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Structured nominal and modal reference (1):
Brasoveanu 2007a, b

0. INDIVIDUALS AND POSSIBILITIES IN ENGLISH DISCOURSE

(I) Anaphora to a non-maximized (‘indefinite’) antecedent Stone, 1997

(1) i. A man saw a friend (across the street).
ii. She smiled to him.

(2) i. There are bears in this area.
ii. So a bear might come by (during the night).

(M) Anaphora to a maximized/indexical (‘definite’) antecedent Stone, 1997 

(3N) i. Al owns {some cows, Rosie and Longtail).
ii. Tom vaccinates them.

(3M) i. Al owns {some cows, Rosie and Longtail).
ii. Tom vaccinates them.

 (4) i. Kennedy was assassinated.
ii. So if Oswald didn’t do it, then someone else did.

(D) Distributive quantification Heim, 1982

(3) i. Al owns some cows.
ii′. Tom vaccinates most of them.

(5) [If a dry match is struck], it will light.

(Q) Anaphora to a quantified antecedent vd Berg, 1996; Stone, 1997

(6) i. John threw a party.
ii. Most of the guests had a good time.
iii. They stayed until late.

(7) i. John threw a party.
ii. None of the guests left before midnight.
iii. They all had a good time.

(8) i. Tom’s father is an honest man.
ii. So if Tom too were honest, people would trust him.
iii. But Tom is a crook.
ii. So if people trusted him, he would cheat them.

(S) Quantificational subordination Roberts, 1987

(9) i. Harvey courts a girl at every convention.
ii. She usually comes to the banquet with him.

(10) i. A bear might come by (during the night).
ii. If there is food in the tent, it will eat it.
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• Structured nominal reference: Outline of Brasoveanu (2007b:Ch. 6)

(I) Anaphora to a non-maximized (‘indefinite’) antecedent

(1) i. Au0 man saw au1 friend. 
U [u0]; u0([man{u0}]); u0([u1]; u1([ see{u0, u1}, frn{u1, u0}])) =: (1′i)

Suppose man a saw friends b and b′, and man a′ saw friend b′. Then updating the
default info state with (1′i) will output a set of plural states that record at least some of
the individuals mentioned and the relations between them—incl. the following states:

J0 u0 u1 J1 u0 u1 J2 u0 u1
iab a b iab a b iab a b

ia′b′ a′ b′ iab′ a b′
ia′b′ a′ b′

ii. Sheu1 smiled to himu0.
U u1(u0([smile.to{u1, u0}])) =: (1′ii)

Suppose b smiled to a, and b′, to a′. Then the distributive test (1′ii) will pass J0 and J1.

(M) Anaphora to a maximized/indexical (‘definite’) antecedent  

(3) i. Alu0 owns someu1 cows.
U  [u0| u0 « Al]; maxu1(u1([own{u0, u1}, cow{u1}])) =: (3′i)

Suppose Al owns exactly three cows: b, b′, and b″. Then the output of the maximizing
update (3′i) will record all of  these cows and their relation to Al, as in:

J3 u0 u1
ib al b
ib′ al b′
ib″ al b″

ii. Tomu2 vaccinates themu1.
U [u2| u2 « Tom]; u1([vaccinate{u2, u1}]) =: (3′ii)

The u1-distributive test in (3′ii) will pass J1 iff each u1-value is vaccinated by Tom.

(D) Distributive nominal quantification (a la van den Berg 1996)

(3) ii′. Tomu2 vaccinates mostu3 of themu1.
U [u2| u2 « Tom];  maxu3([u3 5 u1]; u3([vaccinate{u2, u3}])); [MOST{u1, u3}] =: (3′ii′)

Suppose Tom vaccinates b and b″. Then the maximizing update in (3′ii′) will yield J4:
J4 u0 u1 u2 u3
ib al b tom b
ib′ al b′ tom @
ib″ al b″ tom b″

The MOST-test requires the set of non-dummy (non-@) u3-values (i.e. {b, b″}) to
constitute a majority of the non-dummy u1-values (i.e. {b, b′, b″}), which it does.
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1. ANAPHORA TO A NON-MAXIMIZED ANTECEDENT

Default info state (dummy)
u0 u1 u2

i@ @ @ @

Semi-incremental update (same bottom line as Brasoveanu 2007b)

(11) au0

[u0]
= λIst λJst ∀is ∈ I∃js ∈ J(i[u0]j) ∧ ∀js ∈ J∃i ∈ I(i[u0]j) D2.[u]

J1 :=  [u0]{i@}
= λJ. J ≠ ∅ ∧ ∀js ∈ J(i@[u0]j) A1:F1

for De = {@, a, a′, b, b′},
= λJ. ∅ ⊂ J ⊆ J1

J1 u0 u1 u2 …
i@ @ @ @ …
i1 a @ @ …
i2 a′ @ @ …
i3 b @ @ …
i4 b′ @ @ …

(12) u0man
u0([man{u0}])

= λIstλJst. I = J ∧ ∧ ∃xe ∈ u0J(x ≠ @) ∧ ∀xe ∈ u0Ju0 ≠ @(man x) A1: F2u

If the men in De are a and a′
J2 :=  λJ. ∃I ∈ J1(u0([man{u0}])IJ

= λJ. ∅ ⊂ J ⊆ J1 ∧ ∃is ∈ J(u0i ∈ {a, a′})
= λJ. ∅ ⊂ J ⊆ J2 ∧ ∃is ∈ J(u0i ∈ {a, a′})

J2 u0 u1 u2 …
i@ @ @ @ …
i1 a @ @ …
i2 a′ @ @ …

In general:
[u0]; u0([man{u0}])

= λIstλJst. [u0]IJ ∧ ∃xe ∈ u0J(x ≠ @) ∧ ∀xe ∈ u0Ju0 ≠ @(man x) A1: F2;

FACT 2|=
|= ([u0]; u0([man{u0}]))

iff ∃xe(man x) A1: F2|=
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(13) u0[saw a
u1 friend]

u0([u1]; u1([see{u0, u1}, frn{u1, u0}]))
= λIJ. Iu0 = @ = Ju0 = @

 ∧ ∃x ∈ u0I(x  ≠ @) A1: F3u0

∧ ∀x ∈ u0Iu0 ≠ @([u1]Iu0 = xJu0 = x ∧ ∃y ∈ u1Ju0 = x(y ≠ @)
∧ ∀y ∈ u1Ju0 = x(y ≠ @ → see(x, y) ∧ frn(x, y)))

If man a saw his friends b and b′, and man a′ saw his friend b′,
J3 := λJ. ∃I ∈ J2(u0([u1]; u1([see{u0, u1}, frn{u1, u0}])))IJ

= λJ. ∅ ⊂ J ⊆ J3 ∧ ∃is ∈ J(〈u0i, u1i〉 ∈ {〈a, b〉, 〈a, b′〉, 〈a′, b′〉})
J3 u0 u1 u2 …
i@ @ @ @ …
i31 a @ @ …
i32 a b @ …
i33 a b′ @ …
i34 a′ @ @ …
i35 a′ b′ @ …

In general:
([u0]; u0([man{u0}]); u0([u1]; u1([see{u0, u1}, frn{u1, u0}]))){i@}

= λJ. ∃K([u0]{i@}K ∧ Ku0 = @ = Ju0 = @
  ∧ ∃x ∈ u0K(x ≠ @) A1: F3′;, F1

∧ ∀x ∈ u0Ku0 ≠ @([u1]Ku0 = xJu0 = x ∧ ∃y ∈ u1Ju0 = x(y ≠ @))
∧ man x ∧ ∀y ∈ u1Ju0 = x(y ≠ @ → see(x, y) ∧ frn(x, y)))

FACT 3|=
|= ([u0]; u0([man{u0}]); u0([u1]; u1([see{u1, u0}, frn{u0, u1}]))) A1: F3|=

iff ∃x(man x ∧ ∃y(see(x, y) ∧ frn(y, x))

(14) Sheu1 smiled to himu0.
u1(u0([smile{u1, u0}]))

= λIJ. I = J ∧ ∃y ∈ u1I(y ≠ @) ∧ ∀y ∈ u1Iu1 ≠ @∃x ∈ u0Iu1 = y(x ≠ @)) A1: F4u1

∧ ∀y ∈ u1Iu1 ≠ @∀x ∈ u0Iu1 = y(x ≠ @ → smile(y, x))))

If friend b smiled to man a, b′ to a′,
J4 := λJ. ∃I ∈ J3(u1(u0([smile{u1, u0}])))IJ

= λJ. ∅ ⊂ J ⊆ J4 ∧ ∃is ∈ J(〈u0i, u1i〉 ∈ {〈a, b〉, 〈a′, b′〉})
J4 u0 u1 u2 …
i@ @ @ @ …
i31 a @ @ …
i32 a b @ …
i34 a′ @ @ …
i35 a′ b′ @ …

FACT 4|=
|= ([u0]; u0([man{u0}]); u0([u1]; u1([see{u0, u1}, frn{u1, u0}]))); u1(u0([smile{u1, u0}]))

iff ∃x(man x ∧ ∃y(see(x, y) ∧ frn(y, x) ∧ smile(y, x)) A1: F4|= 
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2. ANAPHORA TO A MAXIMIZED ANTECEDENT

Default info state (dummy)
u0 u1 u2

i@ @ @ @

(31) Al u0

[u0]; [u0 « Al]
= λIJ. [u0]IJ ∧ ∀x ∈ u0Ju0 ≠ @(x = al) A2: F1;

J1 :=  ([u0]; [u0 « Al]){i@}
= λJ. ∅ ⊂ J ⊆ J1

J2 u0 u1 u2 …
i@ @ @ @ …
i1 al @ @ …

(32) [owns some cows]u1

maxu1(u1([own{u0, u1}, cow{u1}]))1

= λIJ. [u1]IJ ∧ ∃y ∈ u1J(y ≠ @) ∧ ∀y ∈ u1Ju1 ≠ @∃x ∈ u0Ju1 = y(x ≠ @)) A2: F2m
∧ u1Ju1 ≠ @ = {y| ∃x ∈ u0Ju1 = y(own(x, y) ∧ cow(y))}2

If Al owns cows b, b′, b″ :
J3 := λJ. ∃I ∈ J1(maxu1(u1([own{u0, u1}, cow{u1}]))IJ

= λJ. J ⊆ J2 ∧ u1Ju1 ≠ @ = {b, b′, b″} ∧ ∀y ∈ {b, b′, b″}∃x ∈ u0Ju1 - y(x ≠ @)
J2 u0 u1 u2 …
i@ @ @ @ …
i21 al @ @ …
i22 @ b @ …
i25 al b @ …
i24 @ b′ @ …
i25 al b′ @ …
i26 @ b″ @ …
i27 al b″ @ …

FACT 2|=
|= ([u0]; [u0 « Al]); maxu1(u1([own{u0, u1}, cow{u1}])) exercise

iff ∃y(own(al, y) ∧ cow(y))

                                                  
1 Actually, Brasoveanu (2007) would have a few more distributivity operators:
[u0]; [u0 « Al]; u0(maxu1(u1([cow{u1}]); u1([own{u0, u1}]))
Also, since he assimilates to the worst possible case, he would have the more complex distributivity
operator 〈u〉(D) (required for downward entailing quantifiers) . Since these complications are irrelevant here
I’ve skipped them to avoid complicating the formulas any further.
2 u1Ju1 ≠ @ = {y| ∃x ∈ u0Ju1 = y(own(x, y) ∧ cow(y))} abbreviates
∀y(y ∈ u1Ju1 ≠ @  ↔ ∃x ∈ u0Ju1 = y(own(x, y) ∧ cow(y)))



SSem: Conditionals in discourse TOP 3: Nominal & modal anaphora Bittner: Fall 2007

6

(33) Tomu2

[u2]; [u2 « Tom]
= λIJ. [u2]IJ ∧ ∀x ∈ u2Ju2 ≠ @(x = tom) ~A2: F1;

J3 := λJ. ∃I ∈ J2([u2]; [u2 « Tom]))IJ
= λJ. J ⊆ J3 ∧ u1Ju1 ≠ @ = {b, b′, b″}

J3 u0 u1 u2 …
i@ @ @ @ …
i3@ @ @ tom …
i21 al @ @ …
i31 al @ tom …
i22 @ b @ …
i32 @ b tom …
i25 al b @ …
i33 al b tom …
i24 @ b′ @ …
i34 @ b′ tom …
i25 al b′ @ …
i35 al b′ tom …
i26 @ b″ @ …
i36 @ b″ tom …
i27 al b″ @ …
i37 al b″ tom …

 (34) vaccinates themu1.
u1([vcc{u2, u1}])

= λIJ. I = J ∧ ∃y ∈ u1I(y ≠ @) ∧ ∀y ∈ u1Iu1 ≠ @(∃x ∈ u2Iu1 = y(x ≠ @) ~A1: F4u1

∧ ∀x ∈ u2Iu1 = y(x ≠ @ → vcc(x, y))))

J4 := λJ. ∃I ∈ J3(u1([vcc{u2, u1}]))IJ
= λJ. J ⊆ J3 ∧ u1Ju1 ≠ @ = {b, b′, b″} ∧ ∀y ∈ {b, b′, b″} → ∃x ∈ u2Ju1 = y(x = tom ∧ vcc(x, y))

Model 1 Model 2
Tom vaccinates b, b′, b″ Tom vaccinates b and b′ only
J4

1 = J4 J4
2 = {}

FACT 4|= exercise
|= (([u0]; [u0 « Al]); maxu1(u1([own{u0, u1}, cow{u1}])); ([u2]; [u2 « Tom]); u1([vcc{u2, u1}])))

iff ∃y(own(al, y) ∧ cow y) ∧ ∀y(own(al, y) ∧ cow y) → vcc(tom, y))
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3. DISTRIBUTIVE QUANTIFICATION

(33) Tomu2

[u2]; [u2 « Tom]

(3′4) vaccinatesu2
u3 5 u1

maxu3([u3 5 u1]; u3([vcc{u2, u3}]))

J4 := λJ. ∃I ∈ J2(maxu3([u3 5 u1]; u3([vcc{u2, u3}])))IJ
= λJ. J ⊆ J4 ∧ u1Ju1 ≠ @ = {b, b′, b″} ∧ u3Ju3 ≠ @ = {y ∈ {b, b′, b″}| vcc(tom, y)}

∧ ∀y ∈ u3Ju3 ≠ @∃x ∈ u2Ju1 = y(x = tom)

J4 u0 u1 u2 u3 Model 1:
i@ @ @ @ @ Tom vaccinates b, b′, and b″.
i3@ @ @ tom @ J4

1 = λJ. J ⊆ J4 ∧ u1Ju1 ≠ @ = {b, b′, b″} ∧ u3Ju3 ≠ @ = {b, b′, b″}
i21 al @ @ @ ∧ ∀y ∈ {b, b′, b″}∃x ∈ u2Ju1 = y(x = tom)
i31 al @ tom @
i22 @ b @ @
i42 @ b @ b Model 2:
i32 @ b tom @ Tom vaccinates b and b′ only
i42′ @ b tom b J4

2 = λJ. J ⊆ J4 ∧ u1Ju1 ≠ @ = {b, b′, b″} ∧ u3Ju3 ≠ @ = {b, b′}
i23 al b @ @ ∧ ∀y ∈ {b, b′}∃i ∈ J(u2i = tom)
i43 al b @ b
i33 al b tom @
i43′ al b tom b Model 3:
i24 @ b′ @ @ Tom vaccinates b only
i44 @ b′ @ b′ J4

3 = λJ. J ⊆ J4 ∧ u1Ju1 ≠ @ = {b, b′, b″} ∧ u3Ju3 ≠ @ = {b}
i34 al b′ tom @ ∧ ∀y ∈ {b, b′}∃i ∈ J(u2i = tom)
i44′ al b′ tom b′
i25 al b′ @ @
i45 al b′ @ b′
i35 al b′ tom @
i45′ al b′ tom b′
i26 @ b″ @ @
i46 @ b″ @ b″
i36 @ b″ tom @
i46′ @ b″ tom b″
i27 al b″ @ @
i47 al b″ @ b″
i37 al b″ tom @
i47′ al b″ tom b″

 (3′5) most of themu1.
[MOST{u1, u3}]

= λIJ. I = J ∧ |u1Ju1 ≠ @ ∩ u3Ju3 ≠ @| > |u1Ju1 ≠ @ – u3Ju3 ≠ @|
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3. QUANTIFICATIONAL SUBORDINATION

(90) (Last year) Alu0
 attendedu1

 several conventions.
[u0]; [u0 « Al]; ([u0]; [u0 « Al]; maxu1(u1([attend{u0, u1}, convention{u1}]))

If Al attended conventions c, c′, c″ :
J0 u0 u1 u2 …
i@ @ @ @ …
h h h h
i2 al c @ …
i3 al c′ @ …
i4 al c″ @ …

(91) At every conventionu1 Bill u2 courted au3 girl.
[cnv u1]; u1([u2]; [u2 « Bill]; [u3]; [crt.at{u2, u3, u1}, girl{u3}])

Model 1 Model 2
Bill courts girl b at c, and again at c′ and c″ Bill courts girl b at c, b′ at c′, and b″ at c″
J1

1 u0 u1 u2 u3 J1
2 u0 u1 u2 u3

i@ @ @ @ @ i@ @ @ @ @
h h h h h h h h h h
i2 al c bill b i5 al c bill b
i3 al c′ bill b i6 al c′ bill b′
i4 al c″ bill b i7 al c″ bill b″

(92) Sheu3

[UNIQUE{u3}]; a > every
u1([UNIQUE{u3}]); every > a

usuallyu1
u4

 came to theu1 banquet with himu2.
maxu4([u4 5 u1]; u4([ctbw{u3, u4, u2}])); [MOST{u1, u4}]

Model 1 Model 2
Bill courts girl b at c, and again at c′ and c″, Bill courts girl b at c, b′ at c′, and b″ at c″;
b comes to the banquet with him at c″ only. b comes to the banquet at c, and b″ at c″.
J1

1 u0 u1 u2 u3 u4 J1
2 u0 u1 u2 u3 u4

i@ @ @ @ @ @ i@ @ @ @ @ @
h h h h h h h h h h h h
i2 al c bill b @ i5 al c bill b c
i3 al c′ bill b @ i6 al c′ bill b′ @
i4 al c″ bill b c″ i7 al c″ bill b″ c″
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APPENDIX 0. PCDRT DEFINITIONS FOR NOMINAL REFERENCE

D01. Basic terms of PCDRT
Variables Constants Type Name of objects
x, y, z @, john e entities
i, j, k, h i@ s atomic (info) states (aka indices)
v u se (e-)stores
I, J, K, H {i@} st (plural) (info) states
C (st)t conditions
D (st)(st)t updates

D02. Dummies1 Reference2

• @ ∈ {x1, …xn} → ¬R(x1, …xn) for any basic relation R B:215(ftn7)
• ui@ = @ for any dref u B:228

D03. Name-dref’s, global values, substates
• John := λis. johne Muskens ‘96
• uI := {ui: is ∈ Ist} B:130(5)
• Iu = x := {is ∈ Ist| ui = x} B:216(21)
• Iu ≠ x := {is ∈ Ist| ui ≠ x} B:216(21)

