
Representation of vector-valued hemitropic functions of a symmetr ic tensor and a vector. 
 

by Ellis Harold Dill 
 
1. Summary.  In thermoelasticity, the constitutive relation for the heat flux vector has the 
form q = F ! f " ,C,h( )  where F is the deformation gradient, ! is the absolute temperature, 
C is the right deformation tensor, and h  is the material temperature gradient vector.1  The 
material is isotropic with respect to the group of all rotations if the vector-valued function f is 

such that f (! ,Q "C "QT,Q"h) = Q"f ! ,C,h( )  for all rotation tensors2Q .   Such functions 
may be called hemitropic in order to distinguish them from functions that are isotropic with 
respect to the full orthogonal group.  For the general form of such functions, we need to find 
the representation of vector-valued functions such that  

 f (Q !A !QT,Q !u) = Q ! f A,u( )  (1.1) 
for all rotation tensorsQ , all symmetric tensorsA , and all vectorsu .  This problem was 
treated by Green and Adkins [1960] and Koh and Eringen [1963] for polynomial functions 
by replacing the vectors by their duals (skew symmetric tensors) and using known results for 
representations for isotropic tensor valued functions of not necessarily symmetric tensors.  
The problem was analyzed for functions that are not necessarily polynomials by Noll [1970] 
for the case of isotropy with respect to the full orthogonal group and by Del Piero [1998] for 
the rotation group.  In this report, we will follow the approach similar to that of Noll and Del 
Piero to find the representation of the function isotropic with respect to the group of proper 
orthogonal tensors (rotations) which we call hemitropic functions.  The result agrees with the 
function bases given by Zheng [1994]. 
 
2. Real-valued functions 
 
Theorem I.  A real-valued function of a symmetric tensor and a vector is hemitropic,  
 

 ! (Q "A "QT,Q"u) = ! (A,u)  (2.1) 
 
for all rotationsQ , if and only if there is a function !  such that 
 
 ! (A,u) = ! (I1, I2, I 3, I 4, I 5, I 6, I 7)  (2.2) 
where3 

 I1 = trA, I 2 = trA2 , I 3 = trA3 ,  (2.3) 

 I 4 = u !u , I5 = u !A !u , I6 = u !A2
!u , (2.4) 

 I 7 = sgn !( ), ! = (u " A #u)#A2#u . (2.5) 

                                                 
1 See Dill [2007], page 50. 
2 Q! 1 = QT, detQ = +1. 
3 Green and Adkins assert that !  is not needed because ! 2 is expressible in terms of the 
other invariants.  However the sign of !  is essential. sgn denotes the sign function 
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Proof of Theorem I.  The function !  is hemitropic if all its arguments are hemitropic.   

Let B =Q !A !QT and v = Q!u  where Q  is a rotation tensor.  From (2.3), 

 

I1(B) = trB = tr(Q !A !QT) = tr(A !QT !Q) = tr A = I1(A),

I2(B) = tr B2 = tr(Q !A !QT !Q !A !QT) = tr(Q !A2 !QT) = tr(A2 ) = I2(A).

I 3(B) = tr B3 = tr(Q !A2 !QT !Q !A !QT) = tr(Q !A3 !QT) = tr(A3) = I 3(A).

 (2.6) 

 
From (2.4), 

 

I 4(v) = v !v = Q !u( ) !Q !u = u !QT !Q !u = u !u = I 4(u).

I5(B,v) = v !B !v = Q!u( ) !Q !A !QT !Q !u = u !QT !Q !A !u = u !A !u = I5(A,u).

I6(B,v) = v !B2 !v = u !A2 !u = I6(A,u).

(2.7) 

 
From (2.5), 

 

I 7(b,v) = sgn v ! B "v( ) "B2 "v( )
= sgn (Q "u) ! Q "A "QT "Q "u( ) "Q "A2 "QT "Q "u( )
= sgn detQ( ) u ! A "u( ) "A2 "u( )
= sgn u ! A "u( ) "A2 "u( )
= I 7(A,u)

 (2.8) 

 
Therefore representation (2.2) is sufficient.  To prove necessity, we suppose that ! (A,u)  
is hemitropic and show that preservation of the invariants I1  to I 7  guarantee that there is 

a rotation tensor such that B =Q !A !QT  and v =Q !u  for a given tensor A  and a vector 
u.    
 

