Semantics 2 (Bittner) Top 7: Assertions and questions in UC2 Spring 2009

Lecture 14
ASSERTION AS INFORMATION UPDATE

0. Overview

* Speaking up focuses attention on the input CG, e.g.
Po ="{wo, w1} (wo, lolel) € Vsick]
(w1, lole]) & Vlsickl

* Specifically, speaking up focuses attention on p, (default Q-topic) and the various py-worlds
(default topic worlds). That is, it induces the following default infotention state:

*po = H{{w, po), () w E Ppo} D3.1
= "{{{wo, Po), ()
<<W1’ p0>’ < >>} Po =*{wg, w1}

* *p, is then updated based on what is said in the speech act, e.g.:
Ole be.TNs sick . (prosody)

*poll([x] (x = ole)°]; [sickr, TO]); [pl p = To{[}D]*

= *pol([x| (x = ole)°]; [sick~, TODIF[[pl p = Tw{[}]I* D23
= *pol[x| (x = ole)° 1l [sickr, TOII[[p| p = Tw{[}]I* D23
C1 Sec. 1

C2 Sec. 2

Cs3 Sec. 3
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1. From default infotention state *pg to c;

FacT 1'. [x| (x = ole)°]

= AN IxAi(G=(x-i) A li A (Xx=0le))

Proof: (1) = (6)

AN A

[x] (x = o0le)°]

AMAj Ax3i(j = (x - i) A Ii A (X = 0le)®i)

MAj AXAi(G = (x - i) A Ii A Ai(X°1"= 0le®T)i)
ALA Ax3i(j = (x - i) A Li A (X°1 = 0le®i))

AMAj Ax3Ai(G = (x - i) A Ii A (Ai(x)i = Ai(ole)i))

6. AMA Ax3i(j=(x-i) A li A (x=0le))

FACT 12. *po[[[x] (x = ole)°]T¢

= *{(([ole], w, po), { ) w € po}

Proof: For any index j € D, (1) iff (18):

AR A U ol

10.

1.
12.
13.
14.
15.
16.

Aw E {}po: 3= <(|IOI€II ) <W, p0>)> < >>
18.

17

j € Y(*poll[x| (x = ole)°]]*)

3 € U(*polAIA AxTi( = (x - i) A i A (x = 0le))]?)

5 € Y([AIA IxTi(j = (x - i) A Ti A (x = 0le))[¥(*po))

5 € (A 3xTi( = (x - i) A T A (x = ole)) P

[2) Ixij = (x - i) A i A (x = 0le)) ") (5) = 1

[3x3i( = (x - i) A Ii A (x = ole))[EVPWA =

3Ad € D [Ti(j = (x - i) A Li A (x = ole)) s POIEINA =

Ad EDIi ED;: [ =(x+ i) A i A (x = ole)[F/ POIAINAI] =

daeDpIi €Dy
[T RO INais] . el polls Nl

& [[I]]g[mpo][i/j][x/d][i/i](IIZ-IIgU/*pO][i/j][x/d][i/i]) =1

& [ PO AN — 8 015

dd € D1 € Dy:

j= ((g[l/*po][//j][x/d][i/i](x) . T[[i]]g[mpo][i/j][X/d][i/i]), ll[i]]g[l/*po][i/j][x/d][i/i]>
& *po(1) =1 & d=[ole]

ddeDIdi €Dy j= <(d - Ti, J.i) & *po(1) =1 & d=[ole]
diEeDs = ((I[ole] - Ti), J.i) & *po(1) =1

3i €Dy ={(([ole] - Ti), Li) & i € V(*po)

3i €D, ={(([ole] - Ti), Li) & i € {{{w, po), ()| w € Vpg}
3i €DAw € Vpp: 5 ={(([ole] - T1), Li) & i = {{w, po), { ))
31 € DSHW € {}pO: j = <(|IOZ€]] : <W, p0>)> < >> & i= <<Wa p0>a < >>

dw e {}poi j= (([[ole]], W, p0>9 < >>

FACT 1°. If po = *{wo, w1},

*pol[x] (x = 0le)°][¥
= “{{([lolell, wo, po), { ),
((lotel, w, po), ()}

Spring 2009

Ad.ivfu...| C]
A4 iii.=

A-cnv
A4.ii.4,°
A-cnv

af = f(a)
D2.3.A
A3.Uf
D2.3.A
D2.3.Q3
D2.3.Q4
D2.3.A, D2.1
D2.3.=
D2.3.A
D2.3.=

D2.3.-,b,D2.2
D2.3.,D2.2
D2.3.,D2.2
elim. 3d
A3f

D3.1, A3

df. {~-}
A2.T1, L

elim. 3i

A2.
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2. From state ¢, to ¢,

FACT2'. [sickr, T3]
= AIA (I A sick Toyj TSy))

