TSem (Bittner) Top 5: Dekker 2003b, 2004 Fall 2006

QPLA (4):
Toward a general theory of quantification & information structure

0. Research program (based on Dekker 1993ff)

* Anaphora & strong readings via stack update & unselective quant. (Sec. 1, a la Dekker 1994)
(1) 'A diver found a pearl. *She gave it to a friend.

(2) If farmer owns a donkey, he beats it with a stick.

(3) Every farmer who owns a donkey beats it with a stick. strong rdg. of (3) = (2)

* Proportions & weak readings via selective quantification (Sec. 2, adapting Dekker 2003a)

(4) Most people who have a dime will put it in the meter. (Schubert & Pelletier)

(5) Most people who write an article (later) develop it in another article.

* Uniqueness via referents for functions (Sec. 3, adapting Dekker 2003a)

(6) Most businessmen who sent a contribution to Gore sent a larger contribution to Bush.

e Topical restriction via topical referents for sets (Paper topic 1, adapting Dekker 2003b, a)
(7) 'Tom was at a party (last night). *One girl was stunning, and *every boy went wild.
(8) 'Every man (in this town) has a gun, *but most people don’t use it.
*Only Bill uses it (to shoot deer). (after Sandu)
* Negation & questions via other dimensions (Paper topic 2, adapting Dekker 2003a, b)
(9) 'Tom was at a party (last night). *He didn’t talk to everybody, but he had a good time.
(10) Q: 'Who’s coming?
A: *An undergraduate and a friend of his.
* Presupposition of else via current possibility (Paper topic 3, adapting Dekker 2003b)
(<) Dekker 1993:154: 5[ © ¢]"" ¢ = {i € sl s[¢p]" # D}
(11) 'Tom was at a party (last night). *He talked to a logician, a friend of hers & someone else.

(12) Q: 'Who attacked Sue?
A: A teenager, a friend of his, and somebody else (I didn’t see).

(13) Q: 'Who attacked Sue?
A: *A teenager and a friend of his. There was nobody else.
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1. QPLA (v.3.1): Anaphora & strong rdgs via stack update & unsel. quant. (a la Dekker 1994)

DEFINITION 1.1 (QPLA-types)
e ¢,t€Typ
e (or)ETyp,ifo,t€ Typ

DEFINITION 1.2 (QPLA-basic terms)

e Con, = {bill, sue, ...} e Var, = {x,y,z ...}
Con,, = {diver, pearl, ..., die,...} e Prn, = {p,.py ...}
Con,,, = {friend, ..., find, beat, ...}

Con,, = {give.to, beat.with, ...}

DEFINITION 1.2 (QPLA-terms).

b o€ Term, if a € Con, U Var, U Prn,

= (a=p) &€ Term, if a, f € Term,

f ap,...p, € Term, if o € Term,_,, (n times e) & B,...p, € Term,
= ¢ € Term, if € Term,

A (O Ay)E Term, if ¢, € Term,

3 3ud € Term, ifu € Var, & ¢ € Term,

ABBREVIATIONS

« =) = Ay

e Yup = =du-g

DEFINITION 2.1 (frames). A QPLA-frame is a set of T-domains, {D,: T € Typ} s.t.
* D,={1,0}

D, is a non-empty set disjoint from D,
* Dgy={fIYCDom fC D,&Ran f C D}

DEFINITION 2.2 (models and assignments)

e A QPLA-model is a structure M = (D", [-]") such that:
(i) D"={D:t € Typ} is a QPLA-frame.
(ii) [-]"is a function that assigns to any oo € Con, a denotation [o]" € D

* An M-assignment is a function g that assigns to any u € Var, a value gu) €ED,”. Ifd€ D",
then g[u/d] is the M-assignment s.t. (i) g[u/d](u) = d, and (ii) glu/d](u’) = g(u’) if u’ # u.

DEFINITION 2.2' (indices and information states)

e i€ (DM wheren € N={0,1,2, ...}, is an n-stack (aka index) of M-drefs
i =r,, ifi=(r,..ry)€MD)&l=smsn
§J={rye.rpr'yy .ty ifi=(r,..ry€DM &j={r,,...r'yedDM"

e sEPMDM", wherenE N={0, 1,2, ...}, is an M-state of information about n M-drefs
S" = U, c n P(D,M)" is the set of M-information states
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DEFINITION 2.3 (QPLA-semantics). For any M, g, s € S¥, i € (D,”)"
b {Hal™ = [ao] if « € Con,