Since the principal invariants (2.3) of a tensor B = Q!A !QT are equal to those of A, their 

eigenvalues coincide.  Let A = ! inini
i =1

3

"  and B = ! ieiei
i =1

3

"  with the eigenvectors ni  

andei , both forming a right-handed system of unit vectors.  For the rotation  

 Q1 = eini
i =1

3

! , (2.9) 

we haveB =Q1 !A !Q1
T . That is,  given a tensor 

 A = ! inini
i =1

3

"  (2.10) 
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there exists a symmetric tensor B with matching principal invariants and a rotation tensor 

Q = Q1 such that B = Q!A !QT . 
 
Given a vector u, we can use the representation  

 u = uini
i =1

3

! . (2.11) 

Then, 
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 (2.12) 

We now have to show that preservation of the invariants I 4  to I 7  implies the existence 
of a vector v = Q !u  where Q is a rotation tensor.  Let  

 v = viei
i =1

3

!  (2.13) 

 
(i) If all eigenvalues of A are distinct:  
 
Preservation of the invariants I 4  to I6  requires 
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 (2.14) 

 
The determinant of the coefficients in (2.14) is(! 1 " ! 2)(! 2 " ! 3)(! 3 " ! 1) # 0.  

Thereforevi
2 = ui

2 .  Let 
 vi = ! iui , ! i = ±1. (2.15) 
Thus, 

 v = ! iuiei
i =1

3

" = Q2 #u  (2.16) 

where 

 Q2 = ! ieini
i =1

3

" . (2.17) 

The tensor Q2  is orthogonal but may not be a rotation since  
 
 detQ2 = ! 1! 2! 3 . (2.18) 
However, using the representations (2.10) and (2.11), from (2.5),  
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! (A,u) = u1u2u3" 2" 3

2 + u2u3u1" 3" 1
2 + u3u1u2" 1" 2

2

#u1u3u2" 3" 2
2 # u2u1u3" 1" 3

2 # u3u2u1" 2" 1
2 .

 (2.19) 

For the vector v: 

 
! (B,v) = v1v2v3" 2" 3

2 + v2v3v1" 3" 1
2 + v3v1v2" 1" 2

2

#v1v3v2" 3" 2
2 # v2v1v3" 1" 3

2 # v3v2v1" 2" 1
2 .

 (2.20) 

Using (2.15), 

 

! (B,v) = "1" 2" 3(u1u2u3# 2# 3
2 + u2u3u1# 3#1

2 + u3u1u2#1# 2
2

$u1u3u2# 3# 2
2 $ u2u1u3#1# 3

2 $ u3u2u1# 2#1
2)

= "1" 2" 3! (A,u).

 (2.21) 

 
Preservation of the invariant I 7 = sgn(! )  requires that ! 1! 2! 3 = 1 and, by (2.18),  
 
 detQ2 = +1 (2.22) 
 
That is, Q2 is a rotation such that v = Q2 !u .   Furthermore, 

 

Q2 !A !Q2
T = " ieini

i =1

3

# ! $ ieini
i =1

3

# ! " iniei
i =1

3

#

= " i
2$ ieiei

i =1

3

# = $ ieiei
i =1

3

# = B .

 (2.23) 

That is, the conditions (2.3) to (2.5) ensure that there exists a rotation tensor such that 

B = Q!A !QT and v = Q!u  when the eigenvalues of A are distinct. 
 
(ii) Two eigenvalues are equal, say!2 =!3 .  Only the planes of (n2,n3)  and 

of (e2,e3) are determined.  Choose n2  and e2  so that 

 u = u1n1 + u3n3 (2.24) 
and 
 v = v1e1 + v2e2 . (2.25) 
 
Preservation of the invariants I4  to I6  requires  
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 (2.26) 

For! 2 " ! 1 , this implies 

 
v1 = ! 1u1, ! 1 = ±1,

v2 = ! 2u2, ! 2 = ±1.
 (2.27) 
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In this case, Q2 defined by (2.17) with ! 3  so that Q2  is a rotation provides the required 
rotation tensor.  Note that ! (A,u) = 0  in this case. 
 
(iii)  All three eigenvalues are equal.  In this case A = ! 11 and the directions of the 
eigenvectors is undetermined.  Choose n1 parallel to u and e1 parallel to v: 
 
 u = u1n1 , (2.28) 
 v = v1e1  (2.29) 
 
Preservation of the invariants I 4  to I6  requires  
 
 v1 = ! 1u1, ! 1 = ±1 (2.30) 
 
In this case, Q2 defined by (2.17) with ! 2 and! 3 so that Q2  is a rotation provides the 
required rotation tensor.  Note that ! (A,u) = 0  in this case also. 
 
Theorem I is proved. 
 