D1. Conditions3

• R{u1, …un} := λIst. Iu1 ≠ @, …un≠ @ ≠ ∅ ∧ ∀is ∈ Iu1 ≠ @, …un ≠ @(R(u1i, …uni)) B:255(127a)
• u « u′ := λIst. ∀is ∈ Iu ≠ @(ui = u′i) B:255(125a)
• u 5 u′ := λIst. (u « u′)I ∧ ∀is ∈ I(u′i ∈ uIu ≠ @ → ui = u′i) B:255(125b)
• UNIQUE{u} := λIst. |uIu ≠ @| = 1 B:256(127c)
• MOST{u, u′} := λIst. |uIu ≠ @ ∩ u′Iu′ ≠ @| > |uIu ≠ @ – u′Iu′ ≠ @| B:256(127d)

D2. Standard updates
• [u] := λIstλJst. ∀is ∈ I∃js ∈ J(i[u]j) ∧ ∀js ∈ J∃is ∈ J(i[u]j) B:196(136f)
• [C1,…Cn] := λIstλJst. I = J ∧ C1J ∧…CnJ B:196(136d)
• (D1; D2) := λIstλJst. ∃Kst(D1IK ∧ D2KJ) B:196(136e)

D3. Maximizing update
• maxu(D) := λIstλJst. ([u]; D)IJ ∧ ∀Kst(([u]; D)IK → uKu ≠ @ ⊆ uJu ≠ @) B:255(125c)

D4. Distributive updates
• distu(D) := λIstλJst. uI = uJ ∧ ∀xe ∈ uI(DIu = xJu = x) B:255(125e)
• u(D) := λIstλJst. Iu = @ = Ju = @ ∧ Iu ≠ @ ≠ ∅ ∧ distu(D)Iu ≠ @Ju ≠ @ B:255(125f)
• 〈u〉(D) := λIstλJst. Iu = @ = Ju = @ ∧ (Iu ≠ @ ≠ ∅ → distu(D)Iu ≠ @Ju ≠ @)

∧ (Iu ≠ @
 = ∅ → I = J) B:255(125g)

D5. Truth (relative to default state)
• |= D := ∃J D{i@}J B:228

                                                  
1 @ (mnemonic for ‘anomalous’) is called the dummy entity, and i@, the dummy (atomic) state.
2 ‘B’ stands for Brasoveanu (2007b), i.e. the dissertation.
3 ‘Iu1 ≠ @, …un  ≠ @’ denotes the substate of I obtained by repeated application of restriction
operators of the form ‘u ≠ @’ defined in D02, i.e. Iu1 ≠ @, …un ≠ @ = {is ∈ Ist|  u1i ≠ @ & …uni ≠ @}



SSem: Conditionals in discourse TOP 3: Nominal & modal anaphora Bittner: Fall 2007

10

APPENDIX 1. FACTS FOR DISCOURSE (1)

FACT 1
1. [u]{i@}
2. λJst. ∀is ∈ {i@}∃js ∈ J(i[u]j) ∧ ∀js ∈ J∃is ∈ I(i[u]j) D2.[u]
3. λJst. J ≠ ∅ ∧ ∀j ∈ J(i@[u]j) simplify

FACT 2R
1. [man{u0}]
2. λIstλJst. I = J ∧ man{u0}J D2.C
3. λIstλJst. I = J ∧ Ju0 ≠ @ ≠ ∅ ∧ ∀is ∈ Ju0 ≠ @(man u0i) D1.R
4. λIstλJst. I = J ∧ ∃is ∈ J(u0i ≠ @) ∧ ∀is ∈ J(u0i ≠ @ → man u0i) simplify

FACT u
1. u(D)
2. λIstλJst. Iu = @ = Ju = @

 ∧ Iu ≠ @ ≠ ∅ ∧ distu(D)Iu ≠ @Ju ≠ @ D4.u
3. λIstλJst. Iu = @ = Ju = @

 ∧ Iu ≠ @ ≠ ∅ ∧ uIu ≠ @ = uJu ≠ @

∧ ∀xe ∈ uIu ≠ @(DIu ≠ @, u = xJu ≠ @, u = x) D4.dist
4. λIstλJst. Iu = @ = Ju = @

 ∧ uIu ≠ @ = uJu ≠ @ ∧ ∃xe ∈ uI(x ≠ @)
∧ ∀xe ∈ uIu ≠ @(DIu = xJu = x) D03

FACT 2u
1. u0([man{u0}])
2. λIstλJst. Iu0 = @ = Ju0 = @ ∧ u0Iu0 ≠ @ = u0Ju0 ≠ @ ∧ ∃xe ∈ u0I(x ≠ @) Fu

∧ ∀xe ∈ u0Iu0 ≠ @([man{u0}]Iu0 = xJu0 = x)
3. λIstλJst. Iu0 = @ = Ju0 = @ ∧ u0Iu0 ≠ @ = u0Ju0 ≠ @ ∧ ∃xe ∈ u0I(x ≠ @)

∧ ∀xe ∈ u0Iu0 ≠ @(Iu0 = x = Ju0 = x ∧ ∃is ∈ Ju0 = x(u0i ≠ @) F2R
∧ ∀is ∈ Ju0 = x(u0i ≠ @ → man u0i))

4. λIstλJst. Iu0 = @ = Ju0 = @ ∧ u0Iu0 ≠ @ = u0Ju0 ≠ @ ∧ ∃xe ∈ u0I(x ≠ @)
∧ ∀xe ∈ u0Iu0 ≠ @(Iu0 = x = Ju0 = x ∧ x ≠ @ ∧ (x ≠ @ → man x)) D03

5. λIstλJst. I = J ∧ ∃x ∈ u0J(x ≠ @) ∧ ∀xe ∈ u0Ju0 ≠ @(man x) simplify

FACT 2;
1. [u0]; u0([man{u0}])
2. λIstλJst. ∃Kst([u0]IK ∧ u0([man{u0}])KJ) D3.;
3. λIstλJst. ∃Kst([u0]IK ∧ K = J F2u

∧ ∃xe ∈ u0J(x ≠ @) ∧ ∀xe ∈ u0Ju0 ≠ @(man x))
4. λIstλJst. [u0]IJ ∧ ∃xe ∈ u0J(x ≠ @) ∧ ∀xe ∈ u0Ju0 ≠ @(man x) D03

FACT 2|=.  (1) iff (5):
1. |= ([u0]; u0([man{u0}]))
2. ∃J ([u0]; u0([man{u0}])){i@}J D5
3. ∃J([u0]{i@}J ∧ ∃xe ∈ u0J(x ≠ @) ∧ ∀xe ∈ u0Ju0 ≠ @(man x)) F2;
4. ∃J(J ≠ ∅ ∧ ∀js ∈ J(i@[u0]j)

∧ ∃xe ∈ u0J(x ≠ @) ∧ ∀xe ∈ u0Ju0 ≠ @(man x)) F1
5. ∃xe(man x) simplify
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FACT 3R
1. [see{u0, u1}, frn{u1, u0}]
2. λIstλJst. I = J ∧ see{u0, u1}J ∧ frn{u1, u0} D2.C
3. λIstλJst. I = J ∧ Ju0 ≠ @, u1 ≠ @ ≠ ∅ ∧ ∀is ∈ Ju0 ≠ @, u1 ≠ @(see(u0i, u1i)) D1.R

∧ Ju1 ≠ @, u0 ≠ @ ≠ ∅ ∧ ∀is ∈ Ju1 ≠ @, u0 ≠ @(frn(u1i, u0i))
4. λIstλJst. I = J ∧ ∃is ∈ J(@ ∉ {u0i, u1i}) ∧ ∀is ∈ J(@ ∉ {u0i, u1} → see(u0i, u1i)) simplify

∧ ∃is ∈ J(@ ∉ {u1i, u0i}) ∧ ∀is ∈ J(@ ∉ {u1i, u0} → frn(u1i, u0i))
5. λIstλJst. I = J ∧ ∃is ∈ J(@ ∉ {u0i, u1i})

∧ ∀is ∈ J(@ ∉ {u0i, u1i} → see(u0i, u1i) ∧ frn(u1i, u0i)) simplify

FACT 3u1
1. u1([see{u0, u1}, frn{u1, u0}])
2. λIstλJst. Iu1 = @ = Ju1 = @ ∧ u1Iu1 ≠ @ = u1Ju1 ≠ @ ∧ ∃ye ∈ u1I(y ≠ @) Fu

∧ ∀ye ∈ u1Iu1 ≠ @([see{u0, u1}, frn{u1, u0}]Iu1 = yJu1 = y)
3. λIstλJst. Iu1 = @ = Ju1 = @ ∧ u1Iu1 ≠ @ = u1Ju1 ≠ @ ∧ ∃ye ∈ u1I(y ≠ @)

∧ ∀ye ∈ u1Iu1 ≠ @(Iu1 = y = Ju1 = y ∧ ∃is ∈ Ju1 = y(@ ∉ {u0i, u1i}) F2R
∧ ∀is ∈ Ju1 = y(@ ∉ {u0i, u1i} → see(u0i, u1i) ∧ frn(u1i, u0i)))

4. λIstλJst. Iu1 = @ = Ju1 = @ ∧ u1Iu1 ≠ @ = u1Ju1 ≠ @ ∧ ∃ye ∈ u1I(y ≠ @)
∧ ∀ye ∈ u1Iu1 ≠ @(Iu1 = y = Ju1 = y ∧ y ≠ @ ∧ ∃is ∈ Ju1 = y(u0i ≠ @) D03

∧ ∀is ∈ Ju1 = y(u0i ≠ @ → see(u0i, y) ∧ frn(u1i, y)))
5. λIstλJst. Iu1 = @ = Ju1 = @ ∧ ∀ye ∈ u1Iu1 ≠ @(Iu1 = y = Ju1 = y) ∧ u1Iu1 ≠ @ = u1Ju1 ≠ @ rearrange

∧ ∃ye ∈ u1I(y ≠ @) ∧ ∀ye ∈ u1Iu1 ≠ @∃is ∈ Ju1 = y(u0i ≠ @)
∧ ∀ye ∈ u1Iu1 ≠ @∀is ∈ Ju1 = y(u0i ≠ @ → see(u0i, y) ∧ frn(y, u0i)))

6. λIstλJst. I = J ∧ ∃ye ∈ u1J(y ≠ @) ∧ ∀ye ∈ u1Ju1 ≠@∃is ∈ Ju1 = y(u0i ≠ @) simplify
∧ ∀is ∈ J(@ ∉ {u0i, u1i} → see(u0i, u1i) ∧ frn(u1i, u0i))

FACT 3;
1. [u1]; u1([see{u0, u1}, frn{u1, u0}])
2. λIλJ. ∃K([u1]IK ∧ u1([see{u0, u1}, frn{u1, u0}])KJ) D2.;
3. λIλJ. ∃K([u1]IK ∧ K = J ∧ ∃ye ∈ u1J(y ≠ @) ∧ ∀ye ∈ u1Ju1 ≠@∃is ∈ Ju1 = y(u0i ≠ @) F3u1

∧ ∀is ∈ J(@ ∉ {u0i, u1i} → see(u0i, u1i) ∧ frn(u1i, u0i))
4. λIλJ. [u1]IJ ∧ ∃ye ∈ u1J(y ≠ @) ∧ ∀ye ∈ u1Ju1 ≠@∃is ∈ Ju1 = y(u0i ≠ @) simplify

∧ ∀is ∈ J(@ ∉ {u0i, u1i} → see(u0i, u1i) ∧ frn(u1i, u0i))

FACT 3u0
1. u0([u1]; u1([see{u0, u1}, frn{u1, u0}]))
2. λIJ. Iu0 = @ = Ju0 = @

 ∧ u0Iu0 ≠ @ = u0Ju0 ≠ @ ∧ ∃x ∈ u0I(x ≠ @) Fu

∧ ∀x ∈ u0Iu0 ≠ @([u1]; u1([see{u0, u1}, frn{u1, u0}]))Iu0 = xJu0 = x)
3. λIJ. Iu0 = @ = Ju0 = @

 ∧ u0Iu0 ≠ @ = u0Ju0 ≠ @ ∧ ∃x ∈ u0I(x ≠ @) F3;
∧ ∀x ∈ u0Iu0 ≠ @([u1]Iu0 = xJu0 = x ∧ ∃y ∈ u1Ju0 = x(y ≠ @)

∧ ∀y ∈ u1Ju0 = x, u1 ≠ @(∃i ∈ Ju0 = x, u1 = y(u0i ≠ @))
∧ ∀i ∈ Ju0 = x, u1 = y(@ ∉ {u0i, u1i} → see(u0i, y) ∧ frn(u0i, y)))

4. λIJ. Iu0 = @ = Ju0 = @
 ∧ ∃x ∈ u0I(x  ≠ @) D03

∧ ∀x ∈ u0Iu0 ≠ @([u1]Iu0 = xJu0 = x ∧ ∃y ∈ u1Ju0 = x(y ≠ @) simplify
∧ ∀y ∈ u1Ju0 = x(y ≠ @ → see(x, y) ∧ frn(x, y)))
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FACT 3′;
1. [u0]; u0([man{u0}]); u0([u1]; u1([see{u0, u1}, frn{u1, u0}]))
2. λIJ. ∃K(([u0]; u0([man{u0}]))IK ∧ u0([u1]; u1([see{u0, u1}, frn{u1, u0}]))KJ D2.;
3. λIJ. ∃K([u0]IK ∧ ∃x ∈ u0K(x ≠ @) ∧ ∀x ∈ u0Ku0 ≠ @(man x) F2;

∧ Ku0 = @ = Ju0 = @
 ∧ u0Ku0 ≠ @ = u0Ju0 ≠ @  ∧ ∃x ∈ u0K(x  ≠ @) F3u0

∧ ∀x ∈ u0Ku0 ≠ @([u1]Ku0 = xJu0 = x ∧ ∃y ∈ u1Ju0 = x(y ≠ @)
∧ ∀y ∈ u1Ju0 = x(y ≠ @ → see(x, y) ∧ frn(x, y)))

4. λIJ. ∃K([u0]IK ∧ Ku0 = @ = Ju0 = @
 ∧ ∀x ∈ u0Ku0 ≠ @([u1]Ku0 = xJu0 = x) simplify

∧ ∃x ∈ u0K(x ≠ @) ∧ ∀x ∈ u0Ku0 ≠ @∃y ∈ u1Ju0 = x(y ≠ @)
∧ ∀x ∈ u0Ku0 ≠ @(man x ∧ ∀y ∈ u1Ju0 = x(y ≠ @ → see(x, y) ∧ frn(x, y)))

FACT 3|=.  (1) iff (5):
1. |= (([u0]; u0([man{u0}])); u0([u1]; u1([see{u0, u1}, frn{u1, u0}])))
2. ∃J (([u0]; u0([man{u0}])); u0([u1]; u1([see{u0, u1}, frn{u1, u0}]))){i@}J D5
3. ∃J∃K([u0]{i@}K ∧ Ku0 = @ = Ju0 = @

 ∧ ∀x ∈ u0Ku0 ≠ @([u1]Ku0 = xJu0 = x)  F3′;
∧ ∃x ∈ u0K(x ≠ @) ∧ ∀x ∈ u0Ku0 ≠ @∃y ∈ u1Ju0 = x(y ≠ @)
∧ ∀x ∈ u0Ku0 ≠ @(man x ∧ ∀y ∈ u1Ju0 = x(y ≠ @ → see(x, y) ∧ frn(x, y)))

4. ∃J∃K(K ≠ ∅ ∧ ∀k ∈ K(i@[u0]k) ∧ Ku0 = @ = Ju0 = @
 ∧ ∀x ∈ u0Ku0 ≠ @([u1]Ku0 = xJu0 = x) F1  

∧ ∃x ∈ u0K(x ≠ @) ∧ ∀x ∈ u0Ku0 ≠ @∃y ∈ u1Ju0 = x(y ≠ @)
∧ ∀x ∈ u0Ku0 ≠ @(man x ∧ ∀y ∈ u1Ju0 = x(y ≠ @ → see(x, y) ∧ frn(x, y)))

5. ∃x(man x ∧ ∃y(see(x, y) ∧ frn(x, y))) simplify

FACT 4R
1. [smile{u1, u0}]
2. λIstλJst. I = J ∧ smile{u1, u0}J D2.C
3. λIstλJst. I = J ∧ Ju1 ≠ @, u0 ≠ @ ≠ ∅ ∧ ∀is ∈ Ju1 ≠ @, u0 ≠ @(smile(u1i, u0i)) D1.R
4. λIstλJst. I = J ∧ ∃is ∈ I(@ ∉ {u1i, u0i}) ∧ ∀is ∈ I(@ ∉ {u1i, u0i} → smile(u1i, u0i)) D03

FACT 4u0
1. u0([smile{u1, u0}])
2. λIJ. Iu0 = @ = Ju0 = @ ∧  u0Iu0 ≠ @ = u0Ju0 ≠ @ ∧ ∃x ∈ u0I(x ≠ @) Fu

∧ ∀x ∈ u0Iu0 ≠ @([smile{u1, u0}]Iu0 = xJu0 = x)
3. λIJ. Iu0 = @ = Ju0 = @ ∧  u0Iu0 ≠ @ = u0Ju0 ≠ @ ∧ ∃x ∈ u0I(x ≠ @) F4R

∧ ∀x ∈ u0Iu0 ≠ @(Iu0 = x = Ju0 = x ∧ ∃i ∈ Iu0 = x(@ ∉ {u1i, u0i})
∧ ∀is ∈ Iu0 = x(@ ∉ {u1i, u0i} → smile(u1i, u0i))

4. λIJ. Iu0 = @ = Ju0 = @ ∧ ∀x ∈ u0Iu0 ≠ @(Iu0 = x = Ju0 = x) ∧ u0Iu0 ≠ @ = u0Ju0 ≠ @ rearrange
∧ ∃x ∈ u0I(x ≠ @) ∧ ∀x ∈ u0Iu0 ≠ @∃i ∈ Iu0 = x(u1i ≠ @)
∧ ∀x ∈ u0Iu0 ≠ @∀is ∈ Iu0 = x(u1i ≠ @ → smile(u1i, x)) D03

5. λIJ. I = J ∧ ∃x ∈ u0I(x ≠ @) ∧ ∀x ∈ u0Iu0 ≠ @∃i ∈ Iu0 = x(u1i ≠ @) simplify
∧ ∀x ∈ u0Iu0 ≠ @∀i ∈ Iu0 = x(u1i ≠ @ → smile(u1i, x))
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FACT 4u1
1. u1(u0([smile{u1, u0}]))
2. λIJ. Iu1 = @ = Ju1 = @ ∧  u1Iu1 ≠ @ = u1Ju1 ≠ @ ∧ ∃y ∈ u1I(y ≠ @) Fu

∧ ∀y ∈ u1Iu1 ≠ @(u0([smile{u1, u0}])Iu1 = yJu1 = y)
3. λIJ. Iu1 = @ = Ju1 = @ ∧  u1Iu1 ≠ @ = u1Ju1 ≠ @ ∧ ∃y ∈ u1I(y ≠ @) F4u0

∧ ∀y ∈ u1Iu1 ≠ @(Iu1 = y = Ju1 = y ∧ ∃x ∈ u0Iu1 = y(x ≠ @)
∧ ∀x ∈ u0Iu1 = y, u0 ≠ @ ∃i ∈ Iu1 = y, u0 = x(u1i ≠ @)
∧ ∀x ∈ u0Iu1 = y, u0 ≠ @∀i ∈ Iu1 = y, u0 = x(u1i ≠ @ → smile(u1i, x))))