Proof: (1) = (5)

[sick+, TO]

MAj(Ij A (sickr,, TO))

MM A Ai(sick Tw®i TO%i )j)
MMl A sick Tw°] T&%)
AAj(Ij A sick Twj TO)

AP A

FACT 2%, ¢ [[[sickr, TOJIE
= *{({([ole], w, po), { W w E Ypo & (w, [ole]) € V[sick]}

Proof: For any index j € D, (1) iff (15):

j € Y(culllsickr, TOII®)

5 € Y(c TMA( A sick Twy TOY)TE)

3 € V(MM A sick Toy TOY)I4(c1))
5 € YA A sick Twy TO) e
[2/(1j A sick Ty TONIH(S) = 1

[7j A sick Ty TS0 =1
[[I]]g[l/cl][f/j]([[]-]]g[l/cl][f/j]) =1

NV AR =

& [[Sick]]g[l/cl][j/j]([[T(Dl]]g[l/cl][/'/j](”:]-]]g[l/cl][/'/j]))([[Tal]]g[l/cl][//j](II]']]g[l/cl][f/j])) =1

8. Cl(j) =1
& [[SiCk]]([[T(Dl]]g[l/cﬂU/j](j))([Tél]]g[[/cﬂwj](j ) =1
9. j & {}C1
& [sickI(((T3))D(TI)s)1) = 1
10. 5 € {(([olel, w, po), { ) w € po}
& [sick(((TF))D(TI)s)1) =1
11. 3w € Vpy:

3= ((lolel, w, po), { )) & [sick](((T3)))((TT)s)1) = 1
12. 3w € Ypy:

3= ((lolell, w, po), ( )) & [sickl((lolell, w, po))))(({[olel, w, Po))s)i) = 1

13. 3w € Ypy:

i = (([olel, w, po),  )) & LsickI(w)1)(({[olel)1) = 1
14. 3w € Vpy: 5= {lole]l, w, po), { )) & [sick](w)([ole]) =1
15. 3w € Vpy: 5= {lolell, w, po), { )) & {(w, [ole]) € Y[sick]

FACT 2°. If po="*{w,, w1} and "'[sick] = {(wo, [ole])}, then
c1[[[sickr, TO]I®
= *{{{llole], wo, po), { )}

Spring 2009

Ad.iv.[C]
A4.1ii.B,, A
A-cnv
A4.ii

F2!

af =7f(a)
D2.3.A
A3V
D2.3.A
D2.3.A, A

D2.3.5,D2.2
A3

D2.3.a

Fl%.ci, A3

df. {—-}

A2.Ti

A2.(x)y, wE D,
[ole] € D,

A2.(%)n
A3.Y
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3. From state c; to c3
Fact3'. [p|p=To{]}]
= MAIpAiG=p-D)rlirp=Tw{l}) Ad.ii, v
Fact 3% co[[pl p = To{]}]
= {{{py, [ole], w, po), ( N w E Voo & (w, [ole]) € V[sick]]
& p1="{v| v E Vp, & (v, [ole]) € Ulsick]}} =:C3

