Sem 2 (Bittner) Top 3: Nominal anaphora in English: DRT theory Spring 2009

Lecture 5
NOMINAL ANAPHORA IN ENGLISH: 2ND TRY

1. Discourse referents (drefs)

. PROBLEM for static theory (full-stop (.) as conjunction (A)):
prediction: order of antecedent & anaphor immaterial, e.g.  (1)=(2)
intuition: antecedent must precede the anaphor, e.g. (D £(©2)

(1) Jimq came in. Hes sat down. (antec. ref. z;... anaphoric ref. z;)
(1") |=um, g €Mier x(x = z1 A 2y = jim) A Site 21
iff [ema]"(g(21) = 1 & g(z1) = [jim]" & [sita] " (g(21) = 1

(2) Heq sat down. Jims came in. (anaphoric ref. z;... antec. ref. z)
(2") |Fm, g Siter z1 N ce X(X =21 A Z1 = jim)
iff [sit.](g(z1)) = 1 & [eme]™(g(z1)) = 1 & g(z1) = [jim]"

. TOWARD A SOLUTION: antecedent updates the context, the anaphor refers in resulting ctx:

a.  an antecedent np” updates the input context to an oufput where an entity that satisfies the
lexical content of the np is assigned to the nth entity variable, z,. [Following Karttunen '76,
we say that the antecedent sets up a discourse referent (dref)].
in discourse the output context of sentence 1 serves as the input for sentence 2.

c.  an anaphoric pronoun, prn,, refers to the entity assigned to z, in the input context.

. FORMALIZATION in Discourse Representation Theory (DRT)
[original formulation: Kamp 1981 (formally correct but difficult to relate to other logics),
formal clean-up: Groenendijk & Stokhof 1991, Muskens 1995, 1996 (this handout)]

(1) Jim'came in. Hes sat down. (antec. update [z| ...]...ana. ref. z)
(1) Fu, ¢ ([z1] 21 =jim]; [em z1]); [sit z1] truth in M given input g
iff [jim]" € [em]™ & [jim]™ € [sif]”

(2) Heqsatdown. Jim' came in. (ana. ref. z;... antec. update [z1] ...])
2" [Fum,g [sit 21]; ([21] 21 = jim]; [em z1])
iff g(z1) € [em]™ & [jim]" € [em]"

(3) Jim' has a2 wife1. She; is a doctor. (anaphora to indefinite antecedent,
() [Fm ¢ ([21] 21 = jim]; [z2] wife z221]); [dr z2]
iff 3d € DY({(d, [jim]") € [wife]” & d € [dr]™)

(4) Jim'doesn't have a2 wife1. She; is a doctor. ...Interaction with negation,
4)  Fumg ([21] 21 = jim]; [not[zo] wife zoz1]]); [dr z2]
iff —3d € D(d, [jim]") € [wife]") & g(z) € [dr]"

(5;) If a' man marries a2 woman he+ gives herz a ring. ...conditionals,
(5.,) Every! man who marries a2 woman gives her ad ring. ...and quantifiers)
(5) Fum, ¢ llz1 22| man zy, mrr zizo, wm 23] = [z3| gVt 212322, ¥ng z3]]
iff Vb, c € DY(b € [man]" & (b, ¢) € [mrr]” & ¢ € [wm]"
— 3d € DY((b, c, d) € [gvi]" & d E [rng]™))
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2. Discourse Representation Theory (DRT)

DEFINITION 1.1 (basic terms of DRT)
° Var = {Z],Zz, }

« Con = {jim,ann,...}
Con' = {man, wm, dr, rng, cm, sit,...}
Con’ = {hsb, wife, mrr, see, spk, ...}
Con® = {gw, ...}

DEFINITION 1.2 (DRT syntax: conditions and boxes).