 
3. Vector-valued hemitropic functions of a symmetr ic tensor and a vector 
 
Theorem II.  A vector-valued function f of a symmetric tensor A and a vector u is 
hemitropic, i.e., satisfies 

 f (Q !A !QT, Q !u) = Q ! f A,u( )  (3.1) 
 
for all rotation tensors Q  if and only if it is expressible as 
 
 f (A,u) = ! 1u + ! 2A "u + ! 3 u # A "u  (3.2) 
 
and the ! i (A,u)  are real-valued hemitropic functions.4 
 
Proof.  First, we show that the representation of the form (3.2) is hemitropic:  For 

anyB = Q!A !QT , anyv = Q!u , and any rotation tensorQ , 
 

 B !v = Q !A !QT !Q !u = Q!A !u,  (3.3) 
and 
 v ! B "v = Q"u ! Q"A "u = detQ( )Q" u ! A "u( ) = Q" u ! A "u( ). (3.4) 
Therefore,  
 f (B,v) = Q ! f (A,u)  (3.5) 
 
                                                 
4 Green and Adkins have additional terms in the representation which turn out to be 
unnecessary. 
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when (3.2) holds.  That is, the function is hemitropic. 
 
To prove the necessity, we suppose that f is hemitropic and show that such a 
representation exists for all tensors A and vectors u.   
 
Let (! i ,ni )  denote the eigenvalues and eigenvectors of A.  The eigenvectors can be 
chosen so as to be a right-handed system.  With respect to the basisni , 
 
 A = ! 1n1n1 + ! 2n2n2 + ! 3n3n3,   (3.6) 
 u = u1n1 + u2n2 + u3n3,   (3.7) 
 A !u = " 1u1n1 +" 2u2n2 +" 3u3n3,  (3.8) 
 u ! A "u = u2u3(# 3 $ # 2)n1 + u3u1(#1 $ # 3)n2 + u1u2(# 2 $ #1)n3,  (3.9) 
 f (A,u) = f1(A,u)n1 + f2(A,u)n2 + f3(A,u)n3 . (3.10) 
 
The scalar triple product of (u,Au,u ! Au)  is 

 
[u,Au,u ! Au] =

u1 u2 u3

" 1u1 " 2u2 " 3u3

u2u3(" 3 # " 2) u3u1(" 1 # " 3) u1u2(" 2 # " 1)

= u1u2(" 2 # " 1)( )2 + u2u3(" 3 # " 2)( )2 + u3u1(" 1 # " 3)( )2 .

 (3.11) 

 
We will investigate the representation separately for each number of distinct eigenvalues 
of A, and for the distinct components of u in each case.  
 
(1) All eigenvalues are distinct and not all equal to zero.   
 
 (1a) All components of u are nonzero.  By(3.11), [u,Au,u ! Au] " 0.  The three vectors 
u,Au,u ! Au( )  are linearly independent and form a basis for the vector space.  

Therefore, the vector f (A,u)  can be represented as a linear combination of them as in 
(3.2). 
 
(1b)  The vector u is in the plane of two eigenvectors, sayu3 = 0, u1 ! 0, u2 ! 0 .  The 
same result as in case (1a) is obtained. 
 
(1c) The vector u is in the direction of one of the eigenvectors, say u = u1n1, 
u1 ! 0, u2 = 0, u3 = 0 .  Choose  
 Q = n1n1 ! n2n2 ! n3n3. (3.12) 
 

Then Q !A !QT = A  andQ !u = u .  Since f (A,u) is hemitropic, i.e. satisfies (3.1), we 
have 

 Q ! f (A,u) = f (Q !A !QT,Q !u) = f (A,u)  (3.13) 
Inserting (3.10) and (3.12), 
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 f1(A,u)n1 ! f2(A,u)n2 ! f3(A,u)n3 = f1(A,u)n1 + f2(A,u)n2 + f3(A,u)n3. (3.14) 
 
Therefore f2(A,u) = f3(A,u) = 0 and  
 
 f (A,u) = f1(A,u)n1 = ! 1u  (3.15) 
 
sincen1 = u / u1.  That is, ! 2 = ! 3 = 0 in this case. 
 
(1d)  The vector u = 0.  Then (3.14) still holds so that f2(A,0) = f3(A,0) = 0.  Next, 
choose 
 Q = ! n1n1 ! n2n2 + n3n3. (3.16) 
From (3.13),  
 ! f1(A,0)n1 = f1(A,0)n1 (3.17) 
so that f1(A,0) = 0.  Therefore 
 f (A,0) = 0. (3.18) 
That is, ! i = 0in this case. 
 
