Representation of vector-valued hemitropic functions of a ymmetric tensor and a vector.
by EllisHarold Dill

1. Summary. In thermoelasticity, the conditutive relation for the heet flux vector has the
form g = F!f(",C,h) where Fistheddormation giadient, ! isthe absolute temperature,
Cistherightdgformation nsor, and h is the material temperature gradient vector.! The
materia isisotropic with respect to thegroup d dl rotationsif the vector-valued fundionf is
such that f(/,Q"C"Q",Q"h)=Q"f(!,C,h) for dl rotationtensors’Q .  Quch fundions
may becalled hemitropic in oder to distinguish them from fundionstha are isotropic with

respect to thefull orthogoné group. For the general form of such fundions, we need to find
the representation of vector-valued fundionssuch tha

f(Q-A-Q".Q-u)=Q-f(A,u) (1.1)
for dl rotation tensorsQ, dl symmetric tensorsA |, and al vectorsu. This problem was
treated by Green and Adkins[1960]and Koh and Eringen [1963]for polynomial fundions
by replacing the vectors by thar duds (skew symmetric tensors) and usng known results for
representationsfor isotropic tensor vaued fundionsof not necessarily symmetric tensors.
The problem was andyzed for functions tha are not necessarily polynomals by Noll [1970]
for the case of isotropy with respect to the full orthogona group and by Del Piero [1998]for
therotation gioup. h this report, we will follow the gpproach amilar to tha of Noll and Del
Piero to find the representation ofthe fundion isotropic with respect to the group of prope
orthogonéa tensors (rotations which we call hamitropic fundions Theresult agrees with the
fundion baes given by Zheng [1994]

2. Real-valued functions

Theorem . A red-valued fundion of asymmetric tensor and a vector is hemitropic,

1(Q"A"QT,Q"u)=! (A,u) (2.2)

for dl rotationsQ, if and onl if thereisafunction I such tha

; F(ALU)=T(11,12,13,14,15,16:17) (2.2)
where

I, =trA, |, =tr A%, I3=tr A3, (2.3)

l,=ulu, Is=ulAlu, lg=u-A? .u, (2.4)

I, =sgn(! ), ! =(u" A#u)#AH. (2.5)

! See Dill [2007] page50.
2Q''=Q", deQ=+1.

% Green and Adkinsassert that / is notnesded because ! 2is expressible in terms of the
other invariants. However thesign of ! is essential. sgn denotes the sign function



Proof of Theorem|. Thefundion I is hamitropic if dl its arlguments are hemitropic.
Let B=Q!A!Q"and v=0Q!u whee Q isarotation ensor. From (2.3),
1,(B)=trB=tr(Q!AIQ") =tr(A!1QTIQ)=tr A = I,(A),
1,(B)=trBZ =tr(QIAIQTIQIAIQT) =tr(Q!A% 1IQT) =tr(A%) = I,(A). (2.6)
13(B)=trB3=tr(Q!A2 IQTIQIAIQT) =tr(Q!A31QT) =tr(A3) = I3(A).

From (2.4),
l,(v)=vIv=(Q!u)!Qlu=u!Q"!Qlu=ulu=14(u).
I5(B,v)=Vv!B!Iv=(Q!u)!Q!AIQTIQlu=u!QTIQ!Alu=ulAlu=1I5(A,u).(27)
ls(B,v) =VvIBZlv=ulA2lu=1I4(A,u).

From (2.5),
[-(b,v)=sgn{(v! B" V B2 )

(
=sgn(((Q"v)! Q"A"Q""Q"u)"Q"A%"Q""Q"u)
:sgn((detQ J(u! A"u)"A%" ) (2.8)

=Sgn((u! A’ u) 'A? "u)
=1,(A,u)

Therefore representation (2.2) is sufficient. To prove necessity, we suppo® tha / (A,u)
is hemitropic and how that preservation oftheinvariants |, to |, guaantee that thereis

arotation ensor such tha B=Q!A!Q" and v=Q!u for agiven tensor A and avector
u.