{Mal™* = glo) if o € Var,

{Mal™* = i, ifo=p,EPrn, & l<m=n
= sa=p"* = {Esl {iHal™ s = {1}
foslof,...p1" = {EsTal{BHBI"S)... (BN ) =1}
= S0l = {i€sl-3j:ji € A1}
A sl@AITE = sl gl
3 f3ugl™t = {rili € o))
DEFINITION 3 (Support and truth)
* ssupports o wrt M under g, s 1=, , ¢,  iff Viesdj:jies{¢]" ¢
o ¢istruein M, I=,, ¢, iff Vg: {OY I 2D
FACT A
- =PI = i€ sl V) ji € A¢1" ¢ — Tk kji € sl Tyl )
V sIVug]™ s {i €51 Vr3j: ji € s[¢p]™ "}
Proof:
Lol —yn™s
2. s[—(p A )] e A.—
3. {i€sl=3j:ji € sl(p A p)]** D2.3.-
4. {i€sl=3j:ji € sIel™ Iyl <} D2.3.A
5. (i€ sl-3j: ji € {i'€ Lol =Tk: ki’ € A Tyl™ ) D2.3.-
6. {i € sl-Tj: (ji € A" & ~Tk: kji € sTof " Tl ™)} df. {——}
7. {i €slVj: ji € sl * — k: kji € s{OI™[p]™#)} metalg. =, 3, V, —
A4
1. sIVug]™*
2. s[—3u-¢]" ¢ AV
3. {i€sl=3j: ji € s u-)" ¢} D2.3.-
4. {i €l -3 ji € {rili’ € o™ 4w D2.3.3
5. {i € sl -3, k: ki € s[~¢]* "} df. {—-}, D2.2".ij
6. {i€sl-r, k ki € {i € sl =3j: ji' € slp]" ¥} D2.3.-
7. {i €sl-3r, k: (ki € s & =3j: jki € s[¢p]™ <)} df. {——}
8. {i€EsIVr, k: (ki € s — Tj: jki € s[¢p]™ ")} metalg. —, 3, V
9. {i €slVraj: ji € s[¢p]™ "} D2.2".s € P(D,”)" implies k = ()

(1)  'A diver found a pearl. *She gave it to a friend.
(1) 3x(Dx A Iy(Py A Fxy)) A z(Fzp, A Gp,p2)

Fact 1:

|=,, (1) iff

Ar,r,r’ €D [DI"(r)=1 & [P =1 & [FI"(r)F) =1
&IF 1M =1 &GN =1

Dekker 2003a:3
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Proof:

1. =, Ax(Dx A y(Py A Fxy)) A z(Fzp, A Gp,p,2)

2. Vg D3
{O}Ix(Dx A Fy(Py A Fxy)) A Iz(Fzp, A Gp p,I™" ¢ 2 D

3. Vg D2.3.A
{OMAx(Dx A y(Py A Fxy)I"13z(F zp, A Gpp,2)]" & # D

4, Vg: D2.3.3
{r7ili € {OHAxDx A Fy(Py A Fxy)I™ 1F zp, & Gp p,d* 7"} = &

5. Vg D2.3.A
{r'il i € {O}3x(Dx A Fy(Py A Fxy)I*" 1 F zp )" Gp p,d ™"} # &

6. Vg D2.3.f

10.

11.

12.

13.

14.

15.

16.

{r’il i € {OMAx(Dx A Ay(Py A Fxy))I"$[Fzp,]*" <"
& [GI"EHp L™= (L) (A" N = 1} 2

Vg: D2.3.b, D2.2.g[u/d]
{r’il i € {OMAx(Dx A y(Py A Fxy))I"$[Fzp,]*" <"

& GG (i) (r)=1} 2 D
Vg: D2.3.f, b, D2.2.g[u/d]
{r"ili € {OMIAx(Dx A Ty(Py A Fxy)]™*

& [F1Mr") (i)=1& [G]"() (i) r)=1} 2 &
Vg: D2.3.3
{r"ili € {rjl j € {O)} Dx A Iy(Py A Fxy)]"s""}

& [F1Mr") (i)=1& [G]"() (i) r)=1} 2 &
Vg: eliminate i using df. {—:—}, D2.2".i,, ij
{r’rjl j € {)} Dx A Iy(Py A Fxy)]* "

& [F1Mr (=1 & [GI") () (=1} #D
Vg: D2.3.A
{r'rjl j € LOHDAY ¥ [Iy(Py A Fxy)]" s

& [F1Mr (=1 & [GIM() () (=1} #D
Vg D2.3.A
{r’rjl j € {ril i € {)NDA™ Y [Py A Fxy]™ "1y

& IF1Mr (=1 & [GI"() () (=1} #D
Vg: eliminate j using df. {—:—}, D2.2".i,, ij
{r’rr'il i € {ONDA™ " [Py A Fxy]* s

& [F1"r (=1 & [GI"(H)(r)(r"N=1}#
Vg: D2.3.A
{r//rr/il l' E {()}HDXHM,g[x/r]ﬂPy]]M,g[x/r]Ly/r']Hny]]M,g[x/r]Ly/r’]