Proof: For any index j € Dj, (1) iff (16):
1. 3 € Ycallpl p=To{}])
2. 5 € Y (e IMA IpTiG=(p - i) A Li A p =T {I})]) F3!
3. 5 € VAN IPAiG=(p - i) A Li A p=To {I})]E(c2)) af = f(a)
4. 5 €A pAiG=(p - i) ALi A p=To {1} D2.3.A
5. [A43pFi(i=(p-i)Aldinp=To {IHEHE) =1 A3V f
6. [ApAi(i=(p-i) A li A p=To {I})]5] =1 D2.3.1
7. Ap1 €EDAL ED: [[=(p - i) A li A p =Ty {I}JEFeAUAIPRLILZ D2.3.Q3
8. dp1 €D,3di € Dy: D2.3.A,D2.1

mg[l/cz][i/j][p/pl][i/i] =[p- l-]]g[l/cz][i/j][p/pl][i/i] D2.3.=

& [I]EHe2W LI el 2l el LTy — D2.3.A

& [P e sl — [y ¢y Jell/e2ll/3Np/eLIli:) D2.3.=
9. dp1 €D,3i € Dy

j= ((g[l/cz][/'/j][p/pl][i/i](p) . T[[i]g[l/cz][i/j][P/pll[i/i]), J_[[l-]]g[l/cﬂ[i/j][P/pl][i/i]> D2.3.,b,D2.2

& cy(1) =1 & p1= [T, {1} [E7eAVAIPRLII] D2.3.b, D2.2
10. 3p; € D1 € Dy:

3={(p: - T1), L1) D2.3.h, D2.2

&i€lc, & p1= x,{[[-rwl]]g[l/c2][i/j][p/pl][i/i](k)| Kk € {}[U]] g[I/c2][j/j][p/p1][i/i]}
11. 3p; € D,3i € Dy:

J=((p Ti), L) & i€ Ue, & p1="({(Tk) .| k € {}Cz}
12. 3p, € D31 € Dy:

A3.Y,D2.3.{}
D2.3.a, b, D2.2

F2%.c,, A3

3 ={(p: - T1), L1) & i € {{{[ole]l, w, po), { )| w € "po & (w, [ole]) € " [sick]}
& p1=*{((T) )| k € {{([olell, v, po), A ) v € Vpo & (v, [ole]) € "[sick]}}

13. dp; € D,Aw € {}poz elim. 1, k
3 ={(p1 - T{llolell, w, po), (), L{{[[ole], w, po), { 1)) & (w, [[olel) € "[sick]
& p1="{v| Iv' € po(v = (T(([ole], v, poY, { W1 & (v, [ole]) € V[sick])}
14. 3p, € D,3w € Vpy: A2.T, L
j={(p1 - ([olel, w, po)), { )) & {w, [ole])) € Ysick]
& p1 ={v| Iv' € po(v = (({[ole], V', po)) )1 & (v', [ole]) E Y [[sick])}
15. dp; € D,Aw € {}po:
3 ={py, [ole], w, po), { ) & (w, [[ole]) € V[sick] A2.-
& pr=*{v|Iv' € Vpo(v =v' & (v, [[ole]) € "[sick])} A2.(x)a, (X)n
16. dp, € D,Aw € {}po:

3= {(p1, [ole], w, po), { )) & (w, [ole]) € Y sick]

& p1 =M{v| v € Ypy & (v, [ole]) € V[sick]} elim. 3v’

4
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Appendix: 2-sorted Update with Centering (UC2)

DEFINITION 1.1 The set of UC2 types is the smallest set Typ such that:
*1,d,w,s €ETyp * (ab) E Typ, ifa, b € Typ
The set of discourse object types is the subset DTyp = {8, w, wt} U {(at): a € {d, w, wt}}

ABBREVIATIONS 1
a...axb = (ay...(a,b)) [1 = (st)st
Q= wt [a] = a[]

DEFINITION 1.2 (Basic UC2 terms). For each type a € Typ, there is a set of a-constants, Con,, a
set of plain a-variables, “Var,, and a set of topic-setting a-variables, ' Var,, including:

a€Typ Var, 'Var, Con, Name of objects

) X,y X,y ole (ordinary) individuals

W w, Vv W,V worlds

Q p.q pP.q propositions

ot X,Y X, Y sets of individuals

Qt 0 Q sets of propositions

wOt sbd, dog, sick, ...  world-dependent sets of individuals

s i,j,k,h indices (aka topic-background lists)
st 1,J infotention states

(st)st K updates

DEFINITION 1.3 (UC2 syntax). For each type a € Typ the set of a-terms is defined as follows:
b A4AE Term, if 4 € Con, U "Var, U *Var,

a Ta, la, € Termy, ifaeDTyp&rne{l,2,...}

{} B{4} € Termy ifaeDTyp & BE Termm & 4 € Termy,
. (u, - B) € Term ifa € DTyp, u, € "Var, U *Var, & B € Term,
; (4; B) € Termy if4A, BE Term(s,)st