= u=oa&Cnd if u€Var& a&€ Var U Con
R pu..u,€Cnd if p&Con” & u,... u, € Var
N (C], Cz) € Cnd if C], C2 € Cnd

[ [C]€Box if CeCnd

“ ui..u,) €EBox if  wy,...u, € Var

o (Kl; Kz) € Box if K], K2 € Box

n notK&Cnd if K& Box

= K] = K2 €Cnd if K], K2 € Box

DEFINITION 2.1 (DRT models and assignments)

Top 3: Nominal anaphora in English: DRT theory Spring 2009

(a la Muskens 1995, 1996)

(entity) variables
(entity) constants
1-place relation constants
2-place relation constants
3-place relation constants

identity condition
relational condition
conjoined condition
test box

update box
sequence (of boxes)
DRT negation

DRT implication

* A DRT model is a pair M = <DM, II-]]M> such that (i) D" is a non-empty set (of M-entities),
(i1) [1" is an interpretation function that assigns to each a € Con an M-entity log™ € DM s

and to each a € Con”, an n-place relation [a]" C (D

«  An M-assignment is a function g that assigns to each u € Var an M-entity g(u) € D".
o GMis the set of all M-assignments. Moreover, for any g, 1 € G and uy,..., u, € Var:

gluy...u,)h ifft Vv € Var\{uy, ..., u,}: g(v) = h(v).

DEFINITION 2.2 (DRT semantics). For any DRT-model M, a condition C denotes a subset of G,
[CT” C G, and a box K, a binary input-output relation, [K]" C (G)% defined as follows:
(Relational composition (r; o r2) is defined by: {x, y) € ry o rp iff Iz({x, z) E r1 & (2, y) E 12).)

= lu=d" = {ggw=1d"
= {glgw)=g(m)}

R [Bur...u]" {gl (g), ..., gu)) ELA™}
N (e eS) N (e R al (e i

[ [en” = (g hg=h&hEIA™]
“ [ u I = g, B glun. . )k

s 1K K1Y AKIY o 1KA1Y

n [notKlY = {g—-3h:{g k) EIKI"}

= [Ki=Kl" = {g V(g b)Y €IKI" — Ik: (h, k) E[KAY)}

DEFINITION 3 (Truth).
i.  condition Cis true in M under g, written |=y, , C,
ii. box Kis true in M given input g,  written |=y, o K,

ABBREVIATIONS

o [up...uy C] = ([ur...u,]; [C])

if o € Con
if « & Var

iff g1
iff 3h: (g, hy €K1V

update with (output) test

» Parentheses may be omitted if they can be recovered from DRT-syntax (D1.1-1.2).
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3. Update with output test
F|  [[ur...ul CNY = (g, B)| glus...u)h & h 1AM

Proof: (1) iff (7):
1. {g, h) Elur...u,| CPY

2. {g h) EN[ur...u,]; [CDIY df. [--]
3. {g, hY € ([ur..u 1" o [[CNY) D2.2:;
4. k(g k) Elui...u]1" & {k, h) € [[CN™) df. o
5. (g, k) € (g’ k)| g Tur...unlk’} D2.2:"

& (k, h) € {(k', k) k'=h'& k'€ [AM}) D2.2;
6. Ak(glui...u)k & k=h & h €[ df. {--}
7. glur..u,Jh & h e [C” elim. k
Hence F| (by definition of set abstraction)'. O

4. From box’ K. via denotation [K]"Y. to truth

(6) Jim'camein. (English)
(6") [z1] z1 =jim]; [em z1] (DRT)
F6' (g, h) E [[z1| z1 = jim]]" (box 1 in (6"))

iff g[z1]h & h(z)) = [jim]"
Proof: (1) iff (5)

L g, ) Ellz| 2 =jim]]"

2. (g hyE (g, h) glzailh’ & h'E [z1 = jim]™} F|

3. glzilh & h € [z =jim]" df. {-}-}

4. glzilh & h € {h h'z) = [jim]™} D2.2:=

5. glzilh & h(z) = [jimI™ df. {-}-}
]

F6* (g, h) E [[em 1]V (box 2 in (6"))

iff g=h & h(z)) € [em]"

Proof: (1) iff (6)

1. (g h)E[[em 11"

2. (g hWE g h) g =h'&h'E [em z]"} D2.2:[

3. g=h&hE[emz]" df. {-}-}

4. g=h&h€E {h{h(z))E [em]" D2.2:R'

5. g=h&h€E {h|h(z) E [em]™} (a) :=a

6. g=h& h(z)E [cm]V df. {-}-}
]

Ha, b) € {(x.y)| ¢} iff [ai][b/y]g
> Kamp’s (1981) term for a DRT box is a discourse representation structure (DRS).