& [F1"r(=1& [GI"(H)(r) (=1} #
Ve: 3 x D2.3.£, b, D2.2.g[u/d]
{r'rriti €{Q)} &[DI"(r) =1 &[P1"(r) =1 &[F"(r)(r) =1

& [F1"r(=1& [GI"(H)(r) (=1} #
Ar,r,r"€eDM: eliminate g, metalg. 3, D2.2', D2.2.[]"
IDI"(r)=1&[PI"rH=1&[FI"(r) () =1
& [F'1Me" ) =1 &G =1
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3) Every farmer who owns a donkey beats it with a stick.
(3)  Vx((Fx A 3y(Dy A Oxy)) — Jz(Sz A Bxp,2)) strong rdg. a la Dekker 2003a:3

Fact 3a:
{()}HFx]]M,g[x/r]ﬂ Ely(Dy A Oxy)]]M,g[x/r]
={r HFHM(I”) =1 &HD]]M(r’) -1& HOI]M(r)(r’) -1}

Proof:

1. {OMFA™ [ 3y(Dy A Oxy)] £

2. {rili € {OMFA™ "Dy n Oxy]™ 071} D2.3.3

3. {rili € {OMFA™ S Dy]™ W [ Oy] ™ 80Ty D2.3.A

4. {rili € {ONFA™ " Dy]*sn0r D2.3.f, df. {—-}
& HO]]M({i}ﬂx]]M,g[x/r][y/r’])({i}ﬂy]]M,g[x/r][y/r’]) — l}

5. {rili € {O)MFx]™ > Dy s D2.3.b, D2.2.g[u/d]
&101"(r)(r') = 1}

6. {rili€ {OHFx" " D2.3.f, df. {—-}, D2.3.b, D2.2.g[u/d]
&IDIM(r) =1 &[01"(r)(r) = 1}

7. {ritie{(} D2.3.f, df. {—-}, D2.3.b, D2.2.g[u/d]
&IF"(r) =1 &IDI"(r) = 1 &[O1"(r)(r') = 1}

8. {rIF1"()=1&[DI"r)=1&[01"(r)(r") =1} eliminate p

Fact 3b:

{PIFIM) = 1 &IDIM) = 1 & [O1M(r)(r') = 1332(Sz A Bxp,2)] M1
={r'r [[F]]M(r) =1 &[[D]]M(r’) =1& IIOI]M(r)(r’) =1
&[S1M(r"y =1 & [BI"(r)(r)(r") =1}

Proof:
Exercise.
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Fact 3c:

=, (3') iff

Yr,r'€DMF1Mr) =1 &IDI"(r) =1 &[O1"(r)(r) = 1

— 3r7eDM[S1"r") =1 & [BI"(r)(r)(r") =1

Proof:

1. 1=, Vx((Fx A 3y(Dy A Oxy)) — 3z(Sz A Bxp,2))

2. Vg D3
{OMVx((Fx A 3y(Dy A Oxy)) — 3z(Sz A Bxp )" 2 D

3. Vg F.V
{i € {0} Vrdj: ji € {QH(Fx A YDy A Oxy)) — Fz(Sz A Bap ™1} = &

4. Vg eliminate i
Vrdj: j € {)}N(Fx A Ay(Dy A Oxy)) — Iz(Sz A Bxp,2)] "<

5. Vg rename j, F.—

10.

11.

12.

13.

Vrai:i € {()}

& Vj: ji € {()}N Fx A 3y(Dy A Oxy)]* ™"

— Jk: kji € {0} Fx A Iy(Dy A Oxy)|"<[3z(Sz A Bxp,z)]" <"

Ve: eliminate i
VrVj: j € {QHFx A 3y(Dy A Oxy)]* ¢

— Jk: kj € {OFx A Iy(Dy A Oxy)I"[Tz(Sz A Bxp,2)] <"
Vg: D2.3.A
VI"V]] e {<>}HFXHM,g[x/r]H3y(Dy A Oxy)]]M,g[x/r]

— 3k: kj € {OHFA™ " [y(Dy A Oxy)]"*“"[3z(Sz A Bxp,2)]*" <"
Ve F3a
VrVj:j € {r1F1"(r) = 1 &IDI"(r) = 1 & [01M(r)(r') = 1}

— k: kj € {r11F1"(r) = 1 &IDI"(r") = 1 & [O1™(r)(r") = 1}[3z(Sz A Bxp )] *"*"
ve: F3b
VrVj: j € {r [ F1"(r) = 1 &[DI"(r) = 1 & [O1"(r)(r)) = 1}

