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As can be easily be seen by testing a rod, a load applied at the
centroid of the free end of a cantilever with an unsymmetrical cross
section causes both bending and twisting. Bending without twist only
occurs when the load is applied at a particular point of the cross section
which is called the shear center. This phenomenon is not predicted by
Kirchhoff's theory of rods. According to Kirchhoff's theory, a load applied
at the centroid causes bending without twist. This would appear to be a
defect in the theory. However, we shall see here that, for slender rods
with compact cross section, the terms accounting for the shear center are
small compared to those retained in Kirchhoff's theory .

Part I. Kirchhoff's Theory of rods
1. Basic Equations

Kirchhoff's theory [1859, 1876] of bending and twisting of rods is
the first approximation to the nonlinear equations of elasticity when the
strains are small but the displacements may be large. A full presentation is
given by Clebsch [1883] and Love [1892]. Studies! of the asymptotic
solution of the equations of large displacement of elastic bodies have
confirmed that the Kirchhoff theory is the correct first approximation for
slender rods. The theory has been widely studied and used down to the
present time. A modern treatment of Kirchhoff's theory is presented by
Dill [1992]. We will first review the principle results from that theory.

Suppose that the undeformed body is a straight rod of uniform cross
section. The line of centroids of the cross sections is called the axis of the
rod. Let (xg = (x, y, 2} be a rectangular Cartesian coordinate system with
origin at the centroid of one end of the rod and the z-axis directed along
the axis of the rod. Let a; be the associated base vectors and chose a, to be

1 Rrigolot [1972], Parker [1979, 1984], Cimetiére ef al [1988].
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directed along the principal axes of the cross sections.! The position
vector of a point on the axis of the rod is R, = s ag where s = z is the arc

length. The position vector of a material point of the undeformed body can
be expressed in the form

R(x},X5,8) = Ry(s)+ x4 a4(s) . (1.1)

The arc length s is measured from one end of the axis whose length
is L: 0<s<L. Denote by h a maximal dimension of the cross section so
that |x,! <h. We will refer to h as the radius of the rod although the rod is
not circular in general. The body is called a rod if the slenderness ratio
o = h/L is small compared to 1.

When the rod is bent, the cross section forms a material surface
which we call an s-section and the axis of the rod becomes a space curve
with position vector

r, = ry(s,t) . {1.2)

Since s is the arc length of the undeformed axis,

9y
as

=1+t , (1.3)

where t is the unit vector tangent to the deformed axis and ¢ is the
extension of the axis.

The deformation of the rod can be described by the formula
Y =T, + Xy €, +UpCy . (1.4)

where ey is a right-handed orthonormal system with e3 = t. Since ex(s, 1)
is a right-handed orthonormal system, there is a vector x such that

aek (1.5)

—  =KX€, ,

0s

I Greek letter indices have the range {1,2), while other indicies have the range (1,2,3).
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The components of ¥ on the basis ey are k1 and xg, which are called the
components of curvature of the rod, and x3 which is called the twist of the
rod.

The case dgix,y.s,t) = 0 describes a special motion in which, the s-
sections are plane and undeformed, and normal to the deformed axis. The
s-sections are then cross sections of the deformed body and the vectors e,
are the deformed directions of the fibers ayg. We therefore call @y the

extra displacements.

The extra displacements i {x,y,s,t} are such that 1, (0,0,s,t) = 0. At
the time t, when the body is in the reference configuration, u= 0 and we
choose e; = a;. In a rigid motion, we equate e, with the convected fibers
ai so that 1 is zero in such a motion.

In Kirchhoff's theory of rods, the extra displacements iy are
assumed to be small, so that the motion of the rod differs by small terms
from one in which the cross sections remain plane, and undeformed, and
normal to the deformed axis. The vectors e; are then still the deformed
directions of the fibers a; to first order approximation. By small, we mean
that

oy oL, a1l

_ _ Oy _ 2
o = Ola}, o, = Olo), 3% O(a*) . {1.6)

The order of magnitude symbol is used here in the sense that the quantity
is of that numerical magnitude or smaller.

