (2.25) 

 
The potential energy (1.11) reduces to 
 

 

 

P(v,w) =
1
2

AE! 2 + EI x"
2( )dz

0

L
#

$ py vdz
0

L
# $ Fzw + Fyv + M%&' ()0,L

.
 (2.26) 

 
 
One way to calculate the derivatives of the potential energy is to replace  
 

 

v! v +"v,

w! w +"w,

# ! $w +" $w +
1
2

$v +" $v( )2

% ! & $$v &" $$v

 (2.27) 

Then, 
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P(v +!v,w +!w) = P(v,w) +!
"P(v +!v,w +!w)

"! !=0

+
!

2

2
"

2P(v +!v,w +!w)

"!
2

!=0

+ ....

= P(v,w) +!DP(v,w | v,w) +
!

2

2
D2P(v,w | v,w) + ....

 (2.28) 

 
In the common notation of variational calculus, 
 

 
 

! P = " DP(v,w | v,w) = DP(v,w |! v,! w),

! 2P = " 2D2P(v,w | v,w) = D2P(v,w |! v,! w),
 (2.29) 

where 

 
! v = " v ,

! w = " w.
 (2.30) 

 
Using (2.16) and (2.23), the first derivative (first variation) of the potential energy is 
 

 

 

DP(v,w | v,w) =
! P(v +" v,w +" w)

! " " =0

= AE( #w + ( #v )2 / 2)( #w + #v #v ) + EIx ##v ##v( )dz
0

L
$
% py v dl

0

L
$ % Fzw + Fyv %M #v&' ()0,L

.

 (2.31) 

 
Integration by parts leads to 
 

 

 

DP(v,w | v,w) = ! "N w + ((N "v ") + M x
"" + py)v( )dz

0

L
#

! Fz1 + N( )w + Fy1 + N "v + M x
"( )v ! M1 + M x( ) "v$

%&
'
()z=0

! Fz2 ! N( )w + Fy2 ! N "v ! M x
"( )v ! M2 ! M x( ) "v$

%&
'
()z=L

.

 (2.32) 

 
Since this derivative must be zero for all functions(v ,w) , the differential equations for 
the deformed equilibrium position for the given end loads are5 
 

 
!N (z) = 0,

M x
!! + (N !v !) + py = 0.

 (2.33) 

                                                 
5 TG (1-5), NT (17.19)-(17.20) 
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Note that N is positive in tension and therefore negative for a compressed column.  The 
boundary conditions are 
 

 

! N(0) = Fz1, N(L) = Fz2,

! M x
"(0) + N(0) "v (0)( ) = Fy1, M x

"( L) + N(L) "v (L)+ = Fy2,

M x(0) = M1, M x(L) = ! M2.

 (2.34) 

 
these are the differential equations and boundary conditions of the beam-column. 
 
2.1 Buckling as a neighboring equilibrium configuration 
 
The buckled configuration is an equilibrium configuration, so the relation  ! P = 0  also 
applies to it.  Let v(z),w(z)( )  denote the equilibrium configuration for a given loading.  

We seek an infinitesimally near configuration v + vb,w + wb( )  for the same loading: 
 

 

 

DP(v + vb,w +wb | v ,w) =
AE( !w +wb! + ( !v + vb! )2 / 2)( !w

+( !v + vb! ) !v ) + EIx ( !!v + vb!! ) !!v

"

#
$
$

%

&
'
'
dz

0

L

(

) py v dl0

L

( ) Fzw + Fyv ) M !v*+ ,-0,L
= 0.

 (2.35) 

 
Linearizing in (vb,wb))  and subtracting (2.31) gives 

 

 
AE !w vb! + wb! !v +

1
2

!v( )2 vb! + !v( )2 vb!
"
#$

%
&'

!v

+ AE wb! + !v vb!"
#$

%
&'

!w + EIx vb!! !!v

(

)
**

+
*
*

,

-
**

.
*
*

0

L
/ dz= 0. (2.36) 

 
Integrating by parts gives 
 

 

(Nvb! !) + AE (wb! + !v vb! ) !v( )! " EIx vb
IV#

$
%
%

&

'
(
(
v

+ AE wb!! + ( !v vb! !)( )w

)

*
++

,
+
+

-

.
++

/
+
+

dz
0

L
0

+
{ Nvb! + AE(wb! + !v vb! ) !v " EIx vb!!! } v

+AE(wb! + !v vb! )w + EIx vb!! !v

#

$

%
%

&

'

(
(
0

L

= 0.