— 3k kj € P [F1M(r) = 1 &[D)"(r) =1 & [O]"(r)(r) = 1

&S1M(r") = 1 & IBI"(r)(r)(r")}

VrVj. j € {r1F1M(r) = 1 &ID]"(r) =1 & [O1M(r)(r)) = 1} eliminate g
— 3k kj € {r'r [F1"(r) = 1 &IDI"(r') = 1 & [O1"(r)(r') = 1
& [S1M(r"y =1 & [BIM(r)(r)(r")}

VYt LFIM) = 1 &IDIM(r) = 1 & 101 () = 1 climinate j
— 3k: kr' € {r't1 [F1M(r) =1 &IDIM(t) =1 & [O1M(r)(t) =1
&ISIM(r) = 1 & [BI"(n(t)(r")}

VYt () = 1 &IDIM(r) = 1 & [01M(r)(r) = 1 eliminate k
— A" [F1Y(r) =1 &[DI"(r) =1 & [O1M(r)(r) =1
&[SIM(r"y =1 & [BI"(r)(r)r") =1
Yr, r: [ F1"(r) = 1 &IDIMG) = 1 & [01M(r)(r) = 1 simplify

— A" [S1M(r) =1 & [BI" (")) =1
O
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2. QPLA (v. 3.2): Proportions & weak readings via selective quantification
DEFINITION 1.1 (QPLA-types)

e ¢,t€Typ
e (ot)eTyp,ifo,TtE€ Typ

DEFINITION 1.2 (QPLA-basic terms)

e Con, = {bill, sue, ...} e Var, = {x,y,z ...}
Con,, = {diver, pearl,..., die, ...} e Prn, = {p,.py ...}
Con,,, = {friend, ..., find, beat, ...}
Con,,, = {give.to, beat.with, ...}
Con,,,, = {every,most,...}
DEFINITION 1.2 (QPLA-terms).
b o€ Term, if a € Con, U Var, U Prn,
= (a=p) &€ Term, if a, f € Term,
f ap,...p, € Term, if o € Term,_,, (n times e) & B,...p, € Term,
1 of,p, € Term, if o € Term,,,, & B, B, € Term,,
= ¢ € Term, if ¢ € Term,
A (O Ay)E Term, if ¢, € Term,
3 3ud € Term, ifu € Var, & ¢ € Term,
A (Au¢) € Term,, ifu € Var, & ¢ € Term,
ABBREVIATIONS 1 (obj. 1g) ABBREVIATIONS 2 (meta-lg.)
* (d—=Y) = (b Ay e SetF:={reDIFd)=1} forF:D—{1,0}
o VYuo = —Ju~g e YA=Fiff A=SetF &ACD

DEFINITION 2.1 (frames). A QPLA-frame is a set of T-domains, {D,: T € Typ} s.t.
e D, ={1,0}

D, is a non-empty set disjoint from D,
* Dgy={fIYOCDom fC D,&Ran f C D}

DEFINITION 2.2 (models and assignments)
e A QPLA-model is a structure M = (D", [-]") such that:
(i) D"={DM: 1€ Typ}isaQPLA,,-frame.
(ii) [-]"is a function that assigns to any oo € Con, a denotation [o]" € D
e ForanyF,F'eD,”,
leveryl"(F)(F)=1 iff SetF C Set F’
[mosA™(F)(F')=1 iff ISet F N Set F1>1Set F—Set F
* An M-assignment is a function g that assigns to any u € Var, a value gu) €ED,”. IfdE€ D",

then g[u/d] is the M-assignment s.t. (i) g[u/d](u) = d, and (ii) glu/d](u’) = g(u’) if u’ # u.

DEFINITION 2.2' (indices and information states)

e i€ (D" wheren € N={0,1,2, ...}, is an n-stack (aka index) of M-drefs
i =7, ifi=(r,..ry)€MD)&1l=smsn
§J={rye. .yt ...ty ifi=(r,..ry€DM &j={r,,...r'ye D"

e sEPMDM", wherenE N={0, 1, 2, ...}, is an M-state of information about n M-drefs
S" = U, c ny P(D,M)" is the set of M-information states
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DEFINITION 2.3 (QPLA-semantics). For any M, g, s € S¥, i € (D,")"

b {iMol™* = [o]" if o € Con,

{Mal™* = glo) if o € Var,

{Mal™* = i, ifo=p,EPrn, & l<m=n
= sa=p"* {i € sl {iflo]™ ¢ = {HpI™ 3

slap,... 30" ¢ = {i € sllal™HBI™ ... ({HPBI"*) =1}
sloB,Bl™s = {i € sllal™C<{rl Fj: ji € {HBI"4()})
4 3, k: ji € LB 4(r) & kji € L3RI 4} =1}