4. λIJ. Iu1 = @ = Ju1 = @ ∧  u1Iu1 ≠ @ = u1Ju1 ≠ @ ∧ ∃y ∈ u1I(y ≠ @) D03,
∧ ∀y ∈ u1Iu1 ≠ @(Iu1 = y = Ju1 = y ∧ ∃x ∈ u0Iu1 = y(x ≠ @) simplify

∧ ∀x ∈ u0Iu1 = y(x ≠ @ → smile(y, x))))
5. λIJ. I = J ∧ ∃y ∈ u1I(y ≠ @) ∧ ∀y ∈ u1Iu1 ≠ @∃x ∈ u0Iu1 = y(x ≠ @) simplify

∧ ∀y ∈ u1Iu1 ≠ @∀x ∈ u0Iu1 = y(x ≠ @ → smile(y, x))))

FACT 4;
1. ([u0]; u0([man{u0}]); u0([u1]; u1([frn{u1, u0}, see{u0, u1}]))); u1(u0([smile{u1, u0}]))
2. λIJ. ∃K(([u0]; u0([man{u0}]); u0([u1]; u1([frn{u1, u0}, see{u0, u1}])))IK D2.;

∧ u1(u0([smile{u1, u0}]))KJ)
3. λIJ. ∃K(∃H([u0]IH ∧ Hu0 = @ = Ku0 = @

 ∧ ∀x ∈ u0H(x ≠ @ → [u1]Hu0 = xKu0 = x) F3′;
∧ ∃x ∈ u0H(x ≠ @) ∧ ∀x ∈ u0Hu0 ≠ @∃y ∈ u1Ku0 = x(y ≠ @)
∧ ∀x ∈ u0Hu0 ≠ @(man x ∧ ∀y ∈ u1Ku0 = x(y ≠ @ → see(x, y) ∧ frn(x, y)))

∧ K = J ∧ ∃y ∈ u1K(y ≠ @) ∧ ∀y ∈ u1Ku1 ≠ @ ∃x ∈ u0Ku1 = y(x ≠ @) F4u1

∧ ∀y ∈ u1Ku1 ≠ @∀x ∈ u0Ku1 = y(x ≠ @ → smile(y, x)))
4. λIJ. ∃H([u0]IH ∧ Hu0 = @ = Ju0 = @

 ∧ ∀x ∈ u0H(x ≠ @ → [u1]Hu0 = xJu0 = x) elim. K
∧ ∃x ∈ u0H(x ≠ @) ∧ ∀x ∈ u0Hu0 ≠ @∃y ∈ u1Hu0 = x(y ≠ @)
∧ ∀x ∈ u0Hu0 ≠ @( man x ∧ ∀y ∈ u1Ju0 = x(y ≠ @ → see(x, y) ∧ frn(x, y)))

∧ ∃y ∈ u1H(y ≠ @) ∧ ∀y ∈ u1Hu1 ≠ @ ∃x ∈ u0Hu1 = y(x ≠ @)
∧ ∀y ∈ u1Hu1 ≠ @∀x ∈ u0Ku1 = y(x ≠ @ → smile(y, x)))

5. λIJ. ∃H([u0]IH ∧ Hu0 = @ = Ju0 = @
 ∧ ∀x ∈ u0Hu0 ≠ @([u1]Hu0 = xJu0 = x) simplify

∧ ∃x ∈ u0H(x ≠ @) ∧ ∀x ∈ u0Hu0 ≠ @∃y ∈ u1Hu0 = x(y ≠ @)
∧ ∀x ∈ u0Hu0 ≠ @(man x ∧ ∃y ∈ u1Ju0 = x(y ≠ @)

∧ ∀y ∈ u1Ju0 = x(y ≠ @ → see(x, y) ∧ frn(x, y) ∧ smile(y, x)))
6. λIJ. ∃H([u0]IH ∧ Hu0 = @ = Ju0 = @

 ∧ ∃x ∈ u0H(x ≠ @) ∧ ∀x ∈ u0Hu0 ≠ @([u1]Hu0 = xJu0 = x)   D03
∧ ∀x ∈ u0Hu0 ≠ @(man x ∧ ∃y ∈ u1Ju0 = x(y ≠ @)

∧ ∀y ∈ u1Ju0 = x(y ≠ @ → see(x, y) ∧ frn(x, y) ∧ smile(y, x)))
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FACT 4|=
(1) iff (5)
1. |= ([u0]; u0([man{u0}]); u0([u1]; u1([see{u0, u1}, frn{u1, u0}]))); u1(u0([smile{u1, u0}]))
2. ∃J (([u0]; u0([man{u0}])); u0([u1]; u1([see{u0, u1}, frn{u1, u0}])));

u1(u0([smile{u1, u0}]))){i@}J D5
3. ∃J. ∃H([u0]{i@}H ∧ Hu0 = @ = Ju0 = @

 F4;
∧ ∃x ∈ u0H(x ≠ @) ∧ ∀x ∈ u0Hu0 ≠ @([u1]Hu0 = xJu0 = x)
∧ ∀x ∈ u0Hu0 ≠ @(man x ∧ ∃y ∈ u1Ju0 = x(y ≠ @)

∧ ∀y ∈ u1Ju0 = x(y ≠ @ → see(x, y) ∧ frn(x, y) ∧ smile(y, x)))
4. ∃J. ∃H(H ≠ ∅ ∧ ∀h ∈ H(i@[u0]h ∧ Hu0 = @ = Ju0 = @ F1

∧ ∃x ∈ u0H(x ≠ @) ∧ ∀x ∈ u0Hu0 ≠ @([u1]Hu0 = xJu0 = x)
∧ ∀x ∈ u0Hu0 ≠ @(man x ∧ ∃y ∈ u1Ju0 = x(y ≠ @)

∧ ∀y ∈ u1Ju0 = x(y ≠ @ → see(x, y) ∧ frn(x, y) ∧ smile(y, x)))
5. ∃x(man x ∧ ∃y(frn(y, x) ∧ see(x, y) ∧ smile(y, x)) smpl.

APPENDIX 2. FACTS FOR DISCOURSE (3)

FACT 1«
1. [u0 « Al]
2. λIJ. I = J ∧ (u0 « Al)J D2.C
3. λIJ. I = J ∧ ∀i ∈ Ju0 ≠ @(u0i = Ali) D1.«
4. λIJ. I = J ∧ ∀i ∈ Ju0 ≠ @(u0i = al) D03
5. λIJ. I = J ∧ ∃x ∈ u0J(x ≠ @ → x = al) D03

FACT 1;
1. [u0]; [u0 « Al]
2. λIJ. ∃Kst([u0]IK ∧ [u0 « Al]KJ) D3.;
3. λIJ. ∃Kst([u0]IK ∧ K = J ∧ ∀x ∈ u0J(x ≠ @ → x = al) F1«
4. λIJ. [u0]IJ ∧ ∀x ∈ u0J(x ≠ @ → x = al) simplify

FACT 2R ~ A1: F3R
1. [own{u0, u1}, cow{u1, u0}]
2. λIJ. I = J ∧ ∃is ∈ J(@ ∉ {u0i, u1i})

∧ ∀is ∈ J(@ ∉ {u0i, u1i} → own(u0i, u1i) ∧ cow(u1i))

FACT 2u1 ~ A1: F3u1
1. u1([own{u0, u1}, cow{u1}])
2. λIJ. I = J ∧ ∃y ∈ u1J(y ≠ @)

∧ ∀y ∈ u1Ju1 ≠@(∃i ∈ Ju1 = y(u0i ≠ @)
∧ ∀i ∈ Ju1 = y(u0i ≠ @ → own(u0i, y) ∧ cow(y)))

FACT 2; ~ A1: F3;
1. [u1]; u1([own{u0, u1}, cow{u1}]))
2. λIJ. [u1]IJ ∧ ∃y ∈ u1J(y ≠ @)

∧ ∀y ∈ u1Ju1 ≠ @(∃is ∈ Ju1 = y(u0i ≠ @)
∧ ∀is ∈ Ju1 = y(u0i ≠ @ → own(u0i, y) ∧ cow(y)))
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FACT 2m
1. maxu1(u1([own{u0, u1}, cow{u1}]))
2. λIJ. ([u1]; u1([own{u0, u1}, cow{u1}]))IJ D3

∧ ∀K(([u1]; u1([own{u0, u1}, cow{u1}]))IK → u1Ku1 ≠ @ ⊆ u1Ju1 ≠ @

3. λIJ. [u1]IJ ∧ ∃y ∈ u1J(y ≠ @) F2;
∧ ∀y ∈ u1Ju1 ≠ @(∃i ∈ Ju1 = y(u0i ≠ @)

∧ ∀i ∈ Ju1 = y(u0i ≠ @ → own(u0i, y) ∧ cow(y)))
∧ ∀K([u1]IK ∧ ∃y ∈ u1K(y ≠ @)

∧ ∀y ∈ u1Ku1 ≠ @(∃i ∈ Ku1 = y(u0i ≠ @)
∧ ∀is ∈ Ku1 = y(u0i ≠ @ → own(u0i, y) ∧ cow(y)))

→ u1Ku1 ≠ @ ⊆ u1Ju1 ≠ @)
4. λIJ. [u1]IJ ∧ ∃y ∈ u1J(y ≠ @) ∧ ∀y ∈ u1J(y ≠ @ → ∃i ∈ Ju1 = y(u0i ≠ @)) simplify

∧ ∀y(y ∈ u1Ju1 ≠ @ ↔ ∃x ∈ u0Ju1 = y(own(x, y) ∧ cow(y)))
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Structured nominal and modal reference (2):
Update Semantics + Ty2 (UTy2)

0. NOMINAL REFERENCE: OUTLINE OF ANALYSIS IN UTy2

(I) Anaphora to a non-maximized (‘indefinite’) antecedent
(1) i. Au0 man sawu1 a friend. 

U [u0]; [man〈u0〉]; [u1]; [see〈u0, u1〉]; [frn〈u1, u0〉] =: (1′i)

Output if man a saw his friends b and b′, and man a′ saw his friend b′.
J1 u0 u1
i11 a b
i12 a b′
i13 a′ b′

ii. Sheu1 smiled to himu0.
U [smile.to〈u1, u0〉] =: (1′ii)

Output if b smiled to a, and b′, to a′.
J2 u0 u1
i11 a b
i13 a′ b′

(M) Anaphora to a maximized/indexical (‘definite’) antecedent  
(3) i. Alu0 [ownsu0

u1 severalA1 cowsu1]A1 ~ u1.
U  [u0]; [u0 = Al]; [u1]; [own〈u0, u1〉]; [A1]; [PL〈A1〉]; [cow〈u1〉]; [A1 ~ u1] =: (3′i)

Output if Al owns exactly three cows: b, b′, and b″.
J31 u0 u1 A1
ib al b {b, b′, b″}
ib′ al b′ {b, b′, b″}
ib″ al b″ {b, b′, b″}

ii. Tomu2 [vaccinatesu2, u1 themA1]A1 ~ u1.
U [u2]; [u2 = Tom]; [vaccinate〈u2, u1〉]; [PL〈A1〉]; [A1 ~ u1] =: (3′ii)

J32 u0 u1 u2 A1
ib al b tom {b, b′, b″}
ib′ al b′ tom {b, b′, b″}
ib″ al b″ tom {b, b′, b″}

(D) Distributive nominal quantification (a la van den Berg 1994)
(3) ii′. Tomu2 [vaccinatesu2, u1 [mostA1

A2 [ofu1 ∈ A1 themA1]]A2 ~ u1

U [u2]; [u2 = Tom]; [vaccinate〈u2, u1〉];
[A2]; [MOST〈A1, A2〉]; [u1 ∈ A1]; [PL〈A1〉]; [A2 ~ u1] =: (3′ii′)

Output if Tom vaccinates b and b″:
J′52 u0 u1 u2 A1 A2

ib al b tom {b, b′, b″} {b, b″}
ib″ al b″ tom {b, b′, b″} {b, b″}
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(Q) Anaphora to a quantified antecedent cf. vd Berg, 1994; Brasoveanu, 2007
(6) i. Billu0 [threw a party]u0

u1.
U [u0];  u0 = Bill]; [u1]; [party.of〈u1, u0〉];

Output if Bill threw party b:
J1 u0 u1
i11 bill b

ii. MostA1, A2 [ofu2 ∈ A1 theA1 ~ u2 guestsu2, u1] A1 ~ u2 [had a good time]A2 ~ u2.
U ([A1]; [A2]; [MOST〈A1, A2〉]); ([u2]; [u2 ∈ A1]; [A1 ~ u2]; [guest.at〈u2, u1〉]; [A1 ~ u2]);

([hgt〈u2〉]; [A2 ~ u2])

Output of quantifier update J21 := ([A1]; [A2]; [MOST〈A1, A2〉])J1

if De = {@, bill, b, c, c′, c″}
J21 u0 u1 A1 A2
i11 bill b {bill, b, c, c′, c″} {bill, b, c, c′, c″}
h h h h h
i13 bill b {c, c′, c″} {c, c′, c″}
i14 bill b {c, c′, c″} {c, c′}
i15 bill b {c, c′, c″} {c, c″}
i16 bill b {c, c′, c″} {c′, c″}
h h h h h

Output of restrictor update J22 := ([u2]; [guest.at〈u2, u1〉]; [A1 ~ u2])J21

if the guests at b were c, c′, c″,
J22 u0 u1 u2 A1 A2
i21 bill b c {c, c′, c″} {c, c′, c″}
i22 bill b c {c, c′, c″} {c, c′}
i23 bill b c {c, c′, c″} {c, c″}
i24 bill b c {c, c′, c″} {c′, c″}
i25 bill b c′ {c, c′, c″} {c, c′, c″}
i26 bill b c′ {c, c′, c″} {c, c′}
i27 bill b c′ {c, c′, c″} {c, c″}
i28 bill b c′ {c, c′, c″} {c′, c″}
i29 bill b c″ {c, c′, c″} {c, c′, c″}
i210 bill b c″ {c, c′, c″} {c, c′}
i211 bill b c″ {c, c′, c″} {c, c″}
i212 bill b c″ {c, c′, c″} {c′, c″}

Output of nuclear scope update J23 := ([hgt〈u2〉]; [A2 ~ u2])J22

if c′ and c″ had a good time (hgt):
J23 u0 u1 u2 A1 A2
i28 bill b c′ {c, c′, c″} {c′, c″}
i212 bill b c″ {c, c′, c″} {c′, c″}

iii. TheyA2 [stayedu2 until late]A2 ~ u2.
U [PL〈A2〉]; [stay.late〈u2〉]; [A2 ~ u2]
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(7) i. Billu0 [threw a party]u0
u1.

U [u0];  u0 = Bill]; [u1]; [party.of〈u1, u0〉];

Output if Bill threw party b:
J1 u0 u1
i11 bill b

ii. NoneA1 [ofu2 ∈ A1 theA1 ~ u2 guestsu2, u1] A1 ~ u2 [left before midnight]A1 ~ u2.
U [A1]; ([u2]; [u2 ∈ A1]; [A1 ~ u2]; [guest.at〈u2, u1〉]; [A1 ~ u2]); ([¬[lbm〈u2〉]]; [A1 ~ u2])

Output of domain update J21 := [A1]J1
if De = {@, bill, b, c, c′, c″}
J21 u0 u1 A1
i11 bill b {bill, b, c, c′, c″}
h h h h
i13 bill b {c, c′, c″}
h h h h

Output of restrictor update J22 := ([u2]; [guest.at〈u2, u1〉]; [A1 ~ u2])J21

if the guests at b were c, c′, c″,
J22 u0 u1 u2 A1
i21 bill b c {c, c′, c″}
i22 bill b c′ {c, c′, c″}
i23 bill b c″ {c, c′, c″}

Output of nuclear scope update J23 := ([¬[lbm〈u2〉]]; [A1 ~ u2])J22

if none of c, c′ and c″ left before midnight (lmb):
J22 u0 u1 u2 A1 A2
i21 bill b c {c, c′, c″} {@}
i22 bill b c′ {c, c′, c″} {@}
i23 bill b c″ {c, c′, c″} {@}

if any of c, c′ and c″ left before midnight (lmb):
{}

iii. TheyA1 allA1 ~ u2 [had a good time]A1 ~ u2.
U [PL〈A1〉]; [A1 ~ u2]; [hgt〈u2〉]; [A1 ~ u2]

(S) Quantificational subordination cf. Brasoveanu, 2007

(9) i. (Last year) Alu0 [attendedu0
u1 severalA1 conventionsu1]A1 ~ u1.

U [u0]; [u0 = Al]; [u1]; [attend〈u0, u1〉]; [A1]; [PL〈A1〉]; [cnv〈u1〉]; [A1 ~ u1]

ii. At [everyA1 [conventionu1]A1 ~ u1 [a 
u1(u2) friendu2, u0 of hisu0 courtedu2, u1

u3 au1(u3) girlu3]A1 ~ u1
U [PL〈A1〉]; [cnv〈u1〉]; [A1 ~ u1]; [u2]; [frn〈u2, u0〉]; [SG{u0}]; [u3]; [crt.at〈u2, u3, u1〉];

[girl〈u3〉]; [u1(SG{u3})]; [u1(SG{u2})]; [A1 ~ u1]

iii. Sheu1(u3) usuallyA2
A1 ~ u1 [came to the banquet (of u1) with himu2]A2 ~ u1.