3
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F6* (g, h) E[[z1] z1 = jim]; [em ]V (sequence (6"))
iff g[z1]h & h(z)) = [jim]" & h(z)) € [em]"

Proof: (1) iff (5)

1. (g hE [z z1 =jim]; [em 211"

2. g h)E([[z| z1 = jim]]™ o [[em z]]") D2.2:;

3. 3k({(g, k) € [[z1] z1 =jim]]" & {k, h) € [[em z:]]™) df. o

4. Fk((g[z1]k & k(z1) = [jim]™) & (k= h & h(z)) € [em]™)) F6', F6>

5. glzilh & h(z) = [jimI™ & h(z)) € [em]" elim. &
O

F6* |=um, ¢ [21] z1 =jim]; [em zi] (truth in M for input g)

iff [jim]™ € [em]"
Proof: (1) iff (4)

1. |=mglz1] 21 = jim]; [em z1]
2. 3h:{g, h) E [z z1 = jim]; [em 111" D3:K
3. 3h(glzih & h(z)) = [jimI™ & h(z)) € [em]™) F6’
4. [jimI™ € [em]™ D2.1
]
(7) Heq sat down. (English)
(7') [sit z1] (DRT)
F7' (g, h) € [[sit z:]]" ((7') like box 2 in (6"))
iff g=h & h(z)) € [si]”
F7* |=u [sit 21] (truth in M for input g)
iff g(z)) € [sit]"
Proof: (1) iff (4)
1. |=M,g [Sil Zl]
2. 3n:{g, hy € [[sit z,]1" D3:K
3. Ah(g=h & h(z)) € [sit]™ F7'
4. g(z) € [sit]" elim. &
O
Therefore:
(1) Jim'came in. Hes sat down. (antec. update...ana. ref.)

(1) Fu, ¢ ([z1] 21 = jim]; [em z1]); [sit z1]
iff 3nAk((g, k) € [[z1] z1 = jim]; [em 2,11 & (k, h) € [[sit 2,]]") D3:K, D2.2:;, 0

iff 3n3k((glz11k & k(z)) = [jim]" & k(z)) € [em]™ F6’, F7'
& k=h & h(z)) € [sit]")
iff [jim]" € [em]™ & [jim]" € [sif]" elim. A, D2.1
(2) Heqsatdown. Jim' came in. (ana. ref.... antec. update)

(2 Fumg [sit z1]; ([z1] 21 = jim]; [em z1])
iff 3nAk((g, k) € [[sit 211" & {k, h) € [[z1] z1 = jim]; [em z1]]™) D3,D2.2:;, 0
iff g(z)) € [sit]" & [jim]" € [em]" F7', F6°, elim 4, D2.1
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Lecture 6
INDEFINITES IN DRT

1. Overview: Data & DRT predictions

* anaphora to indefinite antecedent ((3") derived in Sec. 2)

(3) Jim'has a? wifes. She is a doctor.
(3)  Fum.g ([21] 21 = jim]; [z2] wife zoz1]); [dr 2]
iff 3d € D(d, [jim]") € [wife]” & d € [dr]™)

* interaction with negation ((4") derived in Sec. 3)

(4) Jim!doesn't have aZ wife1. She; is a doctor.
&) Fu g ([21] 21 = jim]; [not[zo] wife zoz1]]); [dr 2]
iff —3d € D(d, [jim]") € [wife]") & g(z2) € [dr]"

* interaction with conditionals & quantifiers ((5") derived in Hwk 3)

(5¢) If a® man marries a2 woman hes gives her ad ring.
(5q) Every' man who marries a2 woman gives herz a3 ring.
(5) Fum g llz1 22| man zy, mrr zizo, wm 23] = [z3| gVt 212322, rng z3]]
iff Vb, ¢ € DY(b € [man]™ & (b, ¢) € [mrr]” & ¢ € [wm]"
— 3d € D"((b, d, c) € [gvt]" & d E [rng]™))