Since the prindpd invariants (2.3) of atensor B=Q!A 1Q" are equd to those of A, ther
3 3
eigenvadues coincide Let A=" /,nn; and B=" /,ee with theeigenvectors n;
i=1 i=1
ande, , boh forming aright-handed system of unit vectors. For the rotation
3
Q. =! en, (2.9)
i=1
wehaseB=Q;-A-Q{ . Tha is, given atensor
3
A= " ! iniN; (210)
i=1



there exists a symmetric tensor B with matching pindpd invaiants and arotation ensor
Q=Q, suchthaB=QI!AIQ".

Given avector u, we can use therepresentation

u=>y un;. (2.11)
i=1
Then,
! $ul$
L [4(u) ?L #'l ’1 1&# 2
As(AWe=#1 "2 's8MK& (212

WCOUR T

We now have to show that preservation oftheinvariants I, to |, implies the existence
of avector v =Q!u where Q isarotation tensor. Let

v=I1 ve (2.13)

(i) If all esigenvalues of A are distindt:

Preservation oftheinvariants |, to | requires

;1 1 O/%UZ% ; 1 V%Vzo/
' !, ! $J2' = $’ Iy $\/2' (2.14)
%42’22 &‘&13&#’1 122-38§\’3&

The deerminant of the coefficientsin (2.14) is(! 1" ! 5)(! 5" I 3)(! 3" 1) #0O.
Thereforev?=u?. Let

v =lu, ! =+l (2.19
Thus
3
v="liue =Qy (2.16)
i=1
where
3
Q=" lien;. (2.17)

i=1
Thetensor Q, isorthogond but may notbearotation snce

detQy =/4/5!3. (2.18)
However, usng the representations(2.10) and (2.11), from (2.5),



— n n 2 n n 2 n n 2
I'(A,U) = UjpUg” 5" 3+ UxUgly ™ 3" 7+ UghUp" 1" 5

nmoon

n n 2 n n 2 2
HUguy” 3" 5 # Usugus™ 1" 3 # Uglpy ™ 5" 1.

For thevector v:
— n n 2 n n 2 n n 2
I (B,V) =VVov3” 5" §+Vova " 3" 7+ VoV " 1"
n n 2 n n 2 n n 2
HVaVo" 3" o # VoVpVg™ 1" S HE VLW 5"
Using (2.15),

—nunonuon 2 2 2
'(B,V) = """ 3(UgUpUs# o# 3 + UpUgly# o7 + UglyUp# 175

BUUUL# # 2 B UplyUs## 2 $ UgUo Uyt o2 )

= ”1”2”3! (A,u)'

Preservation oftheinvariant |, =sgn(’ ) requiresthat /4/,/3=1 and, by(2.18),

dan =+1
Tha is, Q,isarotation such thatv =Q, !'u. Furthermore,
3 3 3
Q,!A!Q; =# "ien; I# Sien; 1# "inje,
i=1 i=1 i=1
s 3
=1 "“$ieie; = $ieje; =B.
i=1 i=1

(2.19)

(2.20)

(2.22)

(2.22)

(2.23)

That is, the conditions(2.3) to (2.5) ensure tha there exists arotation tensor such that

B=Q!A!Q and v=Q!u when theeigenvdues of A are distind.

(if) Two egenvalues are equal, sayo, = 3. Only the planes of (n, n3) and
of (e, e;) are determined. Choo® n, and e, so tha

U =ung +usns
and

V=\Ve +\V,e;.

Preservation oftheinvariants 7, to | requires

B faapie B loapd
For! ," I;, thisimplies
vi=1uy, =41
/

V2:!2U2, .zzil.

(2.24)

(2.25)

(2.26)

(2.27)



In this case, Q, defined by (2.17) with /5 so tha Q, isarotation piovides the required
rotation tensor. Notetha ! (A,u) =0 in this case.

(iii) All three egenvalues are equal. In thiscase A =! ;1 and thedirectionsof the
eigenvectors is unddgermined. Choos n, paallel tou and e; paallel tov:

u=un, (2.28)
vV =vig (2.29

Preservation oftheinvariants |, to 1 requires
vi=lu, 11=%1 (2.30)

In this case, Q, defined by (2.17) with /, and /3 so tha Q, isarotation provides the
required rotation tensor. Notetha ! (A,u) =0 in this case dso.