To first order, neglecting terms of O(x2), the extra displacements
turn out to be the lateral contraction of the rod due to the extension of the
fibers in bending and the warping of the cross section in torsion. For an
isotropic elastic material,

) x—vex—vxlxy+v1<2%(x2—y2) , (1.7)
g = —VEY + VKoXY + VK] ~;—(x2 -yz) , {1.8)
g = K3 ®(x,Y) | (1.9)
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The constant v is the lateral contraction {Poisson) ratio in small extension.
The function & is the warping function for torsion which depends only on
the shape of the cross section. The assumption (1.6) is satisfied if the
warping function is such that

®(0,0)=0 , q)(;l‘z;y] =0(1), %%%:0(1), %%:ou). (1.10)

and the deformation is such that
£ = Ofa), xih = Ofw), (1.11)
L%:O(a} , Lz%%zom) . (1.12)

That is, Kirchhoff's theory applies only to slender rods (¢ << 1), with cross
sections such that (1.10) applies, which undergo small bending and
extension such that there is no locally large gradient of extension or
curvature of the axis.

The components &ij of the strain tensor! E with respect to the basis
a, ®a_ are of O(o). Neglecting terms of O(a2),

€11 = €99 = —VIE+ Ky — KoX) (1.13)
£0=0 , (1.14)
e Ly (ag_ ] (1.15)
13 = g Rsl5s vl
o3 = 4K (ai)+x) (1.16)
23 = 5 K3 oy .
€93 = £+ K1Y — KoX . (1.17)

The components of the stress tensor 8 on the basis a,®a,, ., and D on the
basis a,®ey, , neglecting terms of Of{u?), are

011 =012 = 092 = Q, (1.18)

1a surnmary of the notation for nonlinear elasticity is presented in Appendix A
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631 = G x3 (‘é;-y) , (1.19)
o

632 = G K3 (a_y + X, (1.20)

033 = Ele - k2 x + x1y) . (1.21)

Note that the components cupg are not zero in Kirchhoff's theory, just small:
oup/E is of O(u2).

The solution (1.7}-(1.21) is completely determined by the extension
¢ and the curvatures x;. These are found by solving the differential
equations of the balance of momentum together with the global
constitutive relations.

When the general expression of mechanical equilibrium is applied to
a slice of the rod between two s-sections, the following equilibrium
equation for the resultant force on an s-section is obtained:

oF f-0 . (1.22)
ds
where fis the resultant, per unit of arc length of the undeformed axis, of
the body forces and the tractions on the side of the rod, and F is the

resultant force on an s-section.

The moment equilibrium for a slice of the rod yields the following
result:
1.2
a—1\"[-+-ai><l?‘w|—m:0. (1.23)
0s ds
where M is the resultant moment about a point on the deformed axis of
the stress vector on the s-section, and m is the resultant moment of the
surface tractions and the body forces, per unit length of the undeformed
axis.

Let F = Fx ex . Neglecting terms of O(e2), the constitutive relation
for axial extension is



F3=AE¢ (1.24)

There are no constitutive relations for F; or Fp . They are determined by

the balance of momentum as in the elementary linear theory of bending of
rods.

Neglecting terms of O(a2), the constitutive relations for the moment
M = My ey, are as follows:

MIZEIlKl' (1.25)
Msz12K2, {1.26)
My =GJxKs, (1.27)

where the moments of inertia and the torsion constant are given by

I = Hyz dxdy. (1.28)
I, = [ [ x® dxdy. (1.29)
(1.30)
J = JJA(x2 +y2 +x%—yg§}dxdy.

Equations (1.25)-(1.30) are the same relations as occur in the linear theory
of small displacement of rods. However, due to the large displacements
the geometric relations are nonlinear, as well as the equation (1.23) of
moment equilibrium.

The equilibrium equations (1.22)-(1.23) in component form are as
follows.

dF {(1.31)
et b Ky g =K Fy =0,
35 2 '3 39
oF, {1.32)
— 4tk Fy—xy Fs =0,
s 347 13

1.33
%?‘+K1F2—K2F} :0, { )



1.34

gs
1.35
1.36
%'*‘K}_MZ—Kle:O. ( }

The approach of Kirchhoff leads to a satisfactory expression for the
shear stress in torsion (1.19)-(1.20), regardless of the cross section, and
for the normal stress due to bending {1.21). These components of stress
are of O(¢). The shear stress in bending is not determined in Kirchhoff's
theory because, as we shall see in Part II, those components are of O(a?).