2. Anaphora to indefinite antecedent

(8) Jim' has a2 wife. (English)
(8,) [Zl| Z1 =jim]; [Zz| wife ZzZl] (DRT)

Spring 2009

F6' (g, h) € [[z1] z1 =jim]]" (box 1 in (8'), same as in (6'))

iff g[z1]h & h(z)) = [jim]"

F8 (g, h) € [[2| wife zz1]1" (box 2 in (8"))

iff g[z]h & (h(z2), h(z1)) € [wife]"

Proof:
L. (g h) € [[z| wife zz1 11"

2.
3.
4

(g, h) € (g, h)| glzlh’ & h' € [wife zz1]"}
glz2]h & h € [wife zzi]"
glz1lh & (h(z2), h(z))) € [wife]™

F|
df. {—-}
D2.2:R
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F8 (g, h) € [[z1] 21 = jim]; [z2] wife zozi 1" (sequence (8"))
iff glz) 2]k & h(z)) = [im]" & (h(z2), h(z))) E [wife]™

Proof: (1) iff (7)

1. (g h)E [z z1 =jim]; [z] wife zz 1]
2. g h)E([[z] z1 =jim]]™ o [[z2] wife zpz111™) D2.2:;
3. 3k({(g, k) E [[z1] z1 =jim]]"” & {k, h) E [[z2] wife zpz1]]") df. o
4. k(glz1lk & k(z)) = [jim]" & k[z2]h & {h(z2), h(z))) € [wife]™) F6', F§
5. Ak(glzilk & h(z)) = [im]" & glz1 221k & {h(z2), h(z))) € [wife]™) D2.1:g[...]h
6. Ik(gz11k) & glzi z2]h & h(z)) = [jim]" & (h(z), h(z)) € [wife]™ 3, &
7. glzi 22)h & h(z)) = [jim]" & (h(z2), h(z))) € [wife]" D2.1
]
F8' |=y ¢ [21] z1 = jim]; [z2| wife zoz1] (truth in M for input g)
iff 3d € D: (d, [jim]") € [wife]”
Proof: (1) iff (5)
L. |=um g [z1] 210 =jim]; [z2] wife zoz1]
2. 3Ah: (g, h) € [[z1| z1 = jim]; [z2] wife 2] D3:|=u, ¢
3. 3An(glz 2]k & h(z)) = [im]Y & (h(z2), h(z))) E [wife]™) F§’
4. 3Ac,d € D"(c = [jim]" & (d, c) € [wife]™) D2.1
5. 3d e D: (4, [jim]") € [wife]" D2.1
]
(9) Sheis a doctor. (English)
9") [drz)] (DRT)
F9' (g, h) € [[dr ]1" ((9") like box 2 in (7'))
iff g=h & h(z,) € [dr]"
F9* |=u  [dr z2] (like t.c. in F7%)
iff g(z2) € [dr]™
Therefore:

(3) Jim' has a2 wife1. She is a doctor.
() [Fm ¢ ([21] 21 = jim]; [z2] wife zo21]); [dr z2]
1