U [u1(SG{u3})]; [A2]; [MOST〈A1, A2〉]; [A1 ~ u1]; [ctbw〈u3, u1, u2〉]; [u1(SG{u2})]; [A2 ~ u1]
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1. ANAPHORA TO A NON-MAXIMIZED ANTECEDENT

Default info state (dummy)
u0 u1 u2

i@ @ @ @

(11) au0

[u0] (simplified, see sec. 5)
= λIstλjs. ∃i ∈ I(i[u0]j ∧ u0j ≠ @) D3.[u]

Output J1 := [u0]{i@} for De = {@, a, a′, b, b′}:
J1 u0 u1 u2 …
i11 a @ @ …
i12 a′ @ @ …
i13 b @ @ …
i14 b′ @ @ …

(12) manu0
[man〈u0〉]

= λIstλjs. j ∈ I ∧ man u0j D3.C, D1.R

Output J2 := [man〈u0〉]J1,
if the men in De are a and a′
J2 u0 u1 u2 …
i11 a @ @ …
i12 a′ @ @ …

FACT 2|=
|= [u0]; [man{u0}]

iff ∃xe(man x) 

(13) sawu0
u1

[u1]; [see〈u0, u1〉]
= λIst λjs. ∃is ∈ I(i[u1]j ∧ see(u0i, u1j)) D3.u, D3.C, D1.R, D3.;

Output J31 := [u1]J2 = λjs. ∃is ∈ J2(i[u1]j ∧ u1j ≠ @) D3.u
J31 u0 u1 u2 …
i31 a a @ …
i32 a a′ @ …
i33 a b @ …
i34 a b′ @ …
i35 a′ a @ …
i36 a′ a′ @ …
i37 a′ b @ …
i38 a′ b′ @ …
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Output J32 := [see〈u0, u1〉]J31 = λjs. j ∈ J31 ∧ see(u0j, u1j) D3.C, D1.R
if  a saw a′, b, and b′, and a′ saw a and b′.
J32 u0 u1 u2 …
i32 a a′ @ …
i33 a b @ …
i34 a b′ @ …
i35 a′ a @ …
i38 a′ b′ @ …

FACT 3|=
|= [u0]; [man〈u0〉]; [u1]; [see〈u0, u1〉]

iff ∃xe(man x ∧ ∃ye(see(x, y)))

(14) [a friend] u1, u0

[frn〈u1, u0〉] (simplified, see sec. 5)
= λIst λjs. js ∈ I ∧ frn(u0j, u1j) D3.C, D1.R

Output J4 := [frn〈u1, u0〉]J32 = λjs. j ∈ J32 ∧ frn(u1j, u0j)
if a is friends with b and b′, and a′ with b′:
J4 u0 u1 u2 …
i33 a b @ …
i34 a b′ @ …
i38 a′ b′ @ …

FACT 4|=
|= [u0]; [man〈u0〉]; [u1]; [see〈u0, u1〉]; [frn〈u1, u0〉]

iff ∃xe(man x ∧ ∃ye(see(x, y) ∧ frn(y, x)))

(15) Sheu1 smiled to himu0.
[smile.to〈u1, u0〉] (simplified, see sec. 5)

= λIstλjs. j ∈ I ∧ smile.to(u1j, u0j) D3.C, D1.R  

Output J5 := [smile.to〈u1, u0〉]J4 = λjs. j ∈ J4 ∧ smile.to(u1j, u0j)
if b smiled to a, and b′ to a′:
J5 u0 u1 u2 …
i51 a b @ …
i52 a′ b′ @ …

FACT 5|=
|= [u0]; [man〈u0〉]; [u1]; [see〈u0, u1〉]; [frn〈u1, u0〉]; [smile.to〈u1, u0〉]

iff ∃xe(man x ∧ ∃ye(see(x, y) ∧ frn(y, x) ∧ smile.to(y, x)))
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2. ANAPHORA TO A MAXIMIZED ANTECEDENT

u0 u1 u2 … A1 …
i@ @ @ @ … {@} …

(31) Al u0

[u0] ; [u0 = Al]
= λIstλjs. ∃i ∈ I(i[u0]j ∧ u0j = al) D3;, u, C, D1.=

Output J1 := ([u0]; [u0 = Al]){i@}
J1 u0 u1 u2 … A1 …
i11 al @ @ … {@} …

(32) [ownsu0
u1

[u1]; [own〈u0, u1〉]
= λIstλjs. ∃is ∈ J(i[u1]j ∧ own u0i u1j) D3.;, u, C, D1.R 

Output J2 :=  ([u1]; [own〈u0, u1〉])J1

if Al owns a, b, b′, and b″:
J2 u0 u1 u2 … A1 …
i21 al a @ … {@} …
i22 al b @ … {@} …
i23 al b′ @ … {@} …
i24 al b″ @ … {@} …

FACT 2|=
|= [u0]; [u0 = Al]; [u1]; [own{u0, u1}]

iff ∃ye own(al, y) 

(33) severalA1

[A1]; [PL〈A1〉]
= λIst λjs. ∃is ∈ I(i[A1]j ∧ @ ∉ A1j ∧ |A1j| > 1 D3.;, A, C, D1.PL

Output J3  :=  ([A1]; [PL{u1}])J2,
if De = {@, al, a, b, b′, b″}
J3 u0 u1 u2 … A1 …
i31 al a @ … {al, a, b, b′, b″} …
h h h h h h h
i32 al a @ … {b′, b″} …
i33 al b @ … {al, a, b, b′, b″} …
h h h h h h h
i34 al b @ … {b′, b″} …
i25 al b′ @ … {al, a, b, b′, b″} …
h h h h h h h
i26 al b′ @ … {b′, b″} …
i27 al b″ @ … {al, a, b, b′, b″} …
h h h h h h h
i28 al b″ @ … {b′, b″} …
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 (34) cowsu1]A1 ~ u1

[cow〈u1〉]; [A1 ~ u1]

Output J41  := [cow〈u1〉]J2

= λjs. j ∈ J2 ∧ cow u1j D3.C, D1.R
if the cows in {a, b, b′, b″} are  b, b′, b″:
J41 u0 u1 u2 … A1
i411 al b @ … {al, a, b, b′, b″}
h h h h h h
i412 al b @ … {b, b′, b″}
h h h h h h
i413 al b @ … {b′, b″}
i421 al b′ @ … {al, a, b, b′, b″}
h h h h h h
i422 al b′ @ … {b, b′, b″}
h h h h h h
i423 al b′ @ … {b′, b″}
i431 al b″ @ … {al, a, b, b′, b″}
h h h h h h
i432 al b″ @ … {b, b′, b″}
h h h h h h
i433 al b″ @ … {b′, b″}

Output J42 := [A1 ~  u1]J41
= λjs. j ∈ J41 ∧ A1j = u1J41 D3.~

J42 u0 u1 u2 … A1
i412 al b @ … {b, b′, b″}
i422 al b′ @ … {b, b′, b″}
i482 al b″ @ … {b, b′, b″}

FACT 3.4|=
|= [u0] ; [u0 = Al] ; [u1]; [own{u0, u1}]; [A1]; [PL〈A1〉]; [cow〈u1〉]; [A1 ~ u1]

iff ∃y1∃y2(y1 ≠ y2 ∧ own(al, y1) ∧ cow y1 ∧ own(al, y2) ∧ cow y2)

(35) Tomu2

[u2] ; [u2 = Tom]
= λIstλjs. ∃i ∈ I(i[u2]j ∧ u2j = tom) D3.;, u, C, D1.=, 

D03.Tom, D02.c
Output J5 := ([u2]; [u2 = Tom])J42

= λjs. ∃is ∈ J42(i[u2]j ∧ u2j = tom)  

J5 u0 u1 u2 … A1
i51 al b tom … {b, b′, b″} …
i52 al b′ tom … {b, b′, b″} …
i53 al b″ tom … {b, b′, b″} …
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(36) [vaccinatesu2,  u1
[vaccinate〈u2, u1〉]

Output J6 := [vaccinate〈u2, u1〉]J51

= λjs. j ∈ J5 ∧ vaccinate(u2j, u1j) D3.C, D1.R
Model 1: Model 2:
Tom vaccinates b, b′, and b″ Tom vaccinates b and b′ only
J6 u0 u1 u2 … A1 J6 u0 u1 u2 … A1
i51 al b tom … {b, b′, b″} … i51 al b tom {b, b′, b″}
i52 al b′ tom … {b, b′, b″} … i52 al b′ tom {b, b′, b′}
i53 al b″ tom … {b, b′, b″} …

(37) themA1]A1 ~ u1
[PL〈A1〉]; [A1 ~ u1]

Output J71 := [PL〈A1〉]J6

= λjs. j ∈ J6 ∧ |A1j| > 1 D3.G, D2.PL
Model 1: Model 2:
J71 u0 u1 u2 … A1 J71 u0 u1 u2 … A1
i51 al b tom … {b, b′, b″} … i51 al b tom {b, b′, b″}
i52 al b′ tom … {b, b′, b″} … i52 al b′ tom {b, b′, b′}
i53 al b″ tom … {b, b′, b″} …

Output J72 := [A1 ~ u1]J71
= λjs. j ∈ J71(A1j = u1J71)  D3.~

Model 1: Model 2:
J72 u0 u1 u2 … A1 {}
i51 al b tom … {b, b′, b″} …
i52 al b′ tom … {b, b′, b″} …
i53 al b″ tom … {b, b′, b″} …

FACT 3.7|=
|= [u0] ; [u0 = Al] ; [u1| own〈u0, u1〉]; [A1| PL〈A1〉]; [cow〈u1〉]; [A1 ~ u1];

[u2] ; [u2 = Tom]; [vaccinate{u2, u1}]; [PL〈A1〉]; [A1 ~ u1]

iff ∃y1∃y2(y1 ≠ y2 ∧ own(al, y1) ∧ cow y1 ∧ own(al, y2) ∧ cow y2)
∧ ∀y(own(al, y) ∧ cow y → vaccinate(tom, y))
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3. DISTRIBUTIVE QUANTIFICATION

Default info state (dummy)
u0 u1 u2 … A1 …

i@ @ @ @ … {@} …

(34) Al u0 [ownsu0
u1

 severalA1 cowsu1]A1 ~ u1

[u0]; [u0 = Al]; [u1]; [own〈u0, u1〉]; [A1]; [PL〈A1〉]; [cow〈u1〉]; [A1 ~ u1]

J42 u0 u1 u2 … A1
i412 al b @ … {b, b′, b″}
i422 al b′ @ … {b, b′, b″}
i482 al b″ @ … {b, b′, b″}

(36) Tomu2
 [vaccinatesu2, u1

[u2] ; [u2 = Tom]; [vaccinate〈u2, u1〉]

Model 1: 
Tom vaccinates b, b′, and b″
J62 u0 u1 u2 … A1
i61 al b tom … {b, b′, b″} …
i62 al b′ tom … {b, b′, b″} …
i63 al b″ tom … {b, b′, b″} …

Model 1: 
Tom vaccinates b and b′ only
J62 u0 u1 u2 … A1
i61 al b tom … {b, b′, b″} …
i62 al b′ tom … {b, b′, b″} …

Model 3: 
Tom vaccinates b only
J62 u0 u1 u2 … A1
i61 al b tom … {b, b′, b″} …
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(37′) mostA1
A2

[A2]; [MOST〈A1, A2〉]
= λIstλjs. ∃is ∈ I(i[A2]j ∧ @ ∉ A2j ⊆ A1j ∧ |A1j ∩ A2j| > |A1j – A2j|  D3.;, A, C, D1.MOST

Output J7 := ([A2]; [MOST〈A1, A2〉])J62

= λjs. ∃i ∈ J62(i[A2]j ∧ A2j ⊆ A1j ∧ |A1j ∩  A2j| > |A1j – A2j|
Model 1: 
Tom vaccinates b, b′, and b″
J7′ u0 u1 u2 … A1 A2

i711 al b tom … {b, b′, b″} … {b, b′, b″} …
i712 al b tom … {b, b′, b″} … {b, b′} …
i713 al b tom … {b, b′, b″} … {b, b″} …
i714 al b tom … {b, b′, b″} … {b′, b″} …
i721 al b′ tom … {b, b′, b″} … {b, b′, b″} …
i722 al b′ tom … {b, b′, b″} … {b, b′} …
i723 al b′ tom … {b, b′, b″} … {b, b″} …
i724 al b′ tom … {b, b′, b″} … {b′, b″} …
i731 al b″ tom … {b, b′, b″} … {b, b′, b″} …
i732 al b″ tom … {b, b′, b″} … {b, b′} …
i733 al b″ tom … {b, b′, b″} … {b, b″} …
i734 al b″ tom … {b, b′, b″} … {b′, b″} …

Model 2: 
Tom vaccinates b and b′ only
J7 u0 u1 u2 … A1 A2
i711 al b tom … {b, b′, b″} … {b, b′, b″} …
i712 al b tom … {b, b′, b″} … {b, b′} …
i713 al b tom … {b, b′, b″} … {b, b″} …
i714 al b tom … {b, b′, b″} … {b′, b″} …
i721 al b′ tom … {b, b′, b″} … {b, b′, b″} …
i722 al b′ tom … {b, b′, b″} … {b, b′} …
i723 al b′ tom … {b, b′, b″} … {b, b″} …
i724 al b′ tom … {b, b′, b″} … {b′, b″} …

Model 3: 
Tom vaccinates b only
J7 u0 u1 u2 … A1 A2
i711 al b tom … {b, b′, b″} … {b, b′, b″} …
i712 al b tom … {b, b′, b″} … {b, b′} …
i713 al b tom … {b, b′, b″} … {b, b″} …
i714 al b tom … {b, b′, b″} … {b′, b″} …
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(38) ofu1 ∈ A1

[u1 ∈ A1]
= λIλj. j ∈ I ∧ u1j ∈ A1j D3.C, D1.∈

Output J8 := [u1 ∈ A1]J7

= J7
for Models 1–3

(39) themA1]A2 ~ u1
[PL〈A1〉]; [A2 ~ u1]

Output J91 := [PL〈A1〉]J7

= J7
for Models 1–3

Output J92 := [A2 ~ u1]J7
= λjs. j ∈ J7 ∧ A2j = u1J7 D3.~

Model 1: 
Tom vaccinates b, b′, and b″
J92 u0 u1 u2 … A1 A2
i711 al b tom … {b, b′, b″} … {b, b′, b″} …
i721 al b′ tom … {b, b′, b″} … {b, b′, b″} …
i731 al b″ tom … {b, b′, b″} … {b, b′, b″} …

Model 2: 
Tom vaccinates b and b′ only
J92 u0 u1 u2 … A1 A2
i712 al b tom … {b, b′, b″} … {b, b′} …
i722 al b′ tom … {b, b′, b″} … {b, b′} …

Model 3: 
Tom vaccinates b only
J92 = {}

4. ANAPHORA TO A QUANTIFIED ANTECEDENT

Default info state (dummy)
u0 u1 u2 … A1 …

i@ @ @ @ … {@} …

(61) Bill u0 [threw a party] u0
u1

[u0]; [u0 = Bill]; [u1]; [party.of〈u1, u0〉]

Output J1 := ([u0| u0 = Bill]; [u1]; [party.of〈u1, u0〉]){i@}
if Bill threw party b:

J1 u0 u1
i1 bill b
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(62) [MostA1, A2

[A1]; [A2]; [MOST〈A1, A2〉] quantifier update

Output J2 := ([A1]; [A2]; [MOST〈A1, A2〉])J1

= λk. ∃i ∈ J1∃j(i[A1]j ∧ @ ∉ A1j ∧ j[A2]k ∧ @ ∉ A2k
∧ A2k ⊆ A1k ∧ |A1k ∩ A2k | > |A1k – A2k|) 

if De = {@, bill, b, c, c′, c″}
J2 u0 u1 A1 A2
i11 bill b {bill, b, c, c′, c″} {bill, b, c, c′, c″}
h h h h h
i13 bill b {c, c′, c″} {c, c′, c″}
i14 bill b {c, c′, c″} {c, c′}
i15 bill b {c, c′, c″} {c, c″}
i16 bill b {c, c′, c″} {c′, c″}
i17 bill b {bill, b, c} {bill, b, c}
h h h h h

(63) [ofu2 ∈ A1 theA1 ~ u2 guestsu2, u1]A1 ~ u2

([u2]; [u2 ∈ A1]); [A1 ~ u2]; [guest.at〈u2, u1〉]; [A1 ~ u2] restrictor update
= (λIλj. ∃i ∈ I(i[u2]j ∧ u2j ∈ A1j)); (λIλj. j ∈ I ∧ A1j = u2I);

(λIλj. j ∈ I ∧ guest.at(u2j, u1j)); (λIλj. j ∈ I ∧ A1j = u2I)

Output J31 := ([u2]; [u2 ∈ A1]; [A1 ~ u2]; [guest.at〈u2, u1〉])J2

if the guests at b were c, c′, c″,
J32 u0 u1 u2 A1 A2
i1 bill b c {bill, b, c, c′, c″} {bill, b, c, c′, c″}
i2 bill b c′ {bill, b, c, c′, c″} {bill, b, c, c′, c″}
i3 bill b c″ {bill, b, c, c′, c″} {bill, b, c, c′, c″}
h h h h h h
i31 bill b c {c, c′, c″} {c, c′, c″}
i35 bill b c′ {c, c′, c″} {c, c′, c″}
i39 bill b c″ {c, c′, c″} {c, c′, c″}
i32 bill b c {c, c′, c″} {c, c′}
i36 bill b c′ {c, c′, c″} {c, c′}
i310 bill b c″ {c, c′, c″} {c, c′}
i33 bill b c {c, c′, c″} {c, c″}
i37 bill b c′ {c, c′, c″} {c, c″}
i311 bill b c″ {c, c′, c″} {c, c″}
i34 bill b c {c, c′, c″} {c′, c″}
i38 bill b c′ {c, c′, c″} {c′, c″}
i312 bill b c″ {c, c′, c″} {c′, c″}
i313 bill b c {bill, b, c} {bill, b, c}
i314 bill b c′ {bill, b, c} {bill, b, c}
i315 bill b c″ {bill, b, c} {bill, b, c}
h h h h h
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Output J32 := [A1 ~ u2]J31
= λj. j ∈ J31 ∧ A1j = u2J31 D3.~

J32 u0 u1 u2 A1 A2
i31 bill b c {c, c′, c″} {c, c′, c″}
i35 bill b c′ {c, c′, c″} {c, c′, c″}
i39 bill b c″ {c, c′, c″} {c, c′, c″}
i32 bill b c {c, c′, c″} {c, c′}
i36 bill b c′ {c, c′, c″} {c, c′}
i310 bill b c″ {c, c′, c″} {c, c′}
i33 bill b c {c, c′, c″} {c, c″}
i37 bill b c′ {c, c′, c″} {c, c″}
i311 bill b c″ {c, c′, c″} {c, c″}
i34 bill b c {c, c′, c″} {c′, c″}
i38 bill b c′ {c, c′, c″} {c′, c″}
i312 bill b c″ {c, c′, c″} {c′, c″}

(64) had a good time]A2 ~ u2

[hgt〈u2〉]; [A2 ~ u2] nuclear scope update

Output J41 := [hgt〈u2〉]J32

= λj. j ∈ J32 ∧ htg u2j D3.C, D1.R
if c′ and c″ had a good time (hgt):
J41 u0 u1 u2 A1 A2
i31 bill b c {c, c′, c″} {c, c′, c″}
i39 bill b c″ {c, c′, c″} {c, c′, c″}
i32 bill b c {c, c′, c″} {c, c′}
i310 bill b c″ {c, c′, c″} {c, c′}
i33 bill b c {c, c′, c″} {c, c″}
i311 bill b c″ {c, c′, c″} {c, c″}
i34 bill b c {c, c′, c″} {c′, c″}
i312 bill b c″ {c, c′, c″} {c′, c″}

Output J42 := [A2 ~ u2]J41
= λj. j ∈ J41 ∧ A2j = u2J41 D3.~

J42 u0 u1 u2 A1 A2
i33 bill b c {c, c′, c″} {c, c″}
i311 bill b c″ {c, c′, c″} {c, c″}
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(65) [TheyA2

[PL〈A2〉]

Output J5 := [PL〈A2〉]J42

= λj. j ∈ J42 ∧ |A2j| > 1 D3.C, D1.PL
 J51 u0 u1 u2 A1 A2
i33 bill b c {c, c′, c″} {c, c″}
i311 bill b c″ {c, c′, c″} {c, c″}

(66) [stayed until late]u2]A2 ~ u2

[stay.late〈u2〉]; [A2 ~ u2]

Output J61 := [stay.late〈u2〉]J5

= λj. j ∈ J5 ∧ stay.late u2j D3.C, D1.R
Model 1
c and c″ stay late.

J61 u0 u1 u2 A1 A2
i33 bill b c {c, c′, c″} {c, c″}
i311 bill b c″ {c, c′, c″} {c, c″}

Model 2
c and c′ stay late.

J61 u0 u1 u2 A1 A2
i33 bill b c {c, c′, c″} {c, c″}

Output J62 := [A2 ~ u2]J61
= λj. j ∈ J61 ∧ A2j = u2J61 D3.~

Model 1
c and c″ stay late.