2. Small Displacements

We will now consider the Kirchhoff theory when the displacements
are small. The deformed axis can be described by the displacements (ug,
Vo, Wo):

I, =U, @) +U, 8, +{sS+w,) as . (2.1)

Neglecting all nonlinear terms in the displacements, it follows from the
definition of e; that!

e = a;+068,—Uls,
€y = —(I)al + a5 - U(’)a3 R (2.2]
€, = u ) + Uy + ag .

The angle ¢ is the angle of rotation of the cross section about the axis of
the rod due to the twisting of the rod. From (1.5) and (2.2}, neglecting all
nonlinear terms, the components of curvature and the extension are

K] =~Uy, Kog=ULS, Kg=0, £€=wyg. (2.3)

1A prime denotes the derivative with respect to s.
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The displacement vector of a particle of the rod is u =r - R. Using
(2.1)-(2.3), equations (1.1), (1.4), and (1.7}-(1.9) give the following
components of the displacement vector on the basis aj:

u:uo—@y—-avx—xlvxy+1<2§—(x2~y2) , (2.4)
U=1Uy+ X —EVY +Ky VXY + K lxz—y2 . (2.5)
o} 2 12
w = w, — xug —yu, + k3 dlx,y) . (2.86)
o] O

The components of the Cauchy stress tensor T are given by the
expressions (1.18}-(1.21) in this linearized theory.

The equations of equilibrium of forces become

dR
—+ f1=0,
a5 h
dry
-+ mo’ 27
ds f2 { )
dFy
et =0.
T Ja

The equations of moment equilibrium become

dMl*Fz'f*ml—O

ds

dM,

e + O+, = 0, 2.8
P 1 9 (2.8)
%+m320

ds

The constitutive relations remain

FgﬂAEﬁ,

MI:EIIKI’ (2 9)
MQ;EIsz, ’
M3-—_-GJK3,

but the components of curvature are given by the linearized
expressions(2.3).



These equations agree with the elementary beam theory. However,
the moment M3 is the moment about the centroid of the cross section, so
there will be no twist if the torque about the centroid is zero. In particular,
for a rod loaded only by shear forces applied to one end, there is no twist for
loads applied at the centroid (according to the Kirchhoff theory). This is in
contrast to the known result that end loads acting at the centroid will
produce twist unless the shear center coincides with the centroid. That is,
the corrections for twist of the rod in the case when the shear center does
not coincide with the centroid are not included in Kirchhoff's theory. We
shall see why this is the case by comparing Kirchhoff's theory with the exact
solution for the small displacement of rods with end loads which is
presented in Part II.

The comparison will be made for a cantilever rod with given
resultant shear force V directed along the x-axis and a resultant twisting
moment T on the end z = L. Global equilibrium (2.7)-{2.8} requires that F;
=0, Fo=V, F3=0, M1 =0, Mo =V(L - 2}, and M3 is constant. The
constitutive equations (2.9) show that £ = 0, x; = 0 and x3 is constant.
Thus vg is a rigid motion at most. We take the rotation to be zero at the
end z = 0 so that the geometric relations (2.3) provide ¢ = k3 z.

The displacements (2-4)-(2.6) reduce to

L V2 2
u=1u, q)y+1<22(x Y ) , (2.10)
U= +O0X +Ko VXY {2.11}
w = —xuy + kP, y) . (2.12)

The stress components {1.18)-(1.21) simplify to the following

o011 = 012 =022 = O, (2.13)
ad

031 =Gx3 (57 -4 » (2.14)

032 = G X3 (%—(;)er} , (2.15)



o33 =- KKy X. (2.16)

Since the equations of small displacement are linear, we can consider the
two load cases separately.

a. Twisting of a rod by a torque T.

In this first case, the force acting on the end is zero, and equations (2.7)
give Fy = 0. Since M; and M are zero at the end z = L, equations (2.8) give
M1 = 0 and Ms = 0. Equations (2.9) give k; = 0 and x2 = 0, and by (2.2}, v,
and u, are rigid motions. The complete solution is

u=-6y,

U= +0X,

w=x39, (2.17)
¢O=%x32,

T=GJxs,

apart from the rigid body motion.

b. Bending by a shear load V along the x-axis.