Theorem | is proved.

3. Vector-valued hemitropic functions of a ymmetric tensor and a vector

Theorem|l. A vector-valued fundionf of a symmetric tensor A and avector u is
hemitropic, i.e., stisfies

f(Q!AIQT, Qlu)=Q!f(A,u) (3.1)
for dl rotation tensors Q if and only if it is expressible as
f(A,u)=!/u+/!/A"u+!/zu#A"u (3.2
and the ! ; (A,u) arereal-valued hemitropic fundions*

Proof. First, we show tha the representation ofthe form (3.2) is hemitropic: For
anyB=Q!A!QT, aayv=Q!u, and ay rotation tenorQ,

B!v:Q!A!QT!Q!u:Q!A!u, (3.3)
and
vIB'v=Q"u! Q"A"u=(detQ)Q"(u! A"u)=Q"(u! A"u). (3.4)
Therefore,
f(B,v)=Q!f(A,u) (3.5)

* Green and Adkins have additiond termsin the representation which turn out to be
unneessary.



when (3.2) holds. Tha is, the fundion is hemitropic.

To provethe necessity, we suppo® tha f is hemitropic and show tha such a
representation exists for all tensors A and vectors u.

Let (/,n;) denote theeigenvaues and agenvectors of A. The eigenvectors can be
chosn 0 a5 to bearighthandel system. With respect to thebasisn,,

A =1nng+75n5n5 +! aNaNng, (3.6)
U =UNy + Uy +UgNg, (3.7)
Alu="un; +",uyn, +" 3U3n3, (3.8)

Ul A"U=UpUg(#3 3 #2)Ng + Ugly (1 $#3)N + Uglp (#5 $#)Ns, (3.9)
f(A,u) = fi(A,u)ny + H,(A,u)n, + f3(A,u)ns. (3.10)

The scalar triple produd of (u,Au,u! Au) is
Up up Uz
[u,Au,u!l Au] = " Uy " 5Us " qU3
UpUs("3# ") U ("1#"3) Wua("2#"4)

= (U (" o # " 1))2 +(upug(" g # " 2))2 +(ugty ("1 # " 3))2 :

(3.12)

We will investigate the representation ssparately for each nunber of distinct eéigenvaues
of A, and for the distinct components of u in each case.

(1) All egenvalues are distinct and notall equal to zro.

(18 All comporents of u are nonzro. By(3.11), [u,Au,ux Au] # 0. Thethree vectors
(u,Au,u! Au) arelinearly independent and form a basis for the vector space.
Therefore, the vector f(A,u) can berepresented as alinear combination ofthem asin
(3.2).

(1b) Thevector u isin the planeof two egenvectors, ssyu; =0,u; ! O,u, ! 0. The
same result asin case (1@) is obtained.

(1c) Thevector u isin thedirection ofoneof the eigenvectors, say u = ujn,,
u ! 0,u, =0,u3;=0. Choos
Q = nlnl ! n2n2 ! n3n3. (312)

Then Q'A !QT =A andQ!u=u. Snce f(A,u)is hamitropic, i.e. stisfies(3.1), we
have

Q!f(A,u)=f(Q!A!QT,Q!lu)=f(A,u) (3.13
Inserting (3.10) and (3.12),



fi(A,u)ng ! HL(A,u)n, ! f5(A u)ng = fi(A,u)ng + fo(A,u)n, + f3(A,u)ns. (3.14)
Theefore f,(A,u)= f3(A,u)=0 and
f(A,u)=f1(A,u)n; =7 4u (3.15)
sncen; =u/u. Thais, I, =!5=0in this case.

(1d) Thevectoru=0. Then (3.14) ill holdsso tha f,(A,0) = f3(A,0) =0. Next,
chooe
Q="!nny! nyn, +n3ns,. (3.16)
From (3.13),
I f1(A,0)ny = f1(A,0)n; (3.17)
so tha f;(A,0)=0. Therefore
f(A,0)=0. (3.189
Tha is, !'; = 0in this case.