J62 u0 u1 u2 A1 A2
i33 bill b c {c, c′, c″} {c, c″}
i311 bill b c″ {c, c′, c″} {c, c″}

Model 2
c and c′ stay late.

J62 = {}
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Default info state (dummy)
u0 u1 u2 … A1 …

i@ @ @ @ … {@} …

(71) Bill u0 [threw a party] u1

[u0]; [u0 = Bill]; [u1]; [party.of〈u1, u0〉]
J1 u0 u1
i1 bill b

(72) [NoneA1 (All É not)
[A1] domain update

Output J2 := [A1]J1
= λk. ∃i ∈ J1(i[A1]j ∧ @ ∉ A1j) D3.A

if De = {@, bill, b, c, c′, c″}
J2 u0 u1 A1
i11 bill b {bill, b, c, c′, c″}
h h h h
i13 bill b {c, c′, c″}
i17 bill b {bill, b, c}
h h h h

(73) [ofu2 ∈ A1 theA1 ~ u2 guestsu2, u1]A1 ~ u2

([u2]; [u2 ∈ A1]); [A1 ~ u2]; [guest.at〈u2, u1〉]; [A1 ~ u2] restrictor update
= (λIλj. ∃i ∈ I(i[u2]j ∧ u2j ∈ A1j)); (λIλj. j ∈ I ∧ A1j = u2I);

(λIλj. j ∈ I ∧ guest.at(u2j, u1j)); (λIλj. j ∈ I ∧ A1j = u2I)

Output J3 := ([u2]; [u2 ∈ A1]; [A1 ~ u2]; [guest.at〈u2, u1〉]; [A1 ~ u2])J2 cf. J32 on p. 13
if the guests at b were c, c′, c″,
J3 u0 u1 u2 A1
i31 bill b c {c, c′, c″}
i35 bill b c′ {c, c′, c″}
i39 bill b c″ {c, c′, c″}
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(74) [not left before midnight]u2]u2 ~ A2.
[¬([lbm〈u2〉])]; [A2 ~ u2] nuclear scope update

Output of J41 := [¬[lbm〈u2〉]]J32

= λj. j ∈ J32 ∧ ¬[lbm〈u2〉]j D3.C
= λj. j ∈ J32 ∧ ¬∃k(k ∈ [lbm〈u2〉]{j}) D1.¬
= λj. j ∈ J32 ∧ ¬∃k(k ∈ λj′( j′ ∈ {j} ∧ lbm u2j′)) D3.C, D1.R
= λj. j ∈ J32 ∧ ¬lbm u2j simplify

Model 1
c did not leave before midnight (lbm) and neither did c′ or c″:
J41 u0 u1 u2 A1
i31 bill b c {c, c′, c″}
i35 bill b c′ {c, c′, c″}
i39 bill b c″ {c, c′, c″}

Model 2
c left before midnight; c′ and c″ didn’t.
J41 u0 u1 u2 A1
i35 bill b c′ {c, c′, c″}
i39 bill b c″ {c, c′, c″}

Output of J42 := [A2 ~ u2]J41
= λj. j ∈ J41 ∧ A2j = u2J41

Model 1
J42 u0 u1 u2 A1
i31 bill b c {c, c′, c″}
i35 bill b c′ {c, c′, c″}
i39 bill b c″ {c, c′, c″}

Model 2
J42 = {}

(75) TheyA1  [allA1 ~ u2

[PL〈A1〉]; [A1 ~ u2]

Output of J51 := [PL〈A1〉]J42

= λj. j ∈ J42 ∧ |A1j| > 1 D3.C, D1.PL
J51 u0 u1 u2 A1
i31 bill b c {c, c′, c″}
i35 bill b c′ {c, c′, c″}
i39 bill b c″ {c, c′, c″}

Output of J52 := [A1 ~ u2]J51
= λj. j ∈ J51 ∧ A1j = u2J51 D3.~

J52 u0 u1 u2 A1
i31 bill b c {c, c′, c″}
i35 bill b c′ {c, c′, c″}
i39 bill b c″ {c, c′, c″}
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(76) [had a good time]u2]A1 ~ u2

[hgt〈u2〉]; [A1 ~ u2]

Output of J61 := [hgt〈u2〉]J52

= λj. j ∈ J52 ∧ hgt u2j D3.C, D1.R
if c had a good time, and so did c′ and c″ .
J61 u0 u1 u2 A1
i31 bill b c {c, c′, c″}
i35 bill b c′ {c, c′, c″}
i39 bill b c″ {c, c′, c″}

Output of J62 := [A1 ~ u2]J61
= λj. j ∈ J61 ∧ A1j = u2J61

J62 u0 u1 u2 A1
i31 bill b c {c, c′, c″}
i35 bill b c′ {c, c′, c″}
i39 bill b c″ {c, c′, c″}

5. QUANTIFIER SUBORDINATION

Default info state (dummy)
u0 u1 u2 … A1 …

i@ @ @ @ … {@} …

(90) (Last year) Alu0
 [attendedu0

u1 severalA1 conventionsu1]A1 ~ u1

[u0] ; [u0 = Al]; [u1]; [attend〈u0, u1〉]; [A1]; [PL〈A1〉]; [cnv{u1}]; [A1 ~ u1]

J0 u0 u1 u2 … A1
i1 al c @ … {c, c′, c″} …
i2 al c′ @ … {c, c′, c″} …
i3 al c″ @ … {c, c′, c″} …

(91) At [everyA1 [conventionu1]A1 ~ u1É
[PL〈A1〉]; [cnv〈u1〉]; [A1 ~ u1]

Output J11 :=  ([PL〈A1〉]; [cnv〈u1〉])J0

= λj. j ∈ J0 ∧ |A1j| > 1 ∧ cnv u1j
J11 u0 u1 u2 … A1
i1 al c @ … {c, c′, c″} …
i2 al c′ @ … {c, c′, c″} …
i3 al c″ @ … {c, c′, c″} …

Output J12 :=  [A1 ~ u1]J11
= λj. j ∈ J11 ∧ A1j = u1J11

J12 u0 u1 u2 … A1
i1 al c @ … {c, c′, c″} …
i2 al c′ @ … {c, c′, c″} …
i3 al c″ @ … {c, c′, c″} …
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(92) [au1(u2) friendu2, u0  of hisu0 É
([u2]; [frn〈u2, u0〉]); [SG{u0}]

= (λIλj. ∃i ∈ I(i[u2]j ∧ frn(u2j, u0j));
(λIλj. j ∈ I ∧ |u0I| = 1)

Output J2 := (([u2]; [frn〈u2, u0〉]); [SG{u0}])J12

if the friends of Al are a, a′, and a″:
J2 u0 u1 u2 … A1
i211 al c a … {c, c′, c″} …
i212 al c a′ … {c, c′, c″} …
i213 al c a″ … {c, c′, c″} …
i221 al c′ a … {c, c′, c″} …
i222 al c′ a′ … {c, c′, c″} …
i223 al c′ a″ … {c, c′, c″} …
i231 al c″ a … {c, c′, c″} …
i232 al c″ a′ … {c, c′, c″} …
i233 al c″ a″ … {c, c′, c″} …

(93) Écourted u2, u1
u3

[u3]; [crt.at〈u2, u3, u1〉]

Output J3 := ([u2]; [crt.at〈u2, u3, u1〉])J12

= λjs. ∃is ∈ J2(i[u2]j ∧ crt.at(u2j, u3j, u1j))
Model 1
a courts b and b′ at c, and b again at c′ and c″; nobody else courts anybody else.
J3 u0 u1 u2 u3 … A1
i31 al c a b … {c, c′, c″} …
i32 al c a b′ … {c, c′, c″} …
i33 al c′ a b … {c, c′, c″} …
i34 al c″ a b … {c, c′, c″} …

Model 2
a courts b at c, a′ courts b′ at c′, and a″ courts b″ at c″; nobody else courts anybody else.
J3 u0 u1 u2 u3 … A1
i31 al c a b … {c, c′, c″} …
i32 al c′ a′ b′ … {c, c′, c″} …
i33 al c″ a″ b″ … {c, c′, c″} …
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(94) Éa u1(u3) [(French) girl u3]]
[girl〈u3〉]; [u1(SG{u3})]; [u1(SG{u2})]; [A1 ~ u1] every > a2, a3

or [girl〈u3〉]; [SG{u3}]; [SG{u2}]; [A1 ~ u1] a2, a3 > every

Output J41 := [girl〈u3〉]J3

= λjs. j ∈ J3 ∧ girl u3j
Model 1
b is a (French) girl, b′ is a guy.
J41 u0 u1 u2 u3 … A1
i31 al c a b … {c, c′, c″} …
i33 al c′ a b … {c, c′, c″} …
i34 al c″ a b … {c, c′, c″} …

Model 2
b is a (French) girl, and so is b′ and b″
J41 u0 u1 u2 u3 … A1
i31 al c a b … {c, c′, c″} …
i32 al c′ a′ b′ … {c, c′, c″} …
i33 al c″ a″ b″ … {c, c′, c″} …

Output J42 := [u1(SG{u3})]J41 every > a3

= λjs. @ ∉ u1J41 ∧ ∀xe ∈ u1J41(|u3J41, u1 = x| = 1) D2.u(SG{u′})
Model 1
J42 u0 u1 u2 u3 … A1
i31 al c a b … {c, c′, c″} …
i32 al c′ a b … {c, c′, c″} …
i33 al c″ a b … {c, c′, c″} …

Model 2
J42 u0 u1 u2 u3 … A1
i31 al c a b … {c, c′, c″} …
i32 al c′ a′ b′ … {c, c′, c″} …
i33 al c″ a″ b″ … {c, c′, c″} …

Output K42 := [SG{u3}]J41 a3 > every
= λjs. |u3J41| = 1 D2.SG{u}

Model 1
K42 u0 u1 u2 u3 … A1
i31 al c a b … {c, c′, c″} …
i32 al c′ a b … {c, c′, c″} …
i33 al c″ a b … {c, c′, c″} …

Model 2
b is a (French) girl, and so is b′ and b″.
K42 = {}
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Output J43 := [u1(SG{u2})]J42 every > a2

= λjs. @ ∉ u1J42 ∧ ∀xe ∈ u1J42(|u2J42, u1 = x| = 1) D2.u(SG{u′})
Model 1
J43 u0 u1 u2 u3 … A1
i31 al c a b … {c, c′, c″} …
i32 al c′ a b … {c, c′, c″} …
i33 al c″ a b … {c, c′, c″} …

Model 2
J43 u0 u1 u2 u3 … A1
i31 al c a b … {c, c′, c″} …
i32 al c′ a′ b′ … {c, c′, c″} …
i33 al c″ a″ b″ … {c, c′, c″} …

Output K43 := [SG{u2}]K42 a2 > every
= λjs. |u3K42| = 1 D2.SG{u}

Model 1
K43 u0 u1 u2 u3 … A1
i31 al c a b … {c, c′, c″} …
i32 al c′ a b … {c, c′, c″} …
i33 al c″ a b … {c, c′, c″} …

Model 2
b is a (French) girl, and so is b′ and b″.
K43 = {}

Output J44 :=  [A1 ~ u1]J43 end of nuclear scope
= λj. j ∈ J43 ∧ A1j = u1J43

Model 1 every > a2, a3

J44 u0 u1 u2 u3 … A1 or a2, a3 > every
i31 al c a b … {c, c′, c″} …
i32 al c′ a b … {c, c′, c″} …
i33 al c″ a b … {c, c′, c″} …

Model 2
J44 u0 u1 u2 u3 … A1 every > a2, a3

i31 al c a b … {c, c′, c″} …
i32 al c′ a′ b′ … {c, c′, c″} …
i33 al c″ a″ b″ … {c, c′, c″} …
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(95) Sheu1(u3)

[u1(SG{u3})] every > a3

Output J5 := [u1(SG{u3})]J44
= λjs. @ ∉ u1J44 ∧ ∀xe ∈ u1J44(|u3J44, u1 = x| = 1) D2.u(SG{u′})

J5 u0 u1 u2 u3 … A1 Model 2
i31 al c a b … {c, c′, c″} …
i32 al c′ a′ b′ … {c, c′, c″} …
i33 al c″ a″ b″ … {c, c′, c″} …

(96) usuallyA2
A1 ~ u1

[A2]; [MOST〈A1, A2〉]; [A1 ~ u1]; quant. + restr. update

Output J61 := ([A2]; [MOST{A1, A2}])J5
= λjs. ∃i ∈ J5(i[A2]j ∧ @ ∉ A2j ⊆ A1j ∧ |A1j ∩ A2j| > |A1j – A2j|

J61 u0 u1 u2 u3 … A1 A2 Model 2
i61 al c a b … {c, c′, c″} {c, c′, c″} …
i62 al c a b … {c, c′, c″} {c, c′} …
i63 al c a b … {c, c′, c″} {c, c″} …
i64 al c a b … {c, c′, c″} {c′, c″} …
i65 al c′ a′ b′ … {c, c′, c″} {c, c′, c″} …
i66 al c′ a′ b′ … {c, c′, c″} {c, c′} …
i67 al c′ a′ b′ … {c, c′, c″} {c, c″} …
i68 al c′ a′ b′ … {c, c′, c″} {c′, c″} …
i69 al c″ a″ b″ … {c, c′, c″} {c, c′, c″} …
i610 al c″ a″ b″ … {c, c′, c″} {c, c′} …
i611 al c″ a″ b″ … {c, c′, c″} {c, c″} …
i612 al c″ a″ b″ … {c, c′, c″} {c′, c″} …

Output J62 := [A1 ~ u1]J61
= λjs. j ∈ J61 ∧ A1j = u1J61

J62 u0 u1 u2 u3 … A1 A2 Model 2
i61 al c a b … {c, c′, c″} {c, c′, c″} …
i62 al c a b … {c, c′, c″} {c, c′} …
i63 al c a b … {c, c′, c″} {c, c″} …
i64 al c a b … {c, c′, c″} {c′, c″} …
i65 al c′ a′ b′ … {c, c′, c″} {c, c′, c″} …
i66 al c′ a′ b′ … {c, c′, c″} {c, c′} …
i67 al c′ a′ b′ … {c, c′, c″} {c, c″} …
i68 al c′ a′ b′ … {c, c′, c″} {c′, c″} …
i69 al c″ a″ b″ … {c, c′, c″} {c, c′, c″} …
i610 al c″ a″ b″ … {c, c′, c″} {c, c′} …
i611 al c″ a″ b″ … {c, c′, c″} {c, c″} …
i612 al c″ a″ b″ … {c, c′, c″} {c′, c″} …
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(97) came to the banquet (of u1) with himu2]A2 ~ u1

[ctbw〈u3, u1, u2〉]; [u1(SG{u2})]; [A2 ~ u1] nuclear scope update

Output of J71 := [ctbw〈u3, u1, u2〉]J62

= λjs. j ∈ J62 ∧ ctbw(u3j, u1j, u2j)
Model 2
Girl b came to the banquet of c with a, and
girl b″ came to the banquet of c″ with a″.

J71 u0 u1 u2 u3 … A1 A2
i61 al c a b … {c, c′, c″} {c, c′, c″} …
i62 al c a b … {c, c′, c″} {c, c′} …
i63 al c a b … {c, c′, c″} {c, c″} …
i64 al c a b … {c, c′, c″} {c′, c″} …
i69 al c″ a″ b″ … {c, c′, c″} {c, c′, c″} …
i610 al c″ a″ b″ … {c, c′, c″} {c, c′} …
i611 al c″ a″ b″ … {c, c′, c″} {c, c″} …
i612 al c″ a″ b″ … {c, c′, c″} {c′, c″} …

Output J72 := [u1(SG{u2})]J71
= λjs. @ ∉ u1J71 ∧ ∀xe ∈ u1J71(|u2J71, u1 = x| = 1) D2.u(SG{u′})

J72 u0 u1 u2 u3 … A1 A2
i61 al c a b … {c, c′, c″} {c, c′, c″} …
i62 al c a b … {c, c′, c″} {c, c′} …
i63 al c a b … {c, c′, c″} {c, c″} …
i64 al c a b … {c, c′, c″} {c′, c″} …
i69 al c″ a″ b″ … {c, c′, c″} {c, c′, c″} …
i610 al c″ a″ b″ … {c, c′, c″} {c, c′} …
i611 al c″ a″ b″ … {c, c′, c″} {c, c″} …
i612 al c″ a″ b″ … {c, c′, c″} {c′, c″} …

Output J73 := [A2 ~ u1]J72
= λjs. j ∈ J72 ∧ A2j = u1J72

J73 u0 u1 u2 u3 … A1 A2
i63 al c a b … {c, c′, c″} {c, c″} …
i611 al c″ a″ b″ … {c, c′, c″} {c, c″} …
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APPENDIX 0: UPDATE SEMANTICS + Ty2 (UTy2)

D01. Basic terms of UTy2
Variables Constants Type Name of objects
x, y, z @, john e entities
i, j, k, h i@ s atomic (info) states (aka indices)

u se e-stores
A s(et) et-stores

I, J, K, H {i@} st (plural) (info) states
G (st)t global conditions
D (st)(st) updates

D02. Dummies1 Reference2

• @ ∈ {x1, …xn} → ¬R(x1, …xn) for any basic relation R B:215(ftn7)
• @ ≠ c for any e-constant c
• ui@ = @ ∧ Ai@ = {@} for any e-dref u and se-dref A B:228

D03. Name-dref’s, global values, substates
• John := λis. johne Muskens ’96
• uI := {ui: is ∈ Ist} B:130(5)
• Iu = x := {is ∈ I| ui = x} B:216(21)

D1. Distributive conditions (type st)
• R〈u1, …un〉 := λis. R(u1i, …uni) Muskens ‘95
• PL〈A〉 := λis. |Ai| > 1
• u = u′ := λis. ui = u′i Muskens ’95
• u ∈ A := λis. ui ∈ Ai
• ¬(D) := λis. ¬∃js(j ∈ D{i}) Muskens‘95
• MOST〈A, A′〉 := λis. A′i ⊆ Ai ∧ |Ai ∩ A′i| > |Ai – A′i| cf. B:MOST

D2. Global conditions (type (st)t)
• PL{u} := λIst. |uI| > 1 vd Berg ‘94
• SG{u} := λIst. |uI| = 1 vd Berg ‘94
• u(SG{u′}) := λIst. @ ∉ uI ∧ ∀xe ∈ uI(|u′Iu = x| = 1) cf. B:u(D)

D3. Updates
• [u] := λIstλjs. ∃is ∈ I(i[u]j ∧ @ ≠ uj) ~Dekker ‘94
 [A] := λIstλjs. ∃is ∈ I(i[A]j ∧ @ ∉ Aj)
• [A ~ u] := λIstλjs. j ∈ I ∧ Aj = uI
• [C1,…Cn] := λIstλjs. j ∈ I ∧ C1j ∧…Cnj Dekker ‘94

[G1,…Gn] := λIstλjs. j ∈ I ∧ G1I ∧…GnI 
• (D1; D2) := λIst. D2(D1I) Dekker ‘94

D4. Truth (relative to default state)
• |= D := ∃js(j ∈ D{i@}) cf. B:228

                                                  
1 @ (mnemonic for ‘anomalous’) is called the dummy entity, and i@, the dummy (atomic) state.
2 ‘B’ stands for Brasoveanu (2007).
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APPENDIX 1: LEXICON FOR INCREMENTAL UPDATE