A Auy,B) € Termy, if u, € "Var, U *Var, & B € Term,

A BA & Term, if B€ Term,, & A € Term,

C —4,(A—B),(AArB),(Av B)eTerm, if 4, B € Term,

Q Vu,B, 3u,B E Term, ifu, € "Var, U *Var, & B € Term,

= (A=B)E Term, if 4, B € Term,

DEFINITION 2.1 (UC2 frames). A UC2 frame is a set of sets {D,}, < 1yp such that:
1.  D,={l1,0}, Dy, and D, are non-empty pairwise disjoint sets

1. Ds = Un’ m=>0 (Dn X Dm), where D = Ua e DTyp Da

iii. Dgp={f|DCDom f C D, & Ran f C Dy}

ABBREVIATIONS 2 (lists, prOJectlons & extensmns) LetD=U, DTyp D,.

e Fori= (11, i,) ED"x D", Ti = i, is the topic list & Li = i, is the background list of i
« Forx€D"™" (x),is x, (nth coordinate) & (x), is the subsequence of type a coordinates

« Ford,, ..., dnED (do () =(do) & (do - {d1, ..., dn)) :== {do, A1, ..., dn) (do-extensions)

DEFINITION 2.2 (UC2-models and assignments)

* A UC2-model is a pair, M = ({Dy}uc Typ, ['1)s 8.t. (i) {Da}aeTyp is @ standard UC2-frame,
(11) [-] is an interpretation function that assigns to each o € Con, a denotation [a]] € D,.

» An M-assignment is a function g that assigns g(u) € D, to each u € "Var, U *Var,. If d € D,
then g[u/d] is the M-assignment s.t. (i) g[u/d](u") = g(u’) for all u’# u, (i) glu/d](u) = d.
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ABBREVIATIONS 3 (Functions & sets). For f € D1 ansand (ai, ..., an) € Da1 X ... X Dy

{(al, . an) = f(a1)...(an)
i(f) = { at,...an): f(ai,...an) = 1} (set characterized by function f)

« X(R) (characteristic function of set &) is the function f such that !(f) =2

DEFINITION 2.3 (UC2 semantics). The value [A]® of a term A on a model M = ({D,}. < Typ, I'l)
under an assignment g is defined as follows (Note: (i) we use von Neuman’s definitions 0 := {} &
1:={J}, (i1) ‘X=Y means ‘Xis Y if Y is defined, else X is undefined’, and (iii) a f = f(a))

b [A4° = [4] if 4 € Con,
= g(A) if 4 € "Var, U *Var,
a [Tal®1) = (Ti)an for any i € Dj
[La*(1) = ((L1)a)n for any i € Dy
OBy = HIBF()| i€ VAR
« l(u. - B)?® = ((g(uy) - T BI®), LIB]® for any u, € "Var,
= Bl®, (g(u,) - L1BI®) for any u, € *Var,
3 cl B = clAIFIBI® for any c € Dy,
A [Mua(B)]]g(d) =[B! for any d € D,
A [BA] = [BI*(14]%)
C [~4* = (1-1[4*%)
[(A—=B)N* = (1-(41°- [B1%)
[(4AB)]* = (AI* N[BI*)
[(4vB)I* = ([AI*UILBI®)
Q [Vudl® =1 ifVd € D, [A]4 = 1
= 0 otherwise
[3u.A1* = 1 if 3d € D, [A]14 9 = 1
= 0 otherwise
= [4=B)° = 1 if [41%, [Bl* € D, & [4]* = BI*
= 0 if [A]%, [ BI* € D, & [A]* # [ BI*

DEFINITION 3.1 (Initial context & default state). An initial context is a proposition pg € D, s.t.
Ypo # . This induces the default infotention state *p, = H{{w, poy, (N w E Yoo},