iff 3h: (g, h) € [([z1] 21 = jim); [z2] wife zoz1]); [dr z2]1" D3
> iff3n3k((g, k) E [[z1] z1 = jim]; [z2] wife zoz 11 D2.2:;, 0
& (k, h) € [[dr z]1")
> iff InFk(g[z1 2]k & k(z)) = [jim]™ & (k(z2), k(z1)) € [wife]™ F8’, F9'
& k=h & h(z,) € [dr]™)
Y iff Ah(glzr 2] & h(z) = [jim]™ & (h(z), h(z1)) € [wife]" elim. k
& h(z2) € [dr]™)
> iffde, d € DY(c = [jim]" & {d, c) € [wife]” & d € [dr]") D2.1
6 iff3d € DM((d, [jim]") € [wife]™ & d € [dr]") D2.1
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3. Negated indefinite
(10) Jim! doesn’t have a2 wifes. (English)
(10" [z1] z1 = jim]; [not[zs] wife z2z1]] (DRT)
F10% (g, h) € [[not[z,] wife z,z,1]1" (box 2 in (10"))
iff g=h & —3d € DY({d, h(z))) E [wife]")
Proof: (1) iff (7)
1. (g, h) € [[not[z]| wife zz 111"
2. (g, hYE (g’ h) g’=h'& h'E [not[z)] wife z,z,]]"} D2.2]
3. g=h& hE[not[z)| wife zz]]" df. {-}-}
4. g=h&h€E {h-3k: (h’, k) E [[z2] wife zoz,]]"} D2.2:n
5. g=h& -3k (h, k) E [[z] wife zz1]]" df. {--}
6. g=h& - Ak(h[z)k & (k(z), k(z))) € [wife]™) F8’
7. g=h&-3d € D"({d, h(z))) € [wife]") D2.1
]
F10° (g, h) € [[z1| z1 = jim]; [not[za] wife zoz 111" (sequence (9'))
iff glzi1h & h(z)) = [jim]" & —3d € D({d, h(z))) E [wife]")
Proof: (1) iff (5)
1. (g h) € [[z1] z1 = jim]; [not[z,] wife zpz1]]]"
2. (g hyE (l[z1] z1 = jim]]" o [[mot[z:] wife zz1]]]") D2.2:;
3. 3k((g, k) € [[z1] z1 =jim]]" & {k, h) € [[not[z,| wife zz,]]]") df. o
4. Ak(glzik & k(z1) = [jim]" & k=h & —3d € D": {d, h(z))) E [wife]™) F6', F10*
5. glzilh & h(z) = [jim]" & —3d € D" {d, h(z))) € [wife]") elim &
O
F10* |=y.  [21] 21 = jim]; [not[za] wife zyz1]] (truth in M for input g)
iff —3d € DY {d, [jim]") € [wife]"
Proof: (1) iff (4)
1. |=um ¢ [21] 21 = jim]; [not[zs] wife zxz1]]
2. 3h:{g, h) E[[z| z1 =jim]; [not[za] wife zoz 111" D3:[=u, ¢
3. An(glzilh & h(z)) = [jim]" & —3d € D"({d, h(z))) E [wife]™) F10°
4. —3Ad € DM: (d, [jim]") € [wife]" D2.1
O
Therefore:
(4) Jim'doesn't have a2 wifes. Shey is a doctor.
(4)  [Fm, ¢ ([21] 21 = jim]; [not[z2| wife zoz1]]); [dr 2]
> iff kg, k) E [[z1] z1 = jim]; [not[za] wife zozi 111V D3, D2.2:;, o
& (k, h) € [[dr z]1")
S iff IhAk(g[z1 Tk & k(z) = [jim]™ & —3d € DM({d, k(z)) € [wife]™) F10°, F9'
& k=h & h(z,) € [dr]™)
*iff-3d € DY({d, [jim]™) € [wife]™) & g(z2) € [dr]” D2.1
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Appendix: Two versions of DRT

(3) Jim'has a? wifes. She is a doctor.
Kamp (1981)
* DRT syntax

| z1 2z |
| z1=jim |
| z» wife z; |
| drz |

(=Z K])

e DRT semantics

» Kamp-models: as for PL

» Kamp-contexts: partial assignments
F'={f|3g€G": fCg)

» Kamp-truth

I=u Ky
iffaf € F:
Dom f is the universe of K;
& fverifies every condition of K,
iff3f € F*:
DOI’Ilf: {Z],Zg}
& f(z1) = [jim]™
& (f(z2), f(21)) E Iwifel™
& f(z0) Eldr™
iff 3d € D™
(d, [jim]™) € lwife]”
& d € ld™

Top 3: Nominal anaphora in English: DRT theory

Spring 2009
Muskens (1995, 1996)
([z1] z1 = jim]; [z2| wife zoz1]); [dr z2]
= [z1 zo| z1 =jim, wife zoz\, dr z3] (=: K1)

» Muskens-models: as for PL
* Muskens-contexts: total assignments
GM
* Muskens-truth
=m, e Ki'
iff 3n € G™:
<ga h> € IIKI/]]M

iff3n e M
glz1 z2]h
& h(zy) =jim]™
& (h(z1), h(z2)) E [wifel
& h(z) € ldA™
iff 3d € DM
(d, [jim]™) € lwife]”
& d € ldl™
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Homework 3
Complete and prove the following facts:
(11) (in this play) a' man marries a2 woman.
(11") [z1 zo| man z1, (crt 2122, wm 23)]

F11' (g, hy € [[z1 22| man z1, (mrr z1z2, wm )1
iff ...