Cat English item UTy2 translation Example(s)
cn manu [man〈u〉] (1i)
rn friendu, u′ [frn〈u, u′〉] (1i), (6ii), (7ii)
pn Alu [u]; [u = Al] (3i)

heA, theyA [SG〈A〉], [PL〈A〉] (3ii), (3ii′)
heu, theyu [SG{u}], [PL{u}] (1ii)
heu(u′) [u(SG{u′})] (9iii)

iv laughu [laugh〈u〉] (6ii, iii), (7ii, iii)
tv seeu, u′ [see〈u, u′〉] (1ii), (3ii), (3ii′)

seeu
u′… [u′]; [see〈u, u′〉] (1i), (3i)

dt au [u] (1i)
theA ~ u [A ~ u] (6ii), (7ii)
[severalA…]A ~ u [A]; [PL〈A1〉]; …; [A ~ u] (3i), (9i)
[everyA[…]A ~ u…]A ~ u [PL〈A〉];…[A ~ u]; …[A ~ u] (9ii)
[mostA

A′[…]A ~ u…]A′ ~ u [A′]; [MOST〈A, A′〉];…[A ~ u];…[A′ ~ u] (3ii′)
[mostA, A′[…]A ~ u…]A′ ~ u [A]; [A′]; [MOST〈A, A′〉];…[A ~ u];…[A′ ~ u] (6ii)
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Structured nominal and modal reference (4):
Update Semantics + Ty3 (UTy3)

0. ANAPHORIC PARALLELS: OUTLINE OF ANALYSIS IN UTy3

(!) Start-up update a la Bittner, 2007
[u| u = Al]; [r| speakingr〈u〉]; [p]; [p ~ r] u := u0, r := r0, p := p0

 (I) Non-maximal (‘indefinite’) reference

(1) i. [There areu1 bearsr, u1 (in this area)].p ~ r

U [u1| bearr〈u1〉]; [p]; [p ~ r]

Output if the (local) bears are b and b′ in w0, b and b″ in w1, and b″ in w2:
J1 u r u1 p … p1 p2 S1
i11 al w0 b {w0, w1, w2} {} {} {}
i12 al w0 b′ {w0, w1, w2} {} {} {}
i13 al w1 b {w0, w1, w2} {} {} {}
i14 al w1 b″ {w0, w1, w2} {} {} {}
i15 al w2 b″ {w0, w1, w2} {} {} {}

nom ii. [[I just sawu2 oner
A1, A2]A2].p ~ r

U [u2| seer〈u, u2〉]; [A1]; [A1 ~r u1]; [A2| SM〈A1, A2〉, SG〈A2〉, u2 ∈ A2]; [A2 ~r u2];
[p]; [p ~ r]

Output if Al saw bear b in w0, bears b and b″ in w1, and bear b″ in w2:
J2 u r u1 u2 A1 A2  p … p1 p2 S1
i21 al w0 b b {b, b′} {b} {w0, w2} {} {} {}
i22 al w0 b′ b {b, b′} {b} {w0, w2} {} {} {}
i23 al w2 b″ b″ {b″} {b″} {w0, w2} {} {} {}

mod iii. Sor, u
r1 [aA1

u3 [bearr mightr, r1
p1,

 
p2 comer1 by (during the night)]u3]p2]p ~ r

U [r1| r1 ∈ doxr〈u〉]; [u3| u3 ∈ A1, bearr〈u3〉]; [r1 ∈ fut 〈r〉]; [p1]; [p1 ~r r1];
[p2| SM〈minS1〈p1〉, p2〉]; [comer1〈u3〉]; [SGr1{u3}]; [p2 ~ r r1]; [p ~ r]

Branching future structure (t0 = speech time, t–1 = immed. past, t1 = immed. future)
t–1 t0 t1 t–1 t0 t1

w00 (no bear comes by)
w01 (bear b comes by)

w0----w0 w02 (bear b′ comes by) w2----w2 w20 (no bear comes by)
w03 (b and b′ come by) w21 (b″  comes by)

Output if the speaker expects a future with at most one bear:
J3 u r A1 … p r1 u3 p1  p2  S1
j31 al w0 {b, b′} … {w0, w2} w01 b {w00, w01, w02} {w01, w02} {}
j32 al w0 {b, b′} … {w0, w2} w02 b′ {w00, w01, w02} {w01, w02} {}
j33 al w2 {b″} … {w0, w2} w21 b″ {w20, w21} {w21} {}
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(DS) Distributive quantification & subordination

(2) i. [(Last year) [I attendedu1 severalA1 conventions]A1].p ~ r

U [u1| attendr〈u, u1〉]; [A1| PL〈A1〉]; [cnvr〈u1〉]; [A1 ~r u1]; [p]; [p ~ r]

J1 u r u1 A1 p
i11 al w0 c {c, c′, c″} {w0, w1}
i12 al w0 c′ {c, c′, c″} {w0, w1}
i12 al w0 c″ {c, c′, c″} {w0, w1}
i13 al w1 c {c, d, d′} {w0, w1}
i13 al w1 d {c, d, d′} {w0, w1}
i14 al w1 d′ {c, d, d′} {w0, w1}

ii. [At [everyA1 [conventionu1]A1 [oneA2, A3 [ofu2 my friends]A2 [courtedu3 a girl]A3]A1]p ~ r

nom U [PL〈A1〉]; [cnvr〈u1〉]; [A1 ~r u1]; [A2]; [A3| SM〈A2, A3〉, SG〈A3〉]; [u2| u2 ∈ A2, frnr〈u2, u〉];
[A2 ~r u2]; [u3| crt.atr〈u2, u3, u1〉, girlr〈u3〉];  [u1(SGr{u3})]; [u1(SGr{u2})]; [A3 ~r u2];
[A1 ~r u1]; [p]; [p ~ r]

iii. [[Sheu1(u3) usuallyA1
A4 came to the banquet (of u1) with himu1(u2)]A4]p ~ r

nom U [u1(SGr{u3})]; [A1 ~r u1]; [A4| MOST〈A1, A4〉]; [ctbwr〈u3, u1, u2〉]; [u1(SGr{u2})];
[A4 ~r u1]; [p]; [p ~ r]

(1) i. There are bears (in this area). ii. I just saw oneA1, A2.
iii. Sor, u

r1 [aA1
u3 [bearr mightr, r1

p1,
 
p2 comer1 by (during the night)]u3]p2]p ~ r

 [r1| r1 ∈ doxr〈u〉]; [u3| u3 ∈ A1, bearr〈u3〉]; [r1 ∈ fut 〈r〉]; [p1]; [p1 ~r r1];
[p2| SM〈minS1〈p1〉, p2〉]; [comer1〈u3〉]; [SGr1{u3}]; [p2 ~ r r1]; [p ~ r]
J3 u r A1 … p r1 u3 p1  p2  S1
j31 al w0 {b, b′} … {w0, w2} w01 b {w00, w01, w02} {w01, w02} {}
j32 al w0 {b, b′} … {w0, w2} w02 b′ {w00, w01, w02} {w01, w02} {}
j33 al w2 {b″} … {w0, w2} w21 b″ {w20, w21} {w21} {}

iv. [I mustr, r1, S2, p2
p3 [safeguardr1 myr2 foodr

u4 from himu3]p3].p ~ r

((([S2]; [S2 ~r r2]) • [p3| p3 = minS2〈p2〉] • [safegrd.frr1〈u, u4, u3〉])
<• ([u4| foodr〈u4〉]; [r2| r2 ∈ p1, eatr2〈u, u4〉, wantr〈u, r2〉])) • [p3 ~r r1] • ([p]; [p ~ r])   =: T4

mod T4 := 〈1T4, 2T4, 3T4, 4T4, 5T4, 6T4〉, where segmented upd.
1T4 := [u4| foodr〈u4〉]; [r2| r2 ∈ p2, eatr2〈u, u4〉, wantr〈u, r2〉]; [SGr1{u3}] presup. accom.
2T4 := [S2]; [S2 ~r r2] presup. accom
3T4 := [p3| p3 = minS2〈p2〉] topic
4T4 := [safeguard.fromr1〈u, u4, u3〉] focus
5T4 := [p3 ~r r1] background
6T4 := [p]; [p ~ r] common ground
Output J4 = ↓T4J3 := (1T4; 2T4; 3T4; 4T4; 5T4; 6T4)J3

v. [Otherwiser, r1, p2, p3
p4[heu3 ’llr, r1 [eatr1 itu4]p4].p ~ r

mod  [p4| p4 = p2 – p3]; [eatr1〈u3, u4〉]; [p4 ~r r1]; [p]; [p ~ r]   =: D5

Output J5 = (↓T4 ∨ ↓(〈1T4, 2T4, 3T4〉 • 〈D5〉))J3

:= ↓T4J3 ∪ ↓〈1T4, 2T4, 3T4, D5〉J3

:= J4 ∪ (1T4; 2T4; 3T4; D5)J3



SSem: Conditionals in discourse TOP 3: Nominal & modal anaphora Bittner: Fall 2007

43

1. START-UP UPDATE

Default info state (dummy)
u … r … A0 … p … S1

i@ @e @w {} {} {}

(!Ð2) [u| u = Al]
= [u]; [u = Al] D2.|
= λIλj. ∃i ∈ I(i[u]j ∧ uj ≠ @e ∧ uj = al) D2.;, [δ], C, D1.=, D04
= λIλj. ∃i ∈ I(i[u]j ∧ uj = al) D02

J–2 u …
i–2 al

(!Ð1) [r| speakingr〈u〉]
= [r]; [speakingr〈u〉] D2.|
= λIλj. ∃i ∈ I(i[r]j ∧ rj ≠ @w ∧ speakingrj(uj)) D2.;, [δ], C, D1.Re

= λIλj. ∃i ∈ I(i[r]j ∧ speakingrj(uj)) D02

Output if Al is speaking in w0, w1, w2 and w4:
J–1 u r …
i–11 al w0
i–12 al w1
i–13 al w2
i–14 al w3

(!0) [p]; [ p ~ r]
= (λIλj. ∃i ∈ I(i[p]j ∧ @w ∉ pj)); (λIλj. j ∈ I ∧ pj = rI) D2.;, [Δ], D3.~
= λIλj. ∃i ∈ I(i[p]j ∧ @w ∉ pj ∧ pj = rI) simplify

J0 u r p …
i1 al w0 {w0, w1, w2, w3}
i2 al w1 {w0, w1, w2, w3}
i3 al w2 {w0, w1, w2, w3}
i4 al w3 {w0, w1, w2, w3}
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2. NON-MAXIMAL REFERENCE: one ~ might

(10) [there

(11) areu1 bearsr, u1 (in this area)
[u1]; [bearr〈u1〉]

= λIstλjs. ∃i ∈ I(i[u1]j ∧ bearrj u1j) D2.;, [δ], C, D1.Re, D02

Output I1 := ([u1]; [bearr〈u1〉])J0

if the (local) bears are b and b′ in w0, b and b″ in w1, b″ in w2, and non-existent in w3:

I1 u r p u1 …
i1 al w0 {w0, w1, w2, w3} b
i2 al w0 {w0, w1, w2, w3} b′
i3 al w1 {w0, w1, w2, w3} b
i4 al w1 {w0, w1, w2, w3} b″
i5 al w2 {w0, w1, w2, w3} b″

(12) ].p ~ r

[p]; [p ~ r]
= λIλj. ∃i ∈ I(i[p]j ∧ @w ∉ pj ∧ pj = rI)

I2 u r p u1 …
i21 al w0 {w0, w1, w2} b
i22 al w0 {w0, w1, w2} b′
i23 al w1 {w0, w1, w2} b
i24 al w1 {w0, w1, w2} b″
i25 al w2 {w0, w1, w2} b″

(21) [[I u (just) sawu2

[u2| seer〈u, u2〉]
= λIstλjs. ∃i ∈ I(i[u2]j ∧ seerj(uj, u2j))

Output J1 := [u2| seer〈u, u2〉]J12,
if the speaker (Al) saw a, b in w0, b and b″  in w1, and a′ and b″ in w2:

J1 u r p u1 u2 …
j1 al w0 {w0, w1, w2} b a J1, r = w0
j2 al w0 {w0, w1, w2} b b
j3 al w0 {w0, w1, w2} b′ a
j4         al        w0      {w0, w1, w2}        b′        b
j5 al w1 {w0, w1, w2} b b J1, r = w1
j6 al w1 {w0, w1, w2} b b″
j7 al w1 {w0, w1, w2} b″ b
j8         al        w1      {w0, w1, w2}        b″        b″
j9 al w2 {w0, w1, w2} b″ a′ J1, r = w2

j10 al w2 {w0, w1, w2} b″ b″
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(22) oner
A1 ~ u1, A2]A2

[A1]; [A1 ~r u1]; [A2| SM〈A1, A2〉, SG〈A2〉, u2 ∈ A2]; [A2 ~r u2]

Output J21 := ([A1]; [A1 ~r u1])J1
= ((λIstλjs. ∃i ∈ I(i[A1]j ∧ @e ∉ A1j); (λIλj. j ∈ I ∧ A1j = u1Ir = rj))J1 D2.[Δ], D3.~r

= λjs. ∃i ∈ J1(i[A1]j ∧ @e ∉ A1j ∧ A1j = u1J1, r = rj) D2.;

J21 u r p u1 u2 A1
j11 al w0 {w0, w1, w2} b a {b, b′}
j12 al w0 {w0, w1, w2} b b {b, b′}
j13 al w0 {w0, w1, w2} b′ a {b, b′}
j14 al w0 {w0, w1, w2} b′ b {b, b′}
j15 al w1 {w0, w1, w2} b b {b, b″}
j16 al w1 {w0, w1, w2} b b″ {b, b″}
j17 al w1 {w0, w1, w2} b″ b {b, b″}
j18 al w1 {w0, w1, w2} b″ b″ {b, b″}
j19 al w2 {w0, w1, w2} b″ a′ {b″}
j110 al w2 {w0, w1, w2} b″ b″ {b″}

Output J22 := [A2| SM〈A1, A2〉, SG〈A2〉, u2 ∈ A2]J21

= λjs. ∃i ∈ J21(i[A2]j ∧ @e ∉ A2j ∧ ∅ ⊂ A2j ⊆ A1j ∧ |A2j| = 1 ∧ u2j ∈ A2j) D2, D1
= λjs- ∃i ∈ J21(i[A2]j ∧ {u2j} = A2j ⊆ A1j) simpl.

J22 u r p u1 u2 A1 A2 …
j21 al w0 {w0, w1, w2} b b {b, b′} {b} J22, r = w0

j22        al        w0      {w0, w1, w2}       b′         b        {b, b′}      {b}
j23 al w1 {w0, w1, w2} b b {b, b″} {b} J22, r = w1

j24 al w1 {w0, w1, w2} b b″ {b, b″} {b″}
j25 al w1 {w0, w1, w2} b″ b {b, b″} {b}
j26        al        w1      {w0, w1, w2}       b″        b″     {b, b″}     {b″}
j27 al w2 {w0, w1, w2} b″ b″ {b″} {b″} J22, r = w2

Output J23 := [A2 ~r u2]J22
= λj. j ∈ J22 ∧ A2j = u2J22, r = rj D3.Δ ~r δ

J23 u r p u1 u2 A1 A2 
j21 al w0 {w0, w1, w2} b b {b, b′} {b} J23, r = w0

j22        al        w0      {w0, w1, w2}       b′         b        {b, b′}       {b}
j27 al w2 {w0, w1, w2} b″ b″ {b″} {b″} J23, r = w2

(23) ].p ~ r

[p]; [p ~ r]
= λIλj. ∃i ∈ I(i[p]j ∧ @w ∉ pj ∧ pj = rI) D3.~

J3 u r p u1 u2 A1 A2 
j31 al w0 {w0, w2} b b {b, b′} {b}
j32 al w0 {w0, w2} b′ b {b, b′} {b}
j33 al w2 {w0, w2} b′ b′ {b′} {b′}
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(31) [Sor, u
r1 [

[r1| r1 ∈ doxr〈u〉]
= λIλj. ∃i ∈ I(i[r]j ∧ rj ≠ @w ∧ rj ∈ ∩{π| believerj(uj, π)} D2, D1, D04
= λIλj. ∃i ∈ I(i[r]j ∧ rj ∈ ∩{π| believerj(uj, π)} D02

Output K1 := [r1| r1 ∈ doxr〈u〉]J3

= λj. ∃i ∈ J3(i[r]j ∧ rj ∈ ∩{π| believerj(uj, π)}
if the speaker (Al) believes that bears are solitary, so he expects at most one bear:

K1 u r p u1 u2 A1 A2 r1
k1 al w0 {w0, w2} b b {b, b′} {b} w00

k2 al w0 {w0, w2} b b {b, b′} {b} w01

k3 al w0 {w0, w2} b b {b, b′} {b} w02

h h h h h h h h h (beliefs about non-future)
k4 al w0 {w0, w2} b′ b {b, b′} {b} w00

k5 al w0 {w0, w2} b′ b {b, b′} {b} w01

k6 al w0 {w0, w2} b′ b {b, b′} {b} w02

h h h h h h h h (beliefs about non-future)
k7 al w2 {w0, w2} b′ b′ {b′} {b′} w20

k8 al w2 {w0, w2} b′ b′ {b′} {b′} w21

h h h h h h h h h (beliefs about non-future)

(32) aA1
u3 [bearr

[u3| u3 ∈ A1, bearr〈u3〉]
= λIλj. ∃i ∈ I(i[u3]j ∧ u3j ≠ @e ∧ u3j ∈ A1j ∧ bearrj(u3j)) D2, D1
= λIλj. ∃i ∈ I(i[u3]j ∧ u3j ∈ A1j ∧ bearrj(u3j)) D02

K2 u r p u1 u2 A1 A2 r1 u3
k11 al w0 {w0, w2} b b {b, b′} {b} w00 b
k12 al w0 {w0, w2} b b {b, b′} {b} w00 b′
k21 al w0 {w0, w2} b b {b, b′} {b} w01 b
k22 al w0 {w0, w2} b b {b, b′} {b} w01 b′
k31 al w0 {w0, w2} b b {b, b′} {b} w02 b
k32 al w0 {w0, w2} b b {b, b′} {b} w02 b′
h h h h h h h h h h
k41 al w0 {w0, w2} b′ b {b, b′} {b} w00 b
k42 al w0 {w0, w2} b′ b {b, b′} {b} w00 b′
k51 al w0 {w0, w2} b′ b {b, b′} {b} w01 b
k52 al w0 {w0, w2} b′ b {b, b′} {b} w01 b′
k61 al w0 {w0, w2} b′ b {b, b′} {b} w02 b
k62 al w0 {w0, w2} b′ b {b, b′} {b} w02 b′
h h h h h h h h h h
k71 al w2 {w0, w2} b′ b′ {b′} {b′} w20 b′
k81 al w2 {w0, w2} b′ b′ {b′} {b′} w21 b′
h h h h h h h h h h
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(33) [
[p1] presup. accom.