-
w

i e = {i €l -3j: ji € s[¢p]" ¢}

A sl AT = slol™ y) ™

3 3l = {rili € o™}

A slAupl™2(r) = s[op™- & ifreDbM

DEFINITION 3 (Support and truth)
* ssupports o wrt M under g, s 1=, , ¢,  iff Vies3j:ji e s{¢]" ¢

e (istruein M, I=,, ¢, iff Vg: {OYI" ¢ =D
FACT A

= =PIt = (i€ sV ji € ol — Tk ki € Lol Tuyl™ <}
V sIVug]™ s = {ieslVrajji € )™y

Proof:

As for QPLA (v. 3.1)

&) Most people who write an article (later) develop it in another article.
(5")  most(Ax(Px A Ay(Ay A Wxy))(Ax z(Az A =(z=p,) A Dxp,2)) a la Dekker 2003a

Fact Sa:
{3z(Az A —~(z = p,) A Dxp,2)]* <"
= {rHAYG) = 1 & r# iy &IDI'(GHE) = 1)

Proof:

1. {}3z(Az A ~(z=p,) A Dxp 2]

2. {I””i| = {j}ﬂAZ]]M,g[x/r][z/r’] [=(z :pl)]]M,g[x/r][z/r’]HDxplZ]]M,g[x/r][z/r]} D2.3.3, A

3. 4l € YA (g = p) A D23.f, df. {~-}, D2.3.5, D2.2.glu/d]
& [D"(r)(in(r") = 1}

4. {r//il = {]'}HAZ]]M,S[X/”][Z/Y”] D2.3.—, df. {_:_}

& ﬂak: (kl' E {j}[[AZ]]M,g[x/r][z/r”] HZ :pl]]M,g[x/r][z/r”])
& [DI"(r)@)(r") =1}

{riili e {j} &[AI"") =1 3 x D2.3.f, df. {——}, D2.3.=, b, D2.2.g[u/d]
& —Ak: (ki € {j} &[AIM(r") = 1 & {kiM2]™ 1 = {kiY[p,] ™ /1y
& [DI"(r)@)(r") =1}

{rj1AM(r =1 eliminate i, k
& ﬂ(]' e {j} & HA]]M(r //) - 1 & {J'}[[Z]]M,g[x/r][z/r”] — {J'}[[pl]]M,g[x/r][z/r”])
& [DI"(r)@)(r") =1}

{rAIYr") =1 & ~(r"=j,) & [DI"(r)(i)(r") =1} simplify, D2.3.=, b, D2.2.g[u/d]

O

bt

a

=
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Fact 5b:
I=,, (5") iff
[mosA™({r [P]"(r) =1 & Ar- [AlM(r) = 1 & [WM(r)(r) = 1})
M IPIMr) =1 & 3, r " [A1M(r) = 1 & IWIM(r)(r) = 1
&AM =1&r"2r &[DIM(N(r)(r)=1}) =1

Proof:

1. I=,, most(Ax(Px A 3y(Ay A Wxy))(Ax z(Az A ~(z =p,) A Dxp,z))

2. Vg D3
{OHmost(Ax(Px A Ty(Ay A Wxy))(Ax z(Az A =(z =p,) A Dxp )" = D

3. Vg D2.3.f?

{i € {Q} [mosA™(*{rl 3j: ji € {i} Ax(Px A y(Ay A Wxy)I*"¥(r)})
(Hrl 3j, k: ji € {iH[Ax(Px A Ty(Ay A W)™ 4(r)
& kji € {jiYlAx 3z2(Az A =(z=p)) A Dxp I 4())}) = 1} 2
4, Vg: eliminate i
[mosd™(*{rl 3j: j € {)HAx(Px A Ty(Ay A Wxy)I*4(r)})
({rl 3, k: j € {QHAx(Px A Fy(Ay A Wxy)I™#(r)
& kj € {j}Ax 32(Az A =(z = py) A Dxp I™4(r)}) = 1
5. Vg D2.3.A
[mosd™(*{rl Fj: j € {OHPx A Ty(Ay A Wxy)]""1})
(X 3, k: j € {OHPx A Ty(Ay A Wxy)] ™
& kj € {j{13z(Az A ~(z=p,) A Dxp,2)]" ) =1
6. Vg: D2.3.A, F5a
[mosd™(*{rl Fj: j € {OHPA™ " [Iy(Ay A Wxy)]*¢"1})
(X 3, k: j € {OIIPA™ ™" [3y(Ay A Wxy)]* ¢
& kj € LA = 1 & 7%, & IDG)G) = 13 = 1
7. Vg like F3a
[mosd”(*{r Fj:j € {r'| [P1"(r) =1 &[A]"(r) =1 & [WI"(r)r)=1})
M 3j, kje{r' [PIYr) =1 &[AI"G) =1 & [WMM(r)(r) =1}
& kj € (LA = 1 & 7% j, & ID(G)G) = 13 = 1
8. Vg 2x eliminate j
[mosA™(4{rl Ar" [PI"(r) = 1 & [A]"(r) =1 & [WM(r)(r) = 1})
A Ir, kP10 =1 & [AIMGr) = 1 & [IMM(r)(r) =1
&kr'e {r'r A" =1 & r"2r & [DI")@)r) =1} =1
9. Vg eliminate k
[mosA™({rl Ar - [P1"(r) = 1 &[AI"(r)) =1 & IWIY(r)(r) = 1})
M 3, e P () = 1 &[AY(r) =1 & IWIM(r)(r) = 1
&AM =1 & r"2r &[DI"((r)r)=1}) =1