DEFINITION 3.2 (Topic, assertion, truth value). For a model M, initial context py, and (st)st-term K:
i TueoK={(Ti)| Vg 1i€E U(polKI®)} (set of primary topics introduced by K wrt M and po)
ii. Given M and p, K can be used to assert a proposition g € Dy, iff Ty x0 K= {q}
iii. K is true in world w wrt M and po, iff 3g € Dy: Ty 00 K= {q} & w € Vg

K is false in world w wrt M and po, iff 3q € Dy: Ty po K= {q} & w &

ABBREVIATIONS 4 (Syntactlc sugar)

. A, € B, = (set theory)

ii. Ta, La = Tai, la ifa € DTyp (dynamic terms)
Aa" = Ai(4) ifa € DTyp

= 4 ifa € {sb| b € DTyp}

iii.(Bw A) = Ai(B W°i A%) (conditions)
(4=B)° = Ai(A% = B%)
(C], Cz) = )Ll.(Cll' A Czi)

iv.[C] = MM A G)) (local drt-boxes)
[t1...u,) = MA Juy...u,Ai(G = (uy - ...(uy " D)) A L)
[ty...u,) C] = AMA Juy..u,Ai(G=(uy - ...(uy" D)) A Li A Ci)

V. [ta] u= Asafl}]
[ud| u € Asail}]

MA Fui(G=w - i)y A li nu=A{}) (global drt-boxes)
AN AuTi(G=(u i) nli nu€ A{})
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Lecture 15
QUESTIONS AS ATTENTION UPDATE

1. Overview

* Speaking up focuses attention on the input CG, e.g.

Po ="{wo, w1, wa} (wo,lole]) € Vsickl
(w1, lolel) € Ylsick]
(w»,lolel) & "[sickl

* Specifically, speaking up focuses attention on p, (default Q-topic) and the various po-worlds
(default topic worlds). That is, it induces the following default infotention state:

*po = H{(w, po), (M) w € Vpo} D3.1

“{{{wo, po)s { )
(w1, po)s ()

(w2, Po), >>} Po = *{wo, W1, W2}

* *py is then updated based on what is said in the speech act, e.g.:

YN be.TNS Ole sick ? (prosody)
*pol[wl w € Tw{[}]; [x| (x = ole)°]; [sick,, T8]; [p| p = Lo{|}]; [Q| Q = L{}]I®
= *pol[wl w € To{[}1I*[[x| (x = ole)°]I¥[[sick,, TOII*[[p| p = Lo {}II*I[Q| Q = LQ{[}]*
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1. From default infotention state *po to c';
FACT QL. [w|wE T {|}]
= M IAWAiG=w i) Ali n T {I}w) A4.ii, v, 1

FACT Q1% *pol[[w] w € Tw{|}]1¢
= X{<<W’ po>, <V>>’ wE {}po &ve {}pO} = C,l

Proof: For any index j € D, (1) iff (16):

1. 3 € Y(poll[w| w € Tw{]}])
2. 5 € U(polAAj Iw3i(G = (w - i) A Li A To {1} w)]®) FQ1'
3. 5 € Y(AA Iw3i(G = (w - i) A Li A To {Dw)E(Fpo)) af = f(a)
4. 5 € VN InAi(G = (w- i) A i A Toog {I}w)] P D2.3.A
5. [@wAi(j = (w- i) A Ii A Ty {Iw) VP05 = A2, D2.3.4
6. IvED,Ai EDy: [j=(w-i) A Li A Ty {I}w]e ORI = D2.3.Q3
7. dve D i € Dy: D2.3.A,D2.1
[ AT — el 0I 1wl ) D2.3.=
& [[]]]g[f/*po][i/j][W/V][i/i]([[i]]g[l/*po][i/j][W/V][i/i]) =1 D2.3.A
& [T {]}]]g[mpo][i/j][W/VJ[i/i](I[WIIgU/*pO][i/j][W/V][i/i]) =1 D2.3.A

8. Ive D i €Dy
j= (T[i]]g[l/*po][j/j][W/V][[/i], (e[ I*pollj/3 Iw/v1[i/i](w) - L[[l-]]g[l/*po][i/j][W/v][i/i])> D2.3., b,D2.2

& *po(i) =1 & [T {1}V POAIMI] )y = D2.3.h, D2.2
9. IvE D, Ii € Dy
j= (Ti, (v - _Li)> & i€ {}(*po) &vE {}[[T(Dl{]}]]g[l/*po][i/j][w/v][i/i] D2.3.h, D2.2, A3