(33′) [might r, r1, S1, p1
 p2

[r1 ∈ fut 〈r〉]; [p1 ~r r1]; [p2| SM〈minS1〈p1〉, p2〉]

Output K31 := [r1 ∈ fut 〈r〉]K2

= λj. j ∈ K2 ∧ r1j ∈ fut 〈rj〉 D2, D1, D04

K31 u r p u1 u2 A1 A2 r1 u3
k11 al w0 {w0, w2} b b {b, b′} {b} w00 b K31, r = w0

k12 al w0 {w0, w2} b b {b, b′} {b} w00 b′
k21 al w0 {w0, w2} b b {b, b′} {b} w01 b
k22 al w0 {w0, w2} b b {b, b′} {b} w01 b′
k31 al w0 {w0, w2} b b {b, b′} {b} w02 b
k32 al w0 {w0, w2} b b {b, b′} {b} w02 b′
k41 al w0 {w0, w2} b′ b {b, b′} {b} w00 b
k42 al w0 {w0, w2} b′ b {b, b′} {b} w00 b′
k51 al w0 {w0, w2} b′ b {b, b′} {b} w01 b
k52 al w0 {w0, w2} b′ b {b, b′} {b} w01 b′
k61 al w0 {w0, w2} b′ b {b, b′} {b} w02 b
k62       al        w0      {w0, w2}       b′     b      {b, b′}      {b}      w02       b′
k71 al w2 {w0, w2} b′ b′ {b′} {b′} w20 b′ K31, r = w2

k81 al w2 {w0, w2} b′ b′ {b′} {b′} w21 b′

Output K32 := ([p1]; [p1 ~r r1])K31
= λj. ∃i ∈ K31(i[p1]j ∧ p1j = r1K31, r = rj) D2.;, [δ], D3.~r

K32 u r p u1 u2 A1 A2 r1 u3 p1
k11′ al w0 {w0, w2} b b {b, b′} {b} w00 b {w00, w01, w02}
k12′ al w0 {w0, w2} b b {b, b′} {b} w00 b′ {w00, w01, w02}
k21′ al w0 {w0, w2} b b {b, b′} {b} w01 b {w00, w01, w02}
k22′ al w0 {w0, w2} b b {b, b′} {b} w01 b′ {w00, w01, w02}
k31′ al w0 {w0, w2} b b {b, b′} {b} w02 b {w00, w01, w02}
k32′ al w0 {w0, w2} b b {b, b′} {b} w02 b′ {w00, w01, w02}
k41′ al w0 {w0, w2} b′ b {b, b′} {b} w00 b {w00, w01, w02}
k42′ al w0 {w0, w2} b′ b {b, b′} {b} w00 b′ {w00, w01, w02}
k51′ al w0 {w0, w2} b′ b {b, b′} {b} w01 b {w00, w01, w02}
k52′ al w0 {w0, w2} b′ b {b, b′} {b} w01 b′ {w00, w01, w02}
k61′ al w0 {w0, w2} b′ b {b, b′} {b} w02 b {w00, w01, w02}
k62′ al w0 {w0, w2} b′ b {b, b′} {b} w02 b′ {w00, w01, w02}
k71′ al w2 {w0, w2} b′ b′ {b′} {b′} w20 b′ {w20, w21}
k81′ al w2 {w0, w2} b′ b′ {b′} {b′} w21 b′ {w20, w21}

NOTE: Since [r1 ∈ fut 〈r〉] does not affect p1, the above sequence is equivalent to
([p1]; [r1 ∈ fut 〈r〉]; [p1 ~r r1]).
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Output K33 := [p2| SM〈minS1〈p1〉, p2〉]K32

= λj. ∃i ∈ K32(i[p2]j ∧ ∅ ⊂ p2j ⊆ minS1j(p1j)) D2, D1, D04
= λj. ∃i ∈ K32(i[p2]j ∧ ∅ ⊂ p2j ⊆ min{}(p1j)) D02.Δi@ = {}
= λj. ∃i ∈ K32(i[p2]j ∧ ∅ ⊆ p2j ⊆ p1j) D03

K33 u r p u1 u2 A1 A2 r1 u3 p1 p2
k311 al w0 {w0, w2} b b {b, b′} {b} w00 b {w00, w01, w02} {w00}
h h h h h h h h h hh h
k317 al w0 {w0, w2} b b {b, b′} {b} w00 b {w00, w01, w02} {w00, w01, w02}
k321 al w0 {w0, w2} b b {b, b′} {b} w00 b′ {w00, w01, w02} {w00}
h h h h h h h h h hh h
k327 al w0 {w0, w2} b b {b, b′} {b} w00 b′ {w00, w01, w02} {w00, w01, w02}
k331 al w0 {w0, w2} b b {b, b′} {b} w01 b {w00, w01, w02} {w00}
h h h h h h h h h hh h
k337 al w0 {w0, w2} b b {b, b′} {b} w01 b {w00, w01, w02} {w00, w01, w02}
k341 al w0 {w0, w2} b b {b, b′} {b} w01 b′ {w00, w01, w02} {w00}
h h h h h h h h h hh h
k347 al w0 {w0, w2} b b {b, b′} {b} w01 b′ {w00, w01, w02} {w00, w01, w02}
k351 al w0 {w0, w2} b b {b, b′} {b} w02 b {w00, w01, w02} {w00}
h h h h h h h h h hh h
k357 al w0 {w0, w2} b b {b, b′} {b} w02 b {w00, w01, w02} {w00, w01, w02}
k361 al w0 {w0, w2} b b {b, b′} {b} w02 b′ {w00, w01, w02} {w00}
h h h h h h h h h hh h
k367 al w0 {w0, w2} b b {b, b′} {b} w02 b′ {w00, w01, w02} {w00, w01, w02}
k311′ al w0 {w0, w2} b′ b {b, b′} {b} w00 b {w00, w01, w02} {w00}
h h h h h h h h h hh h
k367 ′ al w0 {w0, w2} b′ b {b, b′} {b} w02 b′ {w00, w01, w02} {w00, w01, w02}
k371 al w2 {w0, w2} b′ b′ {b′} {b′} w20 b′ {w20, w21} {w20}
k372 al w2 {w0, w2} b′ b′ {b′} {b′} w20 b′ {w20, w21} {w21}
k373 al w2 {w0, w2} b′ b′ {b′} {b′} w20 b′ {w20, w21} {w20, w21}
k381 al w2 {w0, w2} b′ b′ {b′} {b′} w21 b′ {w20, w21} {w20}
k382 al w2 {w0, w2} b′ b′ {b′} {b′} w21 b′ {w20, w21} {w21}
k383 al w2 {w0, w2} b′ b′ {b′} {b′} w21 b′ {w20, w21} {w20, w21}
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(34) comer, r1
p1, p2 by (during the night)

[comer1〈u3〉]

Output K4 := [comer1〈u3〉]K33

= λj. j ∈ K33 ∧ comer1j(u3j)
K4 u r p u1 u2 A1 A2 r1 u3 p1 p2
k331 al w0 {w0, w2} b b {b, b′} {b} w01 b {w00, w01, w02} {w00}
h h h h h h h h h hh h
k337 al w0 {w0, w2} b b {b, b′} {b} w01 b {w00, w01, w02} {w00, w01, w02}
k361 al w0 {w0, w2} b b {b, b′} {b} w02 b′ {w00, w01, w02} {w00}
h h h h h h h h h hh h
k367 al w0 {w0, w2} b b {b, b′} {b} w02 b′ {w00, w01, w02} {w00, w01, w02}
k331′ al w0 {w0, w2} b′ b {b, b′} {b} w01 b {w00, w01, w02} {w00}
h h h h h h h h h hh h
k337′ al w0 {w0, w2} b′ b {b, b′} {b} w01 b {w00, w01, w02} {w00, w01, w02}
k361 ′ al w0 {w0, w2} b′ b {b, b′} {b} w02 b′ {w00, w01, w02} {w00}
h h h h h h h h h hh h
k367 ′ al w0 {w0, w2} b′ b {b, b′} {b} w02 b′ {w00, w01, w02} {w00, w01, w02}
k381 al w2 {w0, w2} b′ b′ {b′} {b′} w21 b′ {w20, w21} {w20}
k382 al w2 {w0, w2} b′ b′ {b′} {b′} w21 b′ {w20, w21} {w21}
k383 al w2 {w0, w2} b′ b′ {b′} {b′} w21 b′ {w20, w21} {w20, w21}

i.e. K4 = K4, r1 = w01 ∪ K4, r1 = w02 ∪ K4, r1 = w21

as above, reordered to highlight K4, r1 = r1j for (35)

K4 u r p u1 u2 A1 A2 r1 u3 p1 p2
k331 al w0 {w0, w2} b b {b, b′} {b} w01 b {w00, w01, w02} {w00}
h h h h h h h h h hh h
k337 al w0 {w0, w2} b b {b, b′} {b} w01 b {w00, w01, w02} {w00, w01, w02}
k331′ al w0 {w0, w2} b′ b {b, b′} {b} w01 b {w00, w01, w02} {w00}
h h h h h h h h h hh h
k337′   al        w0      {w0, w2}       b′     b      {b, b′}      {b}      w01          b   {w00, w01, w02}   {w00, w01, w02}
k361 al w0 {w0, w2} b b {b, b′} {b} w02 b′ {w00, w01, w02} {w00}
h h h h h h h h h hh h
k367 al w0 {w0, w2} b b {b, b′} {b} w02 b′ {w00, w01, w02} {w00, w01, w02}
k361 ′ al w0 {w0, w2} b′ b {b, b′} {b} w02 b′ {w00, w01, w02} {w00}
h h h h h h h h h hh h
k367  ′    al        w0      {w0, w2}       b′     b      {b, b′}      {b}      w02          b′   {w00, w01, w02}   {w00, w01, w02}
k381 al w2 {w0, w2} b′ b′ {b′} {b′} w21 b′ {w20, w21} {w20}
k382 al w2 {w0, w2} b′ b′ {b′} {b′} w21 b′ {w20, w21} {w21}
k383 al w2 {w0, w2} b′ b′ {b′} {b′} w21 b′ {w20, w21} {w20, w21}
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(35) É] u3 of aA1
A2, u3[É] u3

[SGr1{u3}]

Output K5 := [SGr1{u3}]K4
= λj. j ∈ K4 ∧ |u3K4, r1 = r1j| = 1 D3.SG
= K4 df. K4 above

K5 u r p u1 u2 A1 A2 r1 u3 p1 p2
k331 al w0 {w0, w2} b b {b, b′} {b} w01 b {w00, w01, w02} {w00}
h h h h h h h h h hh h
k337 al w0 {w0, w2} b b {b, b′} {b} w01 b {w00, w01, w02} {w00, w01, w02}
k331′ al w0 {w0, w2} b′ b {b, b′} {b} w01 b {w00, w01, w02} {w00}
h h h h h h h h h hh h
k337′ al w0 {w0, w2} b′ b {b, b′} {b} w01 b {w00, w01, w02} {w00, w01, w02}
k361 al w0 {w0, w2} b b {b, b′} {b} w02 b′ {w00, w01, w02} {w00}
h h h h h h h h h hh h
k367 al w0 {w0, w2} b b {b, b′} {b} w02 b′ {w00, w01, w02} {w00, w01, w02}
k361 ′ al w0 {w0, w2} b′ b {b, b′} {b} w02 b′ {w00, w01, w02} {w00}
h h h h h h h h h hh h
k367  ′    al        w0      {w0, w2}       b′     b      {b, b′}      {b}      w02          b′   {w00, w01, w02}   {w00, w01, w02}
k381 al w2 {w0, w2} b′ b′ {b′} {b′} w21 b′ {w20, w21} {w20}
k382 al w2 {w0, w2} b′ b′ {b′} {b′} w21 b′ {w20, w21} {w21}
k383 al w2 {w0, w2} b′ b′ {b′} {b′} w21 b′ {w20, w21} {w20, w21}

(36) É] p2 of [Émight r, r1
p1, p2É] p2

[p2 ~r r1]

Output K6 := [p2 ~r r1]K5
= λj. j ∈ K5 ∧ p2j = r1K5, r = rj D3.~r

K6 u r p u1 u2 A1 A2 r1 u3 p1 p2
k336 al w0 {w0, w2} b b {b, b′} {b} w01 b {w00, w01, w02} {w01, w02}
k336′ al w0 {w0, w2} b′ b {b, b′} {b} w01 b {w00, w01, w02} {w01, w02}
k366 al w0 {w0, w2} b b {b, b′} {b} w02 b′ {w00, w01, w02} {w01, w02}
k366  ′    al        w0      {w0, w2}       b′     b      {b, b′}      {b}      w02          b′   {w00, w01, w02}   {w01, w02}
k382 al w2 {w0, w2} b′ b′ {b′} {b′} w21 b′ {w20, w21} {w21}

(37) É] p ~ r of sor, u
r1 [É] p ~ r1

[p ~ r]

Output K7 := [p ~ r]K6
= λj. j ∈ K6 ∧ pj = rK6 D3.~
= K6
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3. MODAL QUANTIFICATION & SUBORDINATION: [a … might] ; [must … him]

(1) iv. [I mustr, r2, S2, p2
p3 [safeguardr1 myr2 foodr

u4 from himu3]p3].
p ~ r

Pre-processing, based on the information structure, yields a segmented update T4 as follows:

[[I mustr, r1, S2 p2
p3 presup., topic

↑([S2]; [S2 ~r r2]) • ↑([r1 ∈ fut 〈r〉]; [p2 ~r r1]; [p3| p3 = minS2〈p2〉])
= 〈([S2]; [S2 ~r r2])〉 • 〈([r1 ∈ fut 〈r〉]; [p2 ~r r1]; [p3| p3 = minS2〈p2〉])〉 D4.↑
= 〈([S2]; [S2 ~r r2]), ([r1 ∈ fut 〈r〉]; [p2 ~r r1]; [p3| p3 = minS2〈p2〉])〉 D4.•
=: 〈2T4, 3T4〉

safeguardr1, u4, u3 focus
〈2T4, 3T4〉  • ↑[safeguard.fromr1〈u, u4, u3〉]
= 〈2T4, 3T4, [safeguard.fromr1〈u, u4, u3〉]〉 D4.↑, •
=: 〈2T4, 3T4, 4T4〉

É my r2 foodr
u4 from himu3 presupposition

〈2T4, 3T4, 4T4〉 <• ↑([u4| foodr〈u4〉]; [r2| r2 ∈ p1, eatr2〈u, u4〉, wantr〈u, r2〉]; [SGr1{u3}])
= 〈2T4, 3T4, 4T4〉 <• 〈([u4| foodr〈u4〉]; [r2| r2 ∈ p1, eatr2〈u, u4〉, wantr〈u, r2〉]; [SGr1{u3}])〉 D4.↑

= 〈([u4| foodr〈u4〉]; [r2| r2 ∈ p1, eatr2〈u, u4〉, wantr〈u, r2〉]; [SGr1{u3}]), 2T4, 3T4, 4T4〉 D4.<•
=: 〈1T4, 2T4, 3T4, 4T4〉

É] p3 background
〈1T4, 2T4, 3T4, 4T4〉 • ↑[p3 ~r r1]
= 〈1T4, 2T4, 3T4, 4T4, [p3 ~r r1]〉 D4.↑, •
=: 〈1T4, 2T4, 3T4, 4T4, 5T4〉

É]. p ~ r common ground
〈1T4, 2T4, 3T4, 4T4, 5T4〉 • ↑([p]; [p ~ r])
= 〈1T4, 2T4, 3T4, 4T4, 5T4, ([p]; [p ~ r])〉 D4.↑,•
=: 〈1T4, 2T4, 3T4, 4T4, 5T4, 6T4〉

Thus, the segmented update for (1.iv) is:
T4 := 〈1T4, 2T4, 3T4, 4T4, 5T4, 6T4〉, 
where
1T4 := [u4| foodr〈u4〉]; [r2| r2 ∈ p2, eatr2〈u, u4〉, wantr〈u, r2〉]; [r1(SG{u3}] presupposition
2T4 := [S2]; [S2 ~r r2] presupposition
3T4 := [r1 ∈ fut 〈r〉]; [p2 ~r r1]; [p3| p3 = minS2〈p2〉] topic
4T4 := [safeguard.fromr1〈u, u4, u3〉] focus
5T4 := [p3 ~r r1] background
6T4 := [p]; [p ~ r] common ground

The resulting update is obtained by performing the coordinate updates in sequence, as follows:
↓T4 := (1T4; 2T4; 3T4; 4T4; 5T4, 6T4) D4.↓

So in the context of (1.i–iii), which outputs K6 (sec. 2), we predict the following output of (1.iv):
H5 = ↓T4K6 := (1T4; 2T4; 3T4; 4T4; 5T4)K6
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3.1 Presupposition accommodation (1T4; 2T4)

myr2 foodr
u4 from him u3

[u4| foodr〈u4〉]; [r2| r2 ∈ p1, eatr2〈u, u4〉, wantr〈u, r2〉]; [SG{u4}]; [SGr1{u3}] =: 1T4

1T4K6
= (λIλj. ∃i ∈ I(i[u4]j ∧ foodrj〈u4〉)) ; D2, D1

(λIλj. ∃i ∈ I(i[r2]j ∧ r2j ∈ p1j ∧ eatr2j(uj, u4j) ∧ ∃π(wantrj(uj, π) ∧ r2j ∈ π)) D2, D11

(λIλj. j ∈ I ∧ |u4I| = 1); (λIλj. j ∈ I ∧ |u3Ir1 = r1j| = 1)K6 D3
=: H1
if Al gets to eat his food in the p1-doxastically accessible futures w00, w01, w20 and w21:
H1 u r p … r1 u3 p1 p2 u4 r2
h10 al w0 {w0, w2} … w01 b {w00, w01, w02} {w01, w02} c w00
h11 al w0 {w0, w2} … w01 b {w00, w01, w02} {w01, w02} c w01
h10′ al w0 {w0, w2} … w01 b {w00, w01, w02} {w01, w02} c w00

h11′ al w0 {w0, w2} … w01 b {w00, w01, w02} {w01, w02} c w01

h20 al w0 {w0, w2} … w02 b′ {w00, w01, w02} {w01, w02} c w00

h21 al w0 {w0, w2} … w02 b′ {w00, w01, w02} {w01, w02} c w01

h20′ al w0 {w0, w2} … w02 b′ {w00, w01, w02} {w01, w02} c w00

h21′ al w0 {w0, w2} … w02 b′ {w00, w01, w02} {w01, w02} c w01

h30 al w2 {w0, w2} … w21 b′ {w20, w21} {w21} c w20

h31 al w2 {w0, w2} … w21 b′ {w20, w21} {w21} c w21

Eliminating rows (with primed numbers) that differ only on no longer relevant dref’s, we get:
H1 u r p … r1 u3 p1 p2 u4 r2
h10 al w0 {w0, w2} … w01 b {w00, w01, w02} {w01, w02} c w00 H1, r = w0
h11 al w0 {w0, w2} … w01 b {w00, w01, w02} {w01, w02} c w01
h20 al w0 {w0, w2} … w02 b′ {w00, w01, w02} {w01, w02} c w00

h21       al     w0   {w0, w2}   …   w02        b′    {w00, w01, w02}      {w01, w02}    c      w01

h30 al w2 {w0, w2} … w21 b′ {w20, w21} {w21} c w20 H1, r = w2

h31 al w2 {w0, w2} … w21 b′ {w20, w21} {w21} c w21

([S2]; [S2 ~r r2]) =: 2T4

2T4H1 := ([S2]; [S2 ~r r2])H1
= λj. ∃i ∈ H1(i[S2]j ∧ {@w} ∉ S2j ∧ S2j = {r2H1, r = rj}) D2, D3
=: H2