10. [most™(*{r [PI"(r) =1 & Ir": [A]"(r) =1 & [WIM(N)(r) =1}) eliminate g, rearrange

AP =1 & 3, r - [AIMr ) =1 & IMM(r)(r) =1
&IAM(rY=1&r"#r &IDI" (N (r) =1} =1
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3. QPLA (v. 3.3): Uniqueness via referents for functions
DEFINITION 1.1 (QPLA-types)

e ¢,t€Typ
e (ot)eTyp,ifo,TtE€ Typ

DEFINITION 1.2 (QPLA-basic terms)

e Con, = {bill, sue, ...} e Var, = {x,y,z ...}
Con,, = {diver, pearl,..., die, ...} e Prn, P Pos -}
Con,,, = {friend, ..., find, beat, ...}

Con,,, = {give.to, beat.with, ...}
Con,,,, = {every,most,...}

DEFINITION 1.2 (QPLA-terms).

b o€ Term, if a € Con, U Var, U Prn,

= (a=p) &€ Term, if a, f € Term,

f ap,...p, € Term, if o € Term,_,, (n times e) & B,...p, € Term,

1 of,p, € Term, if o € Term,,,, & B, B, € Term,,

f o'B,p, E Term, if o € Term,,,,,, & B, §, € Term,,

= ¢ € Term, if ¢ € Term,

A (O Ay)E Term, if ¢, € Term,

3 3ud € Term, ifu € Var, & ¢ € Term,

A (Au¢) € Term,, ifu € Var, & ¢ € Term,

! &€ Term,, if p € Term,,

ABBREVIATIONS 1 (obj. 1g)

* @—=W) = ~(0AY)
e VYud = —Ju~g

ABBREVIATIONS 2 (meta-1g.)
e SetF:={rEDIF()=1} forF:D—{l1,0}
e YA=Fiff A=Set F

&ACD

DEFINITION 2.1 (frames). A QPLA-frame is a set of T-domains, {D,: T € Typ} s.t.

e D,={1,0}
D, is a non-empty set disjoint from D,
* Dgy={fIYCDom fC D,&Ran f C D}

ABBREVIATIONS 2 (meta-language)

e SetF:={reDIFd)=1} for F: D, — {1, 0}

e YA=Fiff A=SetF

DEFINITION 2.2 (models and assignments)
e A QPLA-model is a structure M = (D", [-]") such that:
(i) D"={DM:t & Typ}isaQPLA,,-frame.

for F: D,— {1,0},AC D,

(ii) [-]"is a function that assigns to any oo € Con, a denotation [o]" € D

e Foral F,F'eD,"
leveryl"(F)(F)=1iff  Set FC Set F’

[mosA™(F)(F'y=1 iff  ISet F N Set F1>ISet F — Set F

Fall 2006

e An M-assignment is a function g that assigns to any u € Var, a value g(u) €ED,”. IfdE€ D",
then g[u/d] is the M-assignment s.t. (i) g[u/d](u) = d, and (ii) glu/d](u’) = g(u’) if u’ # u.

10



TSem (Bittner) Top 5: Dekker 2003b, 2004 Fall 2006

DEFINITION 2.2" (QPLA indices and information states)
e RY=DMUD," is the domain of M-drefs.
i € (R™)", where n € N={0, 1, 2, ...}, is an n-stack (aka index) of M-drefs

i =r,, ifi=(r,..r)ER"Y'&l<sms=n

Ji=(Tpeeily Ty o) ifi=(r,..ry R &j=(r",...r')yeR""
« (@ :=( ifdeD,”

rd):=r ifr,deD

i(d) == (ry(d), ...r(d)) ifi=(r,..r)ER"Y,dEDM

o sEPRYY wheren € N={0,1,2, ...}, is an M-state of information about n M-drefs
S =U, c v P(RM)" is the set of M-information states

DEFINITION 2.3 (QPLA-semantics). For any M, g, s € S¥, i € (D,")"

b {iMal™* = [o]" if o € Con,
{Mal™* = glo) if o € Var,
{Mal™* = i, ifo=p,EPrn, & l<m=n

sla=p1"* = {i€sl {i{al™* = B3PI}

fosdap,...p1"¢ = € sllad™ GBI ... (BB =1}
£ oslaBBl™¢ = (i€ sllal”C4r 3z ji € LHPI"4(0)})