(2) Thetensor A hastwo equal eigenvalues, say! , =/ 5, /," 0,/ ," 0.
Only the planeof (n,,n3) is daermined by A. We can chooe n, so tha u isin the
planeof(ns,n,) and therefore uz =0.

(28) Both components of u are nonzro(y; ! 0,u, ! 0). Then thecalculationsof (1b)
apply.

(2b) Thevector u isin the direction ofthe eigenvector n; and thereforeu, =0, u3 =0.
The calculationsof (1¢) apply.

(2¢) Thevector u isin thedirection ofthe eigenvector n, and therefore u = u,n,, u, ! 0.
Choo therotation
Q =1 n1n1+ n2n2 ! n3n3. (319)

Then proceed asin (1c) to findf (A,u)=/u.
(2d) Thevectoru = 0. Thecaculationsof (1d) gpply: f(A,0) =0.
(3) Thetensor A hasthree equal eigenvalues:

A =11(nny+non, +ngng) =11 (3.20)
Thedirectionsof the eigenvectors are notdegermined by A.

(38 We can choos n, to bedirected along te vector u:



u= ulnl, ul I 0. (321)
The calculationsof (1¢) apply:
f(A,u)=1,u. (3.22
(3b) Thevectoru = 0. Thecaculationsof (1d) gpply: f(A,0) =0.

(4) ThetensorA =0. Then

f(O,R'u)=R!f(0O,u). (3.23
Choos abasis such tha
u= Ulnl (324)
The calculationsof (1¢) apply:
f(O,u)="!4u. (3.25)

Thetheorem is proved.

4. Summary of Results.
For each case the hemitropic vector-valued function ha the following representation.

Case 13 1b, 2a f(A,uy =/, u+!/,A"u+!/;u#A"u.
Case 1¢ 2b, 26 33, 4:f(A,u)=/,u.
Case 1d, 2d, 3b: f(A,u)=0

In some cases, another choice of the basis for representation of f is posible: Snce

U U, Us

[a., b, C] = .Ilul .’2U2 / 3U3
2 2 2

Fru Tyuy f5us

Sz (f " ) " U T D #0.

(3.26)

Thevectors (u, Au, A? u) form abasis when the eigenvalues of A are distinct and the
components of u are noreero, and therefore in case lawe may express thevector f(A,u)
as

Casela f(A,u)=!,u+/,A"u+/3A%"u. (3.27)

This representation fails for case 1b and 2a since u; = 0 in those cases and by(3.26) the
vectors are linearly dependent.



5. Isotropic functions.

We now consder functionswhich are isotropic with respect to thefull orthogona group,
or smply isotropic fundions The representation for hemitropic fundionsapplies but
simplificationscan bemade.

For thereal-valued functions thetensor Q is notrestricted to bearotation  tha the
invariant 1, can be omitted.

For vector-valued fundions, the representations(3.2) and (3.27) both apply in case 1a
Either can be used.

For cases 1b and 24,
u=un; +un,. (4.1)

Choos
Q=+nn; +n,yn, ! n3n;. 4.2

Then Q!'A!Q" =A andQ-u=u. Snce f(A,u)is hemitropic we have

Q!f(A,u)=f(Q!A!QT,Q!u)=f(A,u). (4.3)

Inserting (3.10) and (4.2),
fa(A,u)=0. (4.4)

Tha is, f(A,u)liesin theplaneof(n;,n,). By (3.9), u! A"u# 0 forcases 1b and 23
so that f(A,u) can berepresented as alinear combination of those vectors :

f(A,u)=/u+/,A"n (4.5)

In summary, for isotropy with respect to the full orthogona group we have the
representation:

Case 1a f(A,u):!1u+!2A"u+!3A2"u.
Case 1b and 2a f(A,u)=/qu+/,A"u

Case 1c 2b, 26 33, 4:f(A,u)=!,u.

Case 1d, 2d, 3b: f(A,u)=0

where the /; are expressible as fundionsof theinvariants I, tolg.
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