Proof: (1) iff ...

F112 |=u, ¢ [21 22| man zy, (mrr ziz2, wm z5)]
iff ...

Proof: (1) iff ...

(12) heq gives herz @3 ring.

(12") [z3] gvt 212322, FNg 23]

F12' (g, h) € [[z3] gvi 212372, rmg z3]1"
iff ...

Proof: (1) iff ...

F12° |=u, ¢ [23] @Vt 212322, NG 23]
iff ...

Proof: (1) iff ...

(5) ifa' man marries a2 woman he1 gives her; a3 ring.
(5" [lz1 z2o| man z\, (mrr zizo, wm z3)] = [z3| gVt 212322, rng z3]]

F5' (g, h) € [[[z1 z2| man z\, (mrr z\z2, wm z2)] = [z3] gvt 212322, rng z]]M

iff ...
Proof: (1) iff ...

F5? |=um, ¢ [[21 22| man z1, (mrr z1z2, wm z3)] = [z3| g@vt 212322, g z3]]
iff Vb, c € DY(b € [man]" & (b, ¢) € [mrr]" & ¢ € [wm]"
— 3d € D"((b, d, c) € [gvt]" & d E [rng]™))
Proof: (1) iff ...

Spring 2009

(English)
(DRT)

(update)

(truth cond.)

(English)
(DRT)

(update)

(truth cond.)

(English)
(DRT)

(test)

(truth cond.)
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Solution to Homework 3

(11) (in this play) a' man marries a2 woman. (English)
(11') [z1 zof man z1, (crt 2122, gri 25)] (DRT)
F11' (g, h) € [[z1 22| man z1, (mrr 21z, wm z)]]" (update)

iff g[z) z2)h & h(z)) € [man]" & (h(z1), h(z2)) € [mrr]" & h(z,) € [wm]"

Proof: (1) iff (4)
1. (g, h) € [[z1 zo| man z\, (mrr z1z2, wm 1

2. glz1 z2)h & h € [man z\, (mrr z\z2, wm 22)]]M F|
3. glzi z2]h & h € [man zl]]M & h € [[mrr 2122]M & h € [wm zz]]M D2.2:,, N
4. glz1 22h & h(z)) € [man]" & (h(z)), h(z2)) € [mrr]"” & h(z2) € [wm]" D2.2:R
]
F112 |=u, ¢ [21 22| man zy, (mrr ziz2, wm z)] (truth cond.)
iff 3c, d € D"(c € [man]" & {(c, d) € [mrr]" & d € [wm]")
Proof: (1) iff (4)
1. |=um ¢ [21 22| man zi, (mrr zizo, wm z7)]
2. 3h:{g, h) € [[z1 z2| man z\, (mrr z1z2, wm )M D3
3. 3h(glzi z2]h & h(z)) € [man]" & (h(z)), h(z2)) € [mrr]™ & h(z) € [wm]") F11'
4. 3b, c € DM(b € [man]™ & (b, ¢) € [mrr]" & ¢ € [wm]™) D2.1
]
(12) he1 gives herz @3 ring. (English)
(12,) [Z3| gVt 21232y, Yng 23] (DRT)
F12' (g, h) € [[z3| gvt 212322, rng z3]1" (update)
iff g[z3)h & (h(z1), h(z3), h(z2)) € [gve]" & h(z3) € [rng]"
Proof: (1) iff (4)
1. (g, hy € [[z3] gvt 21232, rng z3 11"
2. glzslh & h € [gvt 212325, rng z3 ]V F|
3. glzs)h & h € [gvt 21z32:]" & h € [rng z:]" D2.2:, N
4. glz3lh & (h(z1), h(z3), h(z2)) € [gvel™ & h(z3) € [rngl™ D2.2:R
[
F12° |=um, ¢ [23| @Vt 212322, NG 23] (truth cond.)
iff 3d € D"((g(z1), d, g(z)) € [gv]" & d € [rng]")
Proof: (1) iff (4)
1. |=um ¢ (23] gVt 212322, PG 23]
2. 3h:{g, h) € [[z3] gvt 212322, rng z3] 1" D3
3. 3Ah(glz3]h & (h(z1), h(z3), h(z2)) E [gvi]™ & h(z3) € [rng]") F12'
4. 3d € D"((g(z)), d, g(0)) € [gvi]"” & d € [rng]™) D2.1
[
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(5, ifa' man marries a2 woman he1 gives herz a3 ring. (English)
(5" [[z1 z2o| man z\, (mrr ziz2, wm z3)] = [z3| gVt 212322, rng z3]] (DRT)
F5' (g, h) € [[[z1 z2| man z1, (mrr 2122, wm z)] = [z3] gvt 212322, g z3]11" (test)