H21 u r p r1 u3 p1 p2 u4 r2 S2
h10 al w0 {w0, w2} w01 b {w00, w01, w02} {w01, w02} c w00 {{w00, w01}}
h11 al w0 {w0, w2} w01 b {w00, w01, w02} {w01, w02} c w01 {{w00, w01}}
h20 al w0 {w0, w2} w02 b′ {w00, w01, w02} {w01, w02} c w00 {{w00, w01}}
h21       al     w0   {w0, w2}    w02    b′    {w00, w01, w02}   {w01, w02}    c    w01  {{w00, w01}}
h30 al w2 {w0, w2} w21 b′ {w20, w21} {w21} c w20 {{w20, w21}}
h31 al w2 {w0, w2} w21 b′ {w20, w21} {w21} c w21 {{w20, w21}}

                                                  
1 Presumably, the speaker desires a bear-free night, so in p2-futures, where a bear comes by, only some of
his desires can be satisfied. This motivates the existential quantification in definition D1, clause Rr〈u, r′〉.
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3.2 Topic update 3T4

[[I must r, r1, S2, p2
p3

[r1 ∈ fut 〈r〉]; [p2 ~r r1]; [p3| p3 = minS2〈p2〉] =: 3T4

Output H31 := ([r1 ∈ fut 〈r〉]; [p2 ~r r1])H2

= H2
H31 u r p r1 u3 p1 p2 u4 r2 S2
h10 al w0 {w0, w2} w01 b {w00, w01, w02} {w01, w02} c w00 {{w00, w01}}
h11 al w0 {w0, w2} w01 b {w00, w01, w02} {w01, w02} c w01 {{w00, w01}}
h20 al w0 {w0, w2} w02 b′ {w00, w01, w02} {w01, w02} c w00 {{w00, w01}}
h21       al     w0   {w0, w2}    w02    b′    {w00, w01, w02}   {w01, w02}    c    w01  {{w00, w01}}
h30 al w2 {w0, w2} w21 b′ {w20, w21} {w21} c w20 {{w20, w21}}
h31 al w2 {w0, w2} w21 b′ {w20, w21} {w21} c w21 {{w20, w21}}

Output H32 := [p3| p3 = minS2〈p2〉]H31

= λj. ∃i ∈ H31(i[p3]j ∧ @w ∉ p3j ∧ p3j = minS2j (p2j)) D2, D1
H32 u r p r1 u3 p1 p2 u4 r2 S2 p3
h21 al w0 {w0, w2} w01 b {w00, w01, w02} {w01, w02} c w00 {{w00, w01}} {w01}
h22 al w0 {w0, w2} w01 b {w00, w01, w02} {w01, w02} c w01 {{w00, w01}} {w01}
h23 al w0 {w0, w2} w02 b′ {w00, w01, w02} {w01, w02} c w00 {{w00, w01}} {w01}
h24       al     w0   {w0, w2}    w02    b′    {w00, w01, w02}   {w01, w02}    c    w01  {{w00, w01}}    {w01}
h25 al w2 {w0, w2} w21 b′ {w20, w21} {w21} c w20 {{w20, w21}} {w21}
h26 al w2 {w0, w2} w21 b′ {w20, w21} {w21} c w21 {{w20, w21}} {w21}

3.3 Focus (4T4), background (5T4) & common ground (6T4) updates

safeguard (from)r1, u, u4, u3
[safeguard.fromr1〈u, u4, u3〉] =: 4T4

Output H4 := [safeguard.fromr1〈u, u4, u3〉]H32

= λj. j ∈ H32 ∧ safeguard.fromr1j(uj, u4j, u3j) D2, D1
if the speaker (Al) safeguards his u4-food from the u3-bear in w01 only:
H4 u r p r1 u3 p1 p2 u4 r2 S2 p3
h21 al w0 {w0, w2} w01 b {w00, w01, w02} {w01, w02} c w00 {{w00, w01}} {w01}
h22 al w0 {w0, w2} w01 b {w00, w01, w02} {w01, w02} c w01 {{w00, w01}} {w01}

]p3

[p3 ~r r1] =: 5T4

Output H5 := [p3 ~r r1]H4
= λj. j ∈ H4 ∧ p3j = r1H3, r = rj D3
= H4 df. H4

]p ~ r

[p]; [p ~ r] =: 6T4

Output H6 := ([p]; [p ~ r])H5
= λj. ∃i ∈ H5(i[p]j ∧ pj = rH5) D2, 3

H6 u r p r1 u3 p1 p2 u4 r2 S2 p3
h61 al w0 {w0} w01 b {w00, w01, w02} {w01, w02} c w00 {{w00, w01}} {w01}
h62 al w0 {w0} w01 b {w00, w01, w02} {w01, w02} c w01 {{w00, w01}} {w01}
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4. MORE MODAL QUANTIFICATION & SUBORDINATION: [must … him]; [otherwise…he]

(1) v. [Otherwiser, r1, p2, p2
p4 [heu3Õllr, r1 eatr1 itu4]p4].

p ~ r

The particle otherwise triggers the following alternative update:
↓T4 ∨ ↓(〈1T4, 2T4, 3T4〉 •  ↑D5)
where D5 is the (unsegmented) update contributed by (1.v). So in the context of (1.i–iii), which
outputs K6 (sec. 2), and (1.iv), which outputs H6 (sec. 3), we predict the following output of (1.v):
I8 = (↓T4 ∨ ↓(〈1T4, 2T4, 3T4〉 • ↑D5))K6

 = ↓T4K6 ∪ ↓(〈1T4, 2T4, 3T4〉 • ↑D5)K6 D2.∨
= (1T4; 2T4; 3T4; 4T4; 5T4)K6 ∪ ↓(〈1T4, 2T4, 3T4〉 • 〈D5〉)K6 D4.↓T, ↑D
= (1T4; 2T4; 3T4; 4T4; 5T4)K6 ∪ ↓(〈1T4, 2T4, 3T4, D5〉)K6 D4.•
= (1T4; 2T4; 3T4; 4T4; 5T4)K6 ∪ (1T4; 2T4; 3T4; D5)K6 D4.↓T
= (1T4; 2T4; 3T4; 4T4; 5T4)K6 ∪ D5(3T4(2T4(1T4(K6)))) D2.;
= H6 ∪  D5H32 df. H6, H32 above

where:
H6 u r p r1 u3 p1 p2 u4 r2 S2 p3
h61 al w0 {w0} w01 b {w00, w01, w02} {w01, w02} c w00 {{w00, w01}} {w01}
h62 al w0 {w0} w01 b {w00, w01, w02} {w01, w02} c w01 {{w00, w01}} {w01}

and the input to D5 is:
H32 u r p r1 u3 p1 p2 u4 r2 S2 p3
h21 al w0 {w0, w2} w01 b {w00, w01, w02} {w01, w02} c w00 {{w00, w01}} {w01}
h22 al w0 {w0, w2} w01 b {w00, w01, w02} {w01, w02} c w01 {{w00, w01}} {w01}
h23 al w0 {w0, w2} w02 b′ {w00, w01, w02} {w01, w02} c w00 {{w00, w01}} {w01}
h24 al w0 {w0, w2} w02 b′ {w00, w01, w02} {w01, w02} c w01 {{w00, w01}} {w01}
h25 al w2 {w0, w2} w21 b′ {w20, w21} {w21} c w20 {{w20, w21}} {w21}
h26 al w2 {w0, w2} w21 b′ {w20, w21} {w21} c w21 {{w20, w21}} {w21}

Since (1.v) does not contain any presuppositions to be accommodated, we can now compute
I7 :=  D5H32 (where D5 is the unsegmented update contributed by (1.v)) incrementally as follows:

[otherwiser, r1, p2, p3
p4 topic

[p4| p4 = p2 – p3]

Output I1 := [p4| p4 = p2 – p3]H32
= λj. ∃i ∈ H32(i[p4]j ∧ p4j = p3j – p2j) D2, D1

I1 u r p r1 u3 p1 p2 u4 r2 S2 p3 p4
i1 al w0 {w0, w2} w01 b {w00, w01, w02} {w01, w02} c w00 {{w00, w01}} {w01} {w02}
i2         al     w0   {w0, w2}    w01    b     {w00, w01, w02}   {w01, w02}    c    w01  {{w00, w01}}    {w01}   {w02}
i3 al w0 {w0, w2} w02 b′ {w00, w01, w02} {w01, w02} c w00 {{w00, w01}} {w01} {w02}
i4         al     w0   {w0, w2}    w02    b′    {w00, w01, w02}   {w01, w02}    c    w01  {{w00, w01}}    {w01}   {w02}
i5 al w2 {w0, w2} w21 b′ {w20, w21} {w21} c w20 {{w20, w21}} {w21} {}
i6 al w2 {w0, w2} w21 b′ {w20, w21} {w21} c w21 {{w20, w21}} {w21} {}
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[heu3 presupposition
[SGr1{u3}]

Output I2 := [SGr1{u3}]I1
= λj. j ∈ I1 ∧ |u3I1, r1 = r1j| = 1 D3
= I1 df. I1 above

Õllr, r1
[r1 ∈ fut 〈r〉] presupposition

Output I3 := [r1 ∈ fut 〈r〉]I2

= λj. j ∈ I2 ∧  r1j ∈ fut  rj D2, 1, 04
= I1 df. I2, I1 abv

eatr1, u3, u4

[eatr1〈u3, u4〉] focus

Output I4 := [eatr1〈u3, u4〉]I3

= λj. j ∈ I3 ∧  eatr1j(u3j, u4j) D2, 1
if the u3-bear (b′) eats the u4-food (c) in w02 (only):

I4 u r p r1 u3 p1 p2 u4 r2 S2 p3 p4
i3 al w0 {w0, w2} w02 b′ {w00, w01, w02} {w01, w02} c w00 {{w00, w01}} {w01} {w02}
i4 al w0 {w0, w2} w02 b′ {w00, w01, w02} {w01, w02} c w01 {{w00, w01}} {w01} {w02}

it u4
[SGr1{u4}] presupposition

Output I5 := [SGr1{u3}]I4
= λj. j ∈ I4 ∧ |u4I4, r1 = r1j| = 1 D3
= I4 df. I4 above

]p4

[p4 ~r r1] background

Output I6 := [p4 ~r r1]I5
= λj. j ∈ I5 ∧ p4j = r1I5, r = rj D3
= λj. j ∈ I4 ∧ p4j = r1I4, r = rj I5 = I4

= I4 df. I4 above

]p ~ r

[p]; [p ~ r] common ground

Output I7 := ([p]; [p ~ r])I6
= λj. ∃i ∈ I6(i[p]j ∧ pj = rI6 D2, D3

I7 u r p r1 u3 p1 p2 u4 r2 S2 p3 p4
i3 al w0 {w0} w02 b′ {w00, w01, w02} {w01, w02} c w00 {{w00, w01}} {w01} {w02}
i4 al w0 {w0} w02 b′ {w00, w01, w02} {w01, w02} c w01 {{w00, w01}} {w01} {w02}
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The predicted output of (1.v) is thus the following alternative update:

I8 = (↓T4 ∨ ↓(〈1T4, 2T4, 3T4〉 • ↑D5))K6

= H6 ∪  D5H32 from above

where:
H6 u r p r1 u3 p1 p2 u4 r2 S2 p3 p4
h61 al w0 {w0} w01 b {w00, w01, w02} {w01, w02} c w00 {{w00, w01}} {w01} {}
h62 al w0 {w0} w01 b {w00, w01, w02} {w01, w02} c w01 {{w00, w01}} {w01} {}

and D5H32 =: I7
I7 u r p r1 u3 p1 p2 u4 r2 S2 p3 p4
i3 al w0 {w0} w02 b′ {w00, w01, w02} {w01, w02} c w00 {{w00, w01}} {w01} {w02}
i4 al w0 {w0} w02 b′ {w00, w01, w02} {w01, w02} c w01 {{w00, w01}} {w01} {w02}

i.e.
I8 u r p r1 u3 p1 p2 u4 r2 S2 p3 p4
h61 al w0 {w0} w01 b {w00, w01, w02} {w01, w02} c w00 {{w00, w01}} {w01} {}
h62 al w0 {w0} w01 b {w00, w01, w02} {w01, w02} c w01 {{w00, w01}} {w01} {}
i3 al w0 {w0} w02 b′ {w00, w01, w02} {w01, w02} c w00 {{w00, w01}} {w01} {w02}
i4 al w0 {w0} w02 b′ {w00, w01, w02} {w01, w02} c w01 {{w00, w01}} {w01} {w02}



SSem: Conditionals in discourse TOP 3: Nominal & modal anaphora Bittner: Fall 2007

57

APPENDIX 0: UPDATE SEMANTICS + Ty3 (UTy3)

D01. Basic terms of UTy3
Variables Constants Type Name of objects
i, j, k, h i@ s atomic (info) states (aka indices)
x, y, z @e, john, … e entities
w @w, w0, … w worlds
I, J, K, H {i@} st (plural) (info) states
π {w0}, … wt propositions
Σ {{w0}}, … (wt)t sets of propositions

fut w(wt) (possible) futures
un se e-stores (u0 for the speaker)
An s(et) et-stores
rn sw w-stores (r0 for the reality)
pn s(wt) wt-stores (p0 for the common ground)
Sn s((wt)t) (wt)t-stores

D02. Dummies
• @w ∉ {w0, …} ∧ @w ∉ fut  wn ∧ @e ∉ {john, …} 
• Rw(x1, …xn) → w ≠ @w ∧ @e ∉ {x1, …xn} for any basic relation Re…ew

Rw(x, π) → w ≠ @w ∧ x ≠ @e ∧ π ≠ {} ∧ @w ∉ π for any basic relation R(wt)ew

• δi@ = @a ∧ Δi@ = {} for δsa, Δs(at), a ∈ {e, w, wt}

D03. Order & minimal elements
• w ≤Σ w′ := {π| π ∈ Σ ∧ w′ ∈ π} ⊆ {π| π ∈ Σ ∧ w ∈ π}
• w <Σ w′ := w ≤Σ w′ ∧ ¬w′ ≤Σ w
• minΣ(π) := {w| w ∈ π ∧ ¬∃w′(w′ ∈ π ∧ w′ <Σ w)}

D04. Defined dref’s
• John := λis. johne

• fut 〈r〉 := λis. fut  ri
• minS〈p〉 := λis. minSi(pi)
• doxr〈u〉 := λis. ∩{π| believeri(ui, π)}
• p – p′ := λis. pi – p′i

D05. Global values, substates
• δI := {δi: is ∈ Ist} for δsa, a ∈ {e, w, et, wt, (wt)t}
• Iδ = d := {is ∈ I| δi = d} for δsa, da, a ∈ {e, w, et, wt, (wt)t}

D1. Conditions (type st)
• PL〈A〉 := λis. |Ai| > 1

SG〈A〉 := λis. |Ai| = 1
• δ = δ′ := λis. δi = δ′i for δsa, δ′sa, a ∈ {e, w, et, wt, (wt)t}

δ ∈ Δ := λis. δi ∈ Δi for δsa, Δs(st), a ∈ {e, w, wt}
• MOST〈Δ, Δ′〉 := λis. Δ′i ⊆ Δi ∧ |Δi ∩ Δ′i| > |Δi – Δ′i| for Δs(at), Δ′s(at), a ∈ {e, w}

SM〈Δ, Δ′〉 := λis. ∅ ⊂ Δ′i ⊆ Δi
• Rr〈δ1, …δn〉 := λis. Rri(δ1i, …δni) for Ran…a1 w, δ1, sa1,…δn, san

Rr〈u, r′〉 := λis. ∃π(Rri(ui, π) ∧ r′i ∈ π) for R(wt)ew
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D2. Local updates (type (st)(st))
• [δ] := λIstλjs. ∃is ∈ I(i[δ]j ∧ @a ≠ δj) for δsa, a ∈ {e, w}
• [Δ] := λIstλjs. ∃is ∈ I(i[Δ]j ∧ @a ∉ Δj) for Δsa, a ∈ {et, wt, (wt)t}
• [C1,…Cn] := λIstλjs. j ∈ I ∧ C1j ∧…Cnj
• (D1; D2) := λIst. D2(D1I)

(D1 ∨ D2) := λIst.(D1I ∪ D2I)
• [δ| C1, …Cn] := [δ]; [C1,…Cn] for δsa, a ∈ {e, w, et, wt, (wt)t}

D3. Non-local updates (type (st)(st))
• [Δ ~ δ] := λIstλjs. j ∈ I ∧ Δj = δI for Δs(at), δsa, a ∈ {e, w, wt}

[Δ ~r δ] := λIstλjs. j ∈ I ∧ Δj = δIr = rj for Δs(at), δsa, a ∈ {e, w, wt}
[S ~r r′] := λIstλjs. j ∈ I ∧ Sj = {r′Ir = rj}

• [SG{δ}] := λIstλjs. j ∈ I ∧ |δI| = 1)
[PLr{δ}] := λIstλjs. j ∈ I ∧ |δIr = rj| > 1)
[SGr{δ}] := λIstλjs. j ∈ I ∧ |δIr = rj| = 1)
[u(SGr{δ})] := λIstλjs. j ∈ I ∧ @ ∉ uIr = rj ∧ ∀xe ∈ uIr = rj(|δIr = rj, u = x| = 1) 

D4. Segmented updates (n-tuples of (st)(st)-updates)
• ↑D := 〈D〉 for D(st)(st)

↓〈D1, …, Dn〉 := (D1; …; Dn)
• n〈D1, …Dn, …〉 := Dn

• T • T′ := 〈1T, …nT, 1T′, …mT′〉
T <• T′ := 〈1T′, …mT , 1T, …nT〉

D5. Truth (relative to default state)
• |= D := ∃js(j ∈ D{i@})

APPENDIX 1: LEXICON FOR INCREMENTAL UPDATE

Cat English item UTy3 translation E.g.
cn manr, u [manr〈u〉] (1i)
rn friendr, u, u′ [frnr〈u, u′〉] (2ii)
pn her, u [SGr{u}] (1iv)

heu(r, u′) [u(SGr〈u′〉)], (2iii)
iv laughr, u [laughr〈u〉] (1iii)
tv seer, u, 

u′
 [u′| seer〈u, u′〉] (1ii)

dt ar, Au [u| u ∈ A]…; [SGr{u}] (1iii)
[everyA[…]A…]A [PL〈A〉];…[A ~ u]; …[A ~ u] (2ii)
[oner, u, A

 A′[…]A…]A′ [A′| SM〈A, A′〉, SG〈A′〉];…[A ~r u];…[A′ ~r u] (2ii)
[usuallyA

A′[…]A…]A′ [A′| MOST〈A, A′〉];…[A ~r u];…[A′ ~r u] (2iii)
md willr, r′ [r′ ∈ fut 〈r〉] (1v)

[…mustr, r′, S, p
p′…]p′ [r′ ∈ fut 〈r〉]; [p ~r r′]; [p′| p′ = minS〈p〉];…[p′ ~r r′] (1iv)

[…mightr, r′, S, p
p′…]p′ [r′ ∈ fut 〈r〉]; [p ~r r′]; [p′| SM〈minS〈p〉, p′〉];…[p′ ~r r′] (1iii)

pcl sor, u, p
r′[…]p ~ r [r′| r′ ∈ doxr〈u〉]; …[p ~ r] (1iii)

otherwiser, r′, p, p′
p″[…]p″ [p″| p″ = p – p′]; …[p″ ~r r′] (1v)