 (2.37) 
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The buckling differential equations of equilibrium are therefore6 
 

 
EIx vb

IV ! (Nvb" ") ! AE (wb" + "v vb" ) "v( )" = 0,

wb"" + ( "v vb" ") = 0,

 (2.38) 

 
where N is positive in tension.  The boundary conditions are 
 

 

Nvb! + AE(wb! + !v vb! ) !v " EIx vb!!!#
$%

&
'(0

L
= 0,

wb! + !v vb!#
$%

&
'(0

L
= 0,

vb!! = 0#
$%

&
'(0

L
= 0.

 (2.39) 

 
In the case of compression by an axial load N = ! P  and the pre-buckling 
displacement v = 0 , the differential equation reduces to7  
 

 EIx vb
IV + Pvb!! = 0  (2.40) 

with boundary conditions 

 
Pvb! + EIx vb!!!"

#$
%
&' 0

L
= 0,

vb!! = 0"
#$

%
&' 0

L
= 0.

 (2.41) 

 
These are the equations for the Euler buckling load. 
 
2.2 Buckling as the transition to neutral equilibrium. 
 
Since the first derivative of the potential energy is zero for an equilibrium state, the 
second derivative in (2.28) will determine whether the potential energy is a minimum 
maximum, or stationary.  Another way to determine the buckling equations is to find the 
functions that make the second derivative stationary. 
 
From (2.27)-(2.28), the second derivative is 
 

 
  
D2P(v,w | v,w) = AE( !w + !v

!
!v )2 + N(

!
!v )2 + EIx ( !!v )2{ } dz

0

L
"  (2.42) 

 

                                                 
6 NT (17.32)-(17.33) 
7 TG (2-9) 
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We therefore have to find the functions (v = vb,w = wb)  that make stationary the integral 
 

 
 
I (vb,wb) = F (vb! ,vb!! ,wb! )dz

0

L
" = 0  (2.43) 

where 

  F (wb! ,vb!!,wb! ) = AE(wb! + !v wb! )2 + N(vb! )2 + EIx (vb!! )2. (2.44) 
 
By the procedure illustrated above, the corresponding differential equations are 
 

 

 

!
d
dz

"F (vb#,vb##,wb#)

"vb#
+

d2

dz2
"F (vb#,vb##,wb#)

"vb##
= 0,

!
d
dz

"F (vb#,vb##,wb#)

"wb#
= 0.

 (2.45) 

 
with boundary conditions 
 

 

 

! F (vb" ,vb"" ,wb" )

! vb"
#

d
dz

! F (vb" ,vb"" ,wb" )

! vb""

$

%
&
&

'

(
)
)
0

L

= 0,

! F (vb" ,vb"" ,wb" )

! wb"

$

%
&
&

'

(
)
)
0

L

= 0,

! F (vb" ,vb"" ,wb" )

! vb""

$

%
&
&

'

(
)
)
0

L

= 0.

 (2.46) 

 
Substituting (2.44), we find the differential equations (2.38) and boundary conditions 
(2.39). 
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3. Buckling in Bending and Torsion 

 
We consider only thin-walled open cross sections and denote the position of the shear 
center by x0,y0( ) .  The line x0,y0,z( )  of shear centers is the elastic axis of the rod.  The 
position vector a point on the elastic axis before deformation is 
 
 Rs = x0e1 + y0e2 + ze3 . (3.1) 
The deformed position is 
 

 
rs = Rs + u

= x0 + u(z)( )e1 + y0 + v(z)( )e2 + z+ w(z)( )e3.
 (3.2) 

 
The tangent to the deformed elastic axis is 
 

 s=
drs

dz
= !u e1 + !v e2 + 1+ !w( )e3 (3.3) 

 
Approximation I.  The displacement gradients are small compared to 1.  We therefore 
neglect !w  compared to 1 so that  
 

 s =
drs

dz
= !u e1 + !v e2 + e3 (3.4) 

and the length of s is 

 s = 1+ !u( )2 + !v( )2 " 1 (3.5) 

 
so that s is approximately a unit vector.   
 
Approximation II.  Each cross section of the rod remains normal to the deformed axis 
except for small out of plane (warping) displacements.  The two vectors 
 

 
n = s! i = " #v k + j,

m = s! j = " #u k + i.
 (3.6) 

 
lie in the deformed cross section and correspond to rotations about the x and y principal 
axes of the cross section.  Let ! (z)  denote the rotation of the cross section about s so 
that n and m are rotated into 
 

 
öm = cos(!)m + sin(!)n,
ön = "sin(!)m + cos(!)n.