{rl 3j, ke ji € PN 4(r) & kji € GBI 4(N}) =1}
foslaBpl™s = {kjili € s &Lal™(<rl ji € {BIBI" (N}

4rl [kjil(r) € LA B4} = 1}

S Rt = {i € sl-3j: ji € s[]" %}
A SO A PN™e = o)™ Lyl
3 AJuel™* = {dili € )"y
A slaugl™(d) = {id) i(d) € s{o]™ <}
! s[[!ﬁ]]M’g(d) = {fild € Dom f

& Dom f = {c €D 3Alc’e D, c'i(c) € sIP]"*(c)}
& V¢ € Dom f: f(c)i(c) € sIPl™*(c)}

DEFINITION 3 (Support and truth)
* ssupports g wrt Munder g, s 1=, ¢, iff Vi€ sTjji € s[¢]"*

e ¢istruein M, I=,, ¢, iff Vg: {OY I =D
Fact A

= =PI = {i€slVj:ji €sl¢p]™*— Ak: kji € s{O]™ [l ™ £}
V sIVug]™* = {ieslVraj:ji € )" Y

Proof: As for QPLA (v. 3.1)

6) Most businessmen who sent a contribution to Gore sent a larger contribution to Bush.
(6')  most(Ax(Bx A Ay(Cy A Sxya))(Ax Az(Cz A Lzp, A Sxzb))

11
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Fact 6a:
{QMAx(Bx A Iy(Cy A Sxya))]"(d)
= {f(BI"(d) =1&[A"(f(d) =1 &ISI"(D(f(d)al") =1}

Proof.

L. {()MAx(Bx A 3y(Cy A Sxya))]**(d)

2. i@ i(d) € {)}Bx A Ay(Cy A Sxya)]™ s} D2.3.A

3. {i@)i(d) € {)}Bx A Ay(Cy A Sxya)]™ s} eliminate i

4. {id) id) € LB Y Ap(Cy A Sxya) ey D2.3.A

5. {ildli(d)e{rjljeE {()}ﬂBx]]M’ng][[ Cy A Sxya] s>y D2.3.3

6. {ildli(d)Ee{rjeE {()}ﬂBx]]M’ng][[ Cy] - DM Sxyq] MLabmy D2.3.A

7. {id) i) € {rlj € {()) 3 x D2.3.f, df. {——}, D2.3.b, D2.2.g[u/d]

&[BI"(d) =1 &[CY(r) = 1 & [SI"(d)()([al* = 1}

8. {i(d) i(d) € {rBI"(d) =1 &IC"(r) = 1 & [SI"(@))dal" = 1} eliminate j

9. {f(I[B1"(d) =1 &[C"(f(d) =1 & [SI"(d)(f(D))([al" =1} simplify, rename i
|

Fact 6b:

{OM ! Ax(Bx A Ty(Cy A Sxya))]™*(d)

= {fld&€Dom f

& Dom f={c€DM[B]"(c)=1&A'c’E D, [C1"(c") =1 & [SI"(c)(cH[al™) = 1}
& V¢ € Dom f: [C1"(f(c)) = 1 & [SI"()(f(c))[al™) = 1}

Proof:

L {O)M!Ax(Bx A Fy(Cy A Sxya)]™ #(d)

2. {fild € Dom f D2.3.f

& Dom f = {c €D, 3lc’€ D,": c'i(c) € {)Y Ax(Bx A Iy(Cy A Sxya))]*" *(c)}
& V¢ € Dom f: f(c)i(c) € {()Ax(Bx A y(Cy A Sxya)]* #(c)}
3. {fild € Dom f Fact 6a
& Dom f={ceDM3'c’eD™
c'ilc) E{f' N BI"(c) = 1 &IC"(f'(c)) = 1 & [SI"(e)(f' () Aal™ = 1}
& Yc € Dom f: f(c)i(c) € {f" () BI"(c) = 1 &ICI"(f"(c)) = 1 & [SI"()(f" () Aal™ = 1}
4. {fld € Dom f eliminate i
& Dom f={ceDM3'c’eD™
c'E{f'OIBI"(c) =1 &IA"(f'(c)) = 1 & [SI"()(f'(c))al = 1}
& Ve € Dom f: f(c) E {f"(BI"(c) = 1 &IC(f"(c)) = 1 & [SI"(e)(f"(eNAal™ = 1}
5. {fld€Dom f simplify
& Dom f={ceD3Alc’'eD,”: [B]"(c) =1 &[C1"(c) =1 & [S]"(c)(c)([al" = 1}
& Yc € Dom f: [B]"(c) = 1 &[C1"(f(c)) = 1 & [SI"(c)(f(c))[al™ = 1}