iff g=h

& Vi(h[z) 2k & k(z1) € [man]" & (k(z1), k(z2)) € [mrr]" & k(z,) € [wm]"
— 3k (Kz:)k’ & (k(z1), k1(23), k(z2)) € [gvi]" & k'(z3) € [rng]™))

Proof: (1) iff (6)
1 (g, h) € [[[z1 z2| man zi, (mrr ziz, wm z)] => [z3| gVt 212322, rng =M
2 g=h& h€||zi zo| man z\, (mrr z\z2, wm z3)] = [z3| gVt 212322, rng 23]]]M D2.2:
3. g=h D2.2:=
& Yk((h, k) € [[z1 22| man z\, (mrr 2125, wm 2,)]]"
— 3k (k, k') € [[z3] gvt 212322, r1g z]1M)
4. g=h F11', F12'
& Yk(h[z) z2)k & k(z)) € [man]™ & (k(z)), k(z2)) € [mrr]" & k(z) € [wm]"
— Ak (kz)k’ & (k(21), k(z3), k(22)) € [gvi]™ & k(z3) € [rng]™))
5. g=h D2.1
& Vk(h[z) 2]k & k(z1) € [man]™ & (k(z)), k(z2)) € [mrr]" & k(z,) € [wm]"
— Ak (k[z3]k' & (k(z1), k(z3), k(z2)) € [evil™ & k'(z3) € [rmgl™))
[

F5? |=um, ¢ [[21 22| man zy, (mrr z\zo, wm 23)] = [z3| gVt 212322, ¥Rg z3]] (truth cond.)
iff Vb, c € D"(b € [man]" & (b, c) € [mrr]" & ¢ € [wm]"
— 3d € DY((b, d, c) € [gv]" & d E [rng]™))

Proof: (1) iff (5)

L. |=um ¢ [[21 22| man zy, (mrr ziz2, wm 25)] = [z3| gVt 212322, rng z3]]
2. 3n((g, h) € [[[z1 z2| man z\, (mrr z1z2, wm z3)] = [z3] gVt 212322, rng =1 D3
3. An(g=h F5'

& Yk(h[z) 2]k & k(z)) € [man]" & (k(z1), k(z2)) € [mrr]" & k(z,) € [wm]"
— Fk(k[z3]k’ & {k(z1), k(z3), k(z2)) € [gve]” & k'(z3) € [rng]™))
4. Yk(g[z) 2]k & k(z1) € [man]" & {(k(z)), k(z2)) € [mrr]"” & k(zy) € [wm]"”  elim. h
— Ak (k[z3]k' & (k(z1), k(z3), k(z2)) € [evil™ & k'(z3) € [rngl™))
5. Vb, c € DM(b € [man]" & (b, ¢) € [mrr]" & ¢ € [wm]" D2.1
— 3d € DM((b, d, c) € [gvi]"” & d € [rng]™))
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