 (3.7) 

 
Approximation III.  The torsional rotations are small,  ! <<1.  For small rotations, 
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öm = m +! (z)n,
ön = " ! (z) m + n.

 (3.8) 

Using (3.6), 

 
öm = i +! j " #u +! #v( )k,

ön = "! i + j " #v "! #u( )k.
 (3.9) 

 
Therefore, the position of a point of the deformed cross section is 
 
 r = rs + x ! x0( )m̂ + y ! y0( )n̂ + " #$ s (3.10) 
 
where ! = ! (s)  is the warping function and s is the distance along the thin-walled 
contour.  We neglect the variation of warping over the thickness and treat ! (s)  as 
constant over the thickness.   
 
From the global prospective 
 
 r = x +U( )i + y +V( ) j + z+W( )k. (3.11) 
 
Equating (3.10) to (3.11), we find8 
 

 

U = u(z) ! y ! y0( )" (z),
V = v(z)+ x ! x0( )" (z),
W = w(z)+# (s) $" (z)

! x ! x0 ! y ! y0( )" (z)%& '( $u (z) ! y ! y0 + x ! x0( )" (z)%& '( $v (z).

 (3.12) 

Define 
 w0(z) = w(z) + x0 !u (z) + y0 !v (z) " y0#(z) !u (z) + x0#(z) !v (z).  (3.13) 
Then, 
 W = w0 ! x "u +# "v( ) ! y "v !# "u( ) +$ "#  (3.14) 
Thus, 

 
g1 =

! r
! x

= öm,

g2 =
! r
! y

= ön,
 (3.15) 

and 

 g3 =
!U
! z

i +
! V
! z

j + 1+
!W
! z

"
#$

%
&'

k.  (3.16) 

 
From (1.6) and approximation I,  

                                                 
8 T (17.158) 



 13 

 

e33 =
! W
! Z

+
1
2

! W
! Z

"
#$

%
&'

2

+
1
2

! U
! z

"
#$

%
&'

2

+
1
2

! V
! z

"
#$

%
&'

2

(
! W
! Z

+
1
2

! U
! z

"
#$

%
&'

2

+
1
2

! V
! z

"
#$

%
&'

2

.

. (3.17) 

 
Substituting (3.12) and (3.14) gives9 
 

 

e33 = w0! " x !!u " y !!v +# !!$

+
1

2
!u( )2 + !v( )2 + x0

2 + y0
2( ) !$( )2%

&
'
( " x0 !v !$ + y0 !u !$

+x " x0 !$( )2 " $ !!v%
&

'
( + y " y0 !$( )2 +$ !!u%

&
'
(

+
1

2
x2 + y2%

&
'
( !$( )2 .

 (3.18) 

 
The stress vector on the deformed cross section is 
 
 p = e3 !P = e3 !Pij eigj = P3j gj . (3.19) 

 
The component normal to the cross-section is 
 
 ! = p "s = P3kgk"s = P33g3 "s (3.20) 
 
since g1  and g2  are orthogonal to s by (3.6) and (3.15).  Using (3.16) and (3.3),  
 
 ! = P33 1+ "w + "W + "w "W + "u [ "u # (y # y0) "$ ] + "v [ "v + (x # x0) "${ }  (3.21) 
 
Approximation IV.  The primary bending stress is! " P33.   
 
The Kirchhoff stress tensor is given by 
 

 
S = Pijeig j !gkek = Pikeiek.,

S33 = P33 = "
 (3.22) 

 
For the material model (2.21),  
 ! = Ee33. (3.23) 
 
Approximation V.  For the calculation of !  it is sufficient to use the first line of (3.18): 
 

                                                 
9 NT (17.163) 
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! = E" ,

" # w0$ %x $$u %y $$v +& $$' .
 (3.24) 

Define, 

 

N = ! dA
A" = AEw0#,

M x = y! dA
A" = $EIx ##v ,

M y = $ x! dA
A" = EIy ##u ,

M% = %! dA
A" = EI% ##v .

 (3.25) 

 
where we have used the following conditions.  Because the axes are centroidal principal 
axes 

 xdA
A! = 0, ydA

A! = 0, xydA
A! = 0 . (3.26) 

 
Since the shear center is a principal pole of the thin walled open cross section, 
 

 ! dA
A" = 0, x! dA

A" # xt ds
C" = 0, x! dA

A" # yt ds
C" = 0  (3.27) 

 
From (3.24) and (3.25), we find 
 

 ! =
N
A

+
Mx y
Ix

"
My x

Iy
+

M##

I#
 (3.28) 

as in the linear theory. 
 