6. {fld € Dom f rearrange
& Dom f={cE€DM[B"(c)=1& !'3c’ED,”: [C1"(c) =1 & [S]"(c)(c)([al" = 1}
& Yc € Dom f: [B]"(c) = 1 &[C1"(f(c)) = 1 & [SI"(c)(f(c))[al™ = 1} O
Fact 6c¢:

{f( @Y Ax 3z(Cz A Lzp, A Sxzb))]"#(d)
= {f (@D (' (@) =1 &IL"(f @) f(d) = 1 &[SI (@)([b]™) = 1}

Proof: Exercise
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Fact 6d:
{OMmost (Ax(Bx A 3y(Cy A Sxya))(Ax z(Cz A Lzp, A Sxzb))|™"*
= {f'flDom f={c€DMI[B]"c)=1
& Alc’e DM 1My =1 &[SIM(e)(cH([al™) =1
& Ye € Dom £: [BI"(c) = 1 & [C1"(f(0)) = 1 & ISI*()(f(e))lal” = 1})
& [mosf]"(*Dom f)
LA IC"(f' (@) = 1 & IL"(f' (@) f(d) = 1 &[SIY()(f'@)AbI") =1}) =1}

Proof:
1. {)Mmost (Ax(Px A 3y(Cy A Sxya))(Ax Az(Cz A Lzp, A Sxzb))|""*

2. {kili € {()} D2.3.f
& [most)"'(*{rl ji € {i}['Ax(Bx A Iy(Cy A Sxya)]"*(r)})
(4 [kjil(r) € {[il(" 3} Ax 3z(Cy A Lzp, A Sxzb))I™(r)}) = 1}

3. {kjl lmost™(*{rl j € {)}!Ax(Bx A Fy(Cy A Sxya))]|"*(r)}) eliminate i
({rl [kj1(r) € {j(r) Y1 Ax I=(Cy A Lzp, A Sxzb)I"*(r)}) = 1}
4. {kjl[mos)"(*{rlj € {fl r € Dom f Fact 6b

& Dom f={ceDM3Alc’eD,”: [B]"(c)=1&[C]"(c)=1
& IS1"(e)(c)HTal™) = 1}
& V¢ € Dom f: [B]"(c) = 1 & [C1"(f(c)) = 1 & [SI"(o)(f(c)[al” = 1})
C{r [kj1(r) € {j(r) Y Ax 32(Cy A Lzp, A Sxzb)]™(r)}) = 1}
5. {kfllmos"(*{rl r € Dom f rename j, simplify, rearrange
& Dom f = {c € DM [B]"(c) =1
& Ale'€ DM 1Y) =1 &IS1"(e)(cHAal™) = 1}
& V¢ € Dom f: [B]"(c) = 1 & [C1"(f(c)) = 1 & [SI"(o)(f(c)[al” = 1})
C{r! [kf1(r) € {f (N Ax 3(Cy A Lzp, A Sxzb)™(r)}) = 1}
6. {kfllmos”(*{rl r € Dom f Fact 6¢
& Dom f = {c € DM [B]"(c) =1
& Ale'€ DM 1Y) =1 &IS1"(e)(cH(Aal™) = 1}
& V¢ € Dom f: [B]"(c) = 1 & [C1"(f(c)) = 1 & [SI"(c)(f(c)[al” = 1})
L Tkf1(r) € L' (MFOIAYS () = 1 &ILIY(f' () (f(r) = 1
&SI r)ABI™) = 13}) = 1}
7. {f'fllmosd™(*{rl r € Dom f simplify, rename k
& Dom f = {c € DM [B]"(c) =1
& Ale'€ DM 1Y) =1 &I1S1"(e)(cHAal™) = 1}
& V¢ € Dom f: [Bl"(c) = 1 & [C1"(f(c)) = 1 & [SI"(o)(f(c)[al” = 1})
LA™ () = 1 &I )(F ) = 1 &ISI O ()ABIY) = 13) = 1}

8. {f'flDom f={ceDMI[B]"(c)=1 rearrange, rename r
&Ale’€ DM 1) =1 &IS1"(e)(c)al™) = 1
& Yc € Dom f: [B]"(c) = 1 & [C1"(f(c)) = 1 & [SI"(c)(f(c)[al” = 1})
& [mos"(*Dom f)
LA CI(f' (@) = 1 & ILI"(f (@) f(D) = 1 &[SI(d)(f'@)AbI") = 1}) = 1}
O

Remark: This improves on Dekker 2003a. Dom f' now only needs to include those businessmen
from Dom f who sent a larger contribution to Bush. The problem noted in Topic 4 is solved.
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