In this second case, the twisting moment M3 is zero at the end z = L,
and the only end load is a resultant force V along the x-axis. The
equilibrium equations (2.7) and (2.8) give F; =V, Fp =0, F3 =0, M; = O,
Mo =V (L - z), M3 = 0. The constitutive relations (2.9) show that k3 = 0
and x; = 0. Consequently, by (2.3), ¢ is constant and corresponds to a rigid
rotation, and v, is at most a rigid displacement. Solving the remaining
relation for u, we find the following complete solution, apart from rigid
displacements:
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Uy =0,

W, =

umuo’fVKz%(xz—yz) . {2.18)
U= VKXY,

W= —ULX,

M = EIx, .

The components of stress are given by (1.18)-(1.21): o4p = 0,

o3; = O, (2.19)
o32 = 0, (2.20)
033 =-E Ko Xx . (2.21)

Recall that terms of O(a2) are neglected.

Part II. The linear theory of elasticity
3. Bending and Twisting of Rods by Terminal Loads

We review here a special problem in the linear theory of elasticity
(the theory of small displacement gradients) such that a (non-circular)
cylinder is loaded by tractions distributed over the end z = L, which are
statically equivalent to a shear force V applied at the centroid and a
twisting moment T. The material is linearly elastic with tensile modulus
E, shear modulus G, and Poisson ratio v.

Let the z-axis be directed along the line of centroids of the cross
sections of the cylinder, and the x-axis and y-axis be directed along the
principal axes of the cross sections. The origin is chosen at one end of the
cylinder which has length L: 0 <z < L. Each cross section covers a region
® in the x-y plane with bounding curve ¢. The z-axis is called the axis of
the rod. Again, let h be the maximum value taken by Ix! or 1yl, and

11



define the slenderness ratio by a = h/L. We are interested in the case
when o << 1.

We restrict attention to cross sections which are simply connected
regions, and the case when V is directed along the x-axis. Consequently,
the only moment on each cross section is Mg = M. Gilobal equilibrium
shows that M\ =0, Mo =M=V I(L -2, and M3 =T,

The solution to the basic equations of the linear theory of elasticity
which satisfies these conditions is presented by Scokolnikoff [1956]. It can
be expressed in terms of the warping function in torsion ®(x,y) and the
bending function! ¥(x,y) for bending about the y-axis. These are functions
which depend only on the geometry of the cross section. They have been
determined for a few cross sections. For an ellipse, ¢ = Cxy. For a circle,

of raius a, ¥ = (% ~+~%)a2x + (1%4« %}(x3 ~3xy?}. We will restrict our

attention to cross sections such that @ satisfies {1.10} and the bending
function is such that

W(x,y)
h3

1o¥_

o, L2
h? ox

Oof1), —=0(1). (3.1)

Y{0,0)=0 ,
h? 9y

= Ofl),

The moment of inertia of the cross section about the y-axis is
denoted by I and the torsion constant by J. They are defined by (1.29) and
(1.30}). The nonzero components of stress are given by

Gz = —Expx, (3.2)

od GV (0¥
O3 =GK3(‘5X-—QJ+“§I—(5;+V!J2—(1+ V)Xz) (33)

9P x]+GV8—\Ii (3.4)

= GKg| — +
€23 3(89« EI dy

These equations may be compared with (2.13 to (2.16). The new terms
with ¥ make contributions of O(e?) . Terms of that order are neglected in

130lkolnikoff's function ¢.
12



Kirchhoff's theory. The higher order terms in (3.3) and (3.4} are needed
in order to find the shear center.