(2)  The tensor A has two equal eigenvalues, say! 2 = ! 3 , ! 1 " 0,! 2 " 0 .   
Only the plane of (n2,n3)  is determined by A.  We can choose n2 so that u is in the 
plane of(n1,n2)  and therefore u3 = 0 . 
 
(2a) Both components of u are nonzero(u1 ! 0, u2 ! 0) .  Then the calculations of (1b) 
apply. 
 
(2b)  The vector u is in the direction of the eigenvector n1and thereforeu2 = 0, u3 = 0.  
The calculations of (1c) apply. 
 
(2c) The vector u is in the direction of the eigenvector n2 and therefore u = u2n2, u2 ! 0.  
Choose the rotation 
 Q = ! n1n1 + n2n2 ! n3n3. (3.19) 
 
Then proceed as in (1c) to findf (A,u) = ! 1u . 
 
(2d) The vector u = 0.  The calculations of (1d) apply: f (A,0) = 0. 
 
(3)  The tensor A has three equal eigenvalues: 
  
 A = ! 1 n1n1 + n2n2 + n3n3( ) = ! 11. (3.20) 
 
The directions of the eigenvectors are not determined by A.   
 
(3a) We can choose n1 to be directed along the vector u: 
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 u = u1n1, u1 ! 0. (3.21) 
The calculations of (1c) apply: 
 f (A,u) = ! 1u. (3.22) 
 
(3b) The vectoru = 0.  The calculations of (1d) apply: f (A,0) = 0. 
 
(4) The tensor A = 0.  Then 
 f (0,R !u) = R ! f (0,u). (3.23) 
Choose a basis such that   
 u = u1n1  (3.24) 
The calculations of (1c) apply: 
 
 f (0,u) = ! 1u. (3.25) 
The theorem is proved. 
 
 
4. Summary of Results. 
 
For each case the hemitropic vector-valued function has the following representation. 
 
 Case 1a, 1b, 2a:  f (A,u) = ! 1u +! 2 A "u +! 3u # A "u . 
 Case 1c, 2b, 2c, 3a, 4:f (A,u) = ! 1u . 
 Case 1d, 2d, 3b:   f (A,u) = 0  
 
In some cases, another choice of the basis for representation of  f  is possible:  Since  
 

 
[a, b, c] =

u1 u2 u3
! 1u1 ! 2u2 ! 3u3

! 1
2u1 ! 2

2u2 ! 3
2u3

= u1u2u3(! 1 " ! 2 )(! 2 " ! 3)(! 3 " ! 1) # 0.

 (3.26) 

 

The vectors (u, Au, A2 u)  form a basis when the eigenvalues of A are distinct and the 
components of u are nonzero, and therefore in case 1a we may express the vector f (A,u)  
as 

 Case 1a:     f (A,u) = ! 1u + ! 2 A "u + ! 3 A2"u . (3.27) 
 
This representation fails for case 1b and 2a since u3 = 0 in those cases and by (3.26) the 
vectors are linearly dependent. 
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5.  Isotropic functions. 
 
We now consider functions which are isotropic with respect to the full orthogonal group, 
or simply isotropic functions.  The representation for hemitropic functions applies but 
simplifications can be made. 
 
For the real-valued functions, the tensor Q is not restricted to be a rotation so that the 
invariant I 7  can be omitted.   
 
For vector-valued functions, the representations (3.2) and (3.27) both apply in case 1a.  
Either can be used.   
 
For cases 1b and 2a, 
 u = u1n1 + u2n2 . (4.1) 
Choose 
 Q = +n1n1 + n2n2 ! n3n3 . (4.2) 
 

Then Q !A !QT = A  andQ !u = u .  Since f (A,u) is hemitropic we have 
 

 Q ! f (A,u) = f (Q !A !QT,Q !u) = f (A,u) . (4.3) 
 
Inserting (3.10) and (4.2), 
 f3(A,u) = 0 . (4.4) 
 
That is, f (A,u) lies in the plane of(n1,n2) .  By (3.9), u ! A "u # 0  for cases 1b and 2a, 
so that f (A,u)  can be represented as a linear combination of those vectors : 
 
 f(A,u) = ! 1u +! 2A "u  (4.5) 
 
In summary, for isotropy with respect to the full orthogonal group we have the 
representation: 
 

 Case 1a:   f (A,u) = ! 1u + ! 2 A "u + ! 3 A2"u . 
 Case 1b and 2a:  f (A,u) = ! 1u + ! 2 A "u  
 Case 1c, 2b, 2c, 3a, 4:f (A,u) = ! 1u . 
 Case 1d, 2d, 3b:   f (A,u) = 0  
 
where the ! i  are expressible as functions of the invariants I1 to I6 . 
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