Approximation VI.  The potential energy due to the torsional stress is given with 
sufficient accuracy by the linear theory 
 

 
 
U =

1

2
GJ

0

L
! "# (z)2dz (3.29) 

 
Combining this with the potential energy associated with the normal stress, the potential 
energy of the rod is 

 
 

U =
1
2

! " dV
V0
# +

1
2

GJ
0

L
# $%(z)2dz. (3.30) 

Therefore, 

 
 

! U =
1
2

" ! # + #! "{ } dV
V0
$ + GJ

0

L
$ %& ! %& dz, (3.31) 

and 

 
 
! 2U = ! " ! # + # ! 2"{ } dV

V0
$ + GJ %& ! 2 %& + GJ(! %& )2{ } dz

0

L
$ , (3.32) 
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where we have used ! "# = E! " ! = #" ! . 
 

Approximation VII. The second order term ! 2 "#  can be neglected.  For ! "  and! " , we 

can use the first approximation (3.24).  In the expression! " 2# , we use ! " N / A as the 

primary stress and the complete approximation (3.18) for! 2" :   
 

 

! 2" = ! #u 2 + ! #v 2 + x0
2 + y0

2( )! #$ 2

%2x0 ! #v ! #& + 2y0 ! #u ! #&

+ x
2 + y2( )! #$ 2

%2x x0! #$ 2 + ! $! ##v'
(

)
* %2y y0! #$ 2 %! $! ##u'

(
)
*.

 (3.33) 

 
Then (3.32) becomes 
 

 

 

! 2U =

E ! w0" # x! ""u # y! ""v +$ ! ""%&
'(

)
*+
2

+
N
A

! "u 2 + ! "v 2 + x0
2 + y0

2( )! "%2

#2x0! "v ! ", + 2y0! "u ! ",

+ x2 + y2( )! "%2

#2x x0! "%2 +! %! ""v&
'

)
* # 2y y0! "%2 # ! %! ""u&

'
)
*

&

'

(
(
(
(
(
(

)

*

+
+
+
+
+
+

-

.

/
/
/
/

0

/
/
/
/

1

2

/
/
/
/

3

/
/
/
/

A4 dAdz
0

L
4

+ GJ(! "%)2dz
0

L
4 .

 (3.34) 

 
The last terms linear in x or y integrate to zero over the area since the (x,y)-axes are 
centroidal.  Also  

 x2 + y2!
"

#
$A% dA= Ix + Iy = Ip & ' 0

2 A.  (3.35) 

 
After integration over the area, (3.34) becomes 
 

 

 

! 2
U =

EIy! ""u 2 + EIx! ""v 2 + EI# ! ""$ 2 + GJ! "$ 2

+N
! "u 2 + ! "v 2 + (%0

2 + x0
2 + y0

2)! "$ 2

&2x0 ! "v ! "$ + 2y0! "u ! "$

'

(
)

*

+
,

-

.
//

0
/
/

1

2
//

3
/
/

dz
0

L
4  (3.36) 

 
Replacing! u " u, ! v " v, ! # " # , we obtain the extremum problem: 
 

 
 

F ( !u , !!u , !v , !!v , !" , !!" )dz
0

L
# = 0  (3.37) 
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where 

 

 

F = EIy !!u 2 + EIx !!v 2 + EI" !!# 2 + GJ !# 2

+N
!u 2 + !v 2 + ($0

2 + x0
2 + y0

2) !# 2

%2x0 !v !# + 2y0 !u !#

&

'
(

)

*
+
 (3.38) 

 
The Euler equations are 
 

 

 

!
d
dz

"F
" #u

+
d2

dz2
"F
" ##u

= 0,

!
d
dz

"F
" #v

+
d2

dz2
"F
" ##v

= 0,

!
d
dz

"F
" #$

+
d2

dz2
"F
" ##$

= 0.

 (3.39) 

 
The buckling differential equations for N = ! P  are therefore found to be10 
 

 

EIyuIV + P( !!u + y0 !!" ) = 0,

EIx vIV + P( !!v # x0 !!" ) = 0,

EI$ " IV # GJ !!" + P (%0
2 + x0

2 + y0
2) !!" # x0 !!v + y0 !!u&

'
(
) = 0.

 (3.40) 

 
These are the buckling equations of Timoshenko for thin-walled rods. 
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