The components of displacement of the z-axis are

v(Lz? 23
uo-—'ﬁ("'é—-—-é—}, UO—O, wO—O‘. {3.5}

The rotation of a fiber of the axis is 6, the curvature is xp, and the rotation
of normal fibers about the z-axis is ¢:

B=u,, Ko=Uy, ¢§=KzZ. (3.6)

Te within the rigid motions, the components of displacement are

u= ¢y+1<22(x —y) (3.7}
U = +0X+ Ko VXY . (3.8)
\% 2+V 3
= - P+ —¥Y-——— 3.9
Ww=-0x+Kg +EI( 5 X +2xy) (3.9)

These expressions agree with the equations (2.10)-(2.12} of the Kirchhoff
theory except for the term with ¥W. That term makes a contribution of
O(e3). Terms of that order are neglected in Kirchhoff's theory.

The resultant moment is
M2=EIK2 P (3-10]

which agrees with Kirchhoff's theory. The resultant torque about the
centroid is

T =GJxks = Vy, (3.11)
where
1 ¥ oY
= e — —y—+(1 -y~ idA 3.12
Yo 2(1+v)1”x[ 3w Yax +(1+ vyx? y} ( )
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Equation (3.11) does not agree with the constitutive relation (2.9)4 of
Kirchhoff's theory. We see from (3.11) that the twist x3 may be nonzero
even when T is zero. That is, a shear load V acting through the centroid
of the cross section will produce twist as well as bending unless yq = 0.
This feature is not contained in the theory of Kirchhoff. We are interested
here in seeing why this is so.

When x3 is zero, we must have T'= - V y,. which is equivalent to a
shear force acting at a distance yy from the centroid. A similar result holds
for a load directed along the y-axis which determines x,. The point (xo, Yyo)
is called the shear center. The twist is zero for an end load acting at the
shear center However, a shear force applied at the centroid will produce
a nonzero twist unless the shear center coincides with the centroid.

We again consider separately the case when the only load is a
twisting moment on one end and the case when the only load is a shear
force acting at the centroid. The complete solution for bending and
twisting is the sum of the two.

a. Twisting of a rod by a torque T.

When V is zero, the complete solution agrees exactly with the theory
of Kirchhoff, equations (2.17).

b. Bending by a shear load V along the x-axis.

We are now interested in the deformations when the torque T is
zero and the shear load acts through the centroid. In that case, (3,11)
gives

\%

T 3.13
GJyO ( )

Kg =
In order to display the corresponding stress and displacement in a

form which makes the order of magnitude of each term easily seen, we will
use nondimensional variables:
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- D | ¥ - Z
=—, = Zm———, 3.14
TR VTR 7L (3.14)
_ U .. 5 s
=—, = —, = — 1
it 7 0 T w T (3.15)
— - & .. WY
K2=K2L, q):'-h—é‘, \P-'"—"Fl?, (316)
2
v YL og-M -1 (3.17)
ET EI GJ

Note the g, = O(1) and % = O{1} for Kirchhoff rods. The nondimensional

coordinates X, U, Z, are of O{1). The nondimensional torsion and bending
functions ® and ¥ are also of O(1). Kirchhoff's theory is for the case
V =0(1) and M = O(1).

The nonzero stress components are then as follows,

033 _ _gw.%. 3.18

= 0y X ( )

G.G,.l..,.s _ aﬂv% go(gi; _ g] N 012\7(%:;— Vg% - (14 v)izj (3.19)
223yt g == V| == 20

c ¢ GJy"(ag”}m (ag (3.20)

These expressions may be compared with {2.19)-(2.21). We see that the
extra shear stress when the shear center does not coincide with the
centroid are of O(x2), the same as the shear stress due to bending. Terms
of O(02) are neglected in Kirchhoff's theory, and the terms introduced by
the shear center phenomena are of that order.

The components of displacement are
. o El_ o Vioo o
U=1i,—-o VGJyoyz+0: ng(x 7 ) (3.21)

0= +a?V %y‘ozf + 0 ?%y VR . (3.22)
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— e e B — (e 24V
= —0% + a7 = d)+a3V(‘If——-—-—“‘“3+ ) 3.23
I = —ab% + o’V =T, 5 5% ( )
These expressions may be compared with (2.18). The extra terms in
Uo are of the same order as the extra displacements and the correction due
to the bending function. Kirchhoff's theory therefore agrees up through
terms of O(o) for u and v, and through O{e?) for w.

The normal stress on the cross-section is proportional to the
bending moment and is Ofo). The shear force V causing the bending
produces shear stress of O(x2) which are not included in Kirchhoff's
theory.

4. Thin-walled cross sections

There are cross sections for which the extra terms found in the
complete solution by the equations of linear elasticity, section 3, are not
negligible. In particular, the extra terms may be important for thin-walled
Cross sections.

Kirchhoff's theory only applies to rods with cross sections for which
the warping function satisfies (1.10). The restrictions {1.10) implies that
the torsion constant J, defined by (1.30), and the moment of inertia I,
defined by (1.29), are of the same order of magnitude:

i{xom. (4.1)

The extra twist due to a displaced shear center, given by (3.13), is

EI
K, L = oy, 4.9
In the case that (4.1) is true,
KoL = Ola) . {4.3)

However, equations (4.1}, and therefore(4.3), may not hold for thin-walled
cross sections because the torsion constant J may be much smaller than

16



the bending constant 1. Consequently, Kirchhoff's theory does not apply to
such rods.

To see this explicitly, let us consider the bending and twisting of a
rod with the channel shaped cross section shown in fig. 1.

"<—b_-.
)

t

2b

"/

Fig. 1 Channel

The thickness ratio t/h is a small quantity. To first order terms in the
thickness ratio,

4
I=—=th®, J==t°h . 4.4
3 3 (4.4)
That is,
I h?
= Qe 4.5
5 ° (4.5)

For small t, this ratio can be quite large, whatever the value of the
slenderness ratio o = h/L.

The shear center in this case is at g, =7/8. The extra twist due to
the displaced shear center is given by (4.2} and (4.5}:

h? E o
K3Lra-£§-5Vyo . (4.6)

17



Therefore, for small t, this correction due to the displaced shear center
{not present in Kirchhoff's theory) is not negligible.

5. Conclusion

For slender rods of compact cross section, where the assumption
(1.10) applies, the extra deformations which occur when the shear center
does not coincide with the centroid of the cross section are negligible.
Kirchhoff's theory may be used for such rods.

However, there are rods for which the shear center effect is not
negligible. Kirchhoff's theory, which considers only the slenderness ratio,
is not the correct first order approximation for such rods.

Appendix A. Continuum Mechanics.!

Let 7/ denote the region occupied by the body in the reference
configuration and x¥ denote curvilinear coordinates in 7. The position
vector with respect to a fixed point of a material particle in the reference
configuration is denoted by R. Let

_JR (A.1)

G, = ——
K ox<

denote the family of gradient vectors in the reference configuration. They
are the covariant base vectors for the curvilinear coordinate system in 7.

Denote the position vector, from the same origin, of the material
particle in the deformed configuration by r = r(x,t}. All fields will depend
on the material coordinates x and on time. The system of gradient vectors
associated with the deformed body are

ar (A.2)

g = axk

l¥or a complete treatment see Truesdell and Noll [1965].
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The deformation gradient A(x,1) is the tensor
A=g,. ®G" . (A.3)

The symbol F is commonly used instead of A, but the symbol F is reserved
for resultant force in this paper. A strain tensor can be defined by

E:%(AT.A—I) . (A.4)

Let T denote the stress tensor. The stress vector per unit area of the
deformed body is

tin=n.T. (A.5)

where n is the unit normal to the deformed body. Let

A.6
p=Ffeal.T (A.6)
P
The stress vector per unit area of the reference configuration is
pm=N.-D, (A.7)

where N is the unit normal in the reference configuration. It is convenient
to introduce a third tensor:

S=D AU, (A.8)
Let
S=0c"G,®G, . (A.9)
then
D=0c"G®g, . (A.10)

The constitutive equation of a homogeneous elastic material can be
expressed in the form

S = 7(E) = 09gWE). (A.11)

19



where % and ¥ are functions which characterize the material. An example
for an isotropic material is

S=2uE+Altr E)y1 . (A.12)

The relation (A.19) may be assumed as the constitutive equation for this
investigation of rods. However, it doesn't matter which elastic law is used
since we will only be interested in approximations which involve the
linearized form for small E. The scalars A and u are the elastic constants of
Lameé:

E 2uv
H=G=500 *=T1av (A.13)

where G is the shear modulus, E is the tensile modulus, and v is the
transverse contraction (Poisson) ratio.
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