10.dve D i € Dy:
J=(Ti, (v-1i)) & i € (*py)

&vE {[[T(m]]g[l/*po][i/j][W/V][i/i](k)| k € {}IH]]g[l/*pO][/'/j][W/V][i/i]} D2.3.{}, A3
11.dve D i € Dy:

3=(Ti,(v-Li)) & i € ¥(*po) & vE {(TK),)1| k € ¥(*po)} D2.3.a, b, D2.2
12.3veEe D i € Dy:

J=(Ti, (v 1i)) & i € {{{w, po), { W w € Vpy} D3.1.%po, A3

& vE {((TK),)1| k € {{(w', po), { W w' € Ppo}} D3.1.%po, A3
13.3v € D, 3w € Ypy: elim. 1, k

3 = (T{(w, o), (), (v - L{w, po), ()Y & v E {(T{w', o), (M| w' € Upo}
14.3v € D, 3w € Vpy: A2.T, L

j = <<W’ pO)ﬂ (V : < >)> &ve {(<W,, pO))w)1| w e {}pO}
15.3v € D, 3w € Ypo: § = ((w, po), (v)) & vE {w'| w' € Upo} A2, (%)as (%)
16. v E {}poflw e {}poz j={(w, po), {V)) {~-}, {}po CD,
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FACT Q13. If po=*{wo, w1, wo} then
*polllw] w € To{[}]1*

= X{«WO’ p0>> <WO>>’
{(wo, Po), (w1)),
<<W0, p0>’ <W2>>,
((w1, po), (wo)),
<<W1, p0>9 <W1>>
<<W1, p0>’ <W2>>
((wz, po), (wo)),
((wz, po), (wi)),
<<W2, p0>’ <W2>>}
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Homework 6

Given
FACT Q1% *pof[[w] w € To {|}]]*
= X{<<Wa pO)s <V>>’ wE {}pO & v e I}pO} = C/l
Factl'. [x| (x=ole)°]
= AN IxTi( = (x - i) A Li A (x = ole))
FAacTQ3'. [sick,, TO]
= MN(j A sick Loy TOy))

FACTQ4'. [p|p=Lo{|}]
= MANIAiG=@ -)alirnp=_Lo{l})

prove
FACT Q2°. ¢/1[[x] (x = ole)]]¢

= *{{(Lolel, w, po), (v))| w € 'py & v € iy} = ch
FACT Q3% /5[[[sick,, TO]T¢

= *{((Lolel, w, po), (v))| w € Upo & v € Upg & (v, [olell) € ! [ick]} =<y

FaCT Q4% ¢'sl[p| p = Lo {111
= “{{[olel, w, o), (p1, V)Y w E 'po & v E Vpy & (v, [ole]) € [sick]

& p1 =M{V'|v' € Upy & (v, [[ole]) € V[sick]}} =: ¢/,
and spell out the following infotention states as matrices (i.e. one index per row, all aligned):
FACT Q23. If po="*{wo, w1, wo}, then

clTx| (x = ole)°T]¢
- )¢ )

« ) "

FACT Q3°. If py = *{wo, w1, w,} and "'[sick] = {{wo, [ole]), (w1, [ole])}, then
c'l[sick,,, TOIT®
= ) € »

« ) D

FACT Q4°. If po = *{wo, w1, w.} and " [sick] = {{wo, [ole]), (w1, [ole])}, then
c'sllpl p = Lo {[}11*
n X )

« ) M

10
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Solution to homework 6 + Update 5

 Update 2: from state c'; to ¢’

FACT Q2°. ¢'1[[[X] (x = ole)]]®
= *{((llolell, w, po), (v))| w € "po & v € Upo} =’

Proof: For any index j € D, (1) iff (18):

1.3 € Y(c1l[x| (x = ole)°]]*)

2. 5 € U (e [AA IxTi(G = (x - i) A Ti A (x = 0le))]) F1'

3. 4 € V(AN IxTi( = (x - i) A Ii A (x=o0le))]4(c')) af == f(a)

4. 5 € YA IxTi( = (x - i) A Ii A (x = ole))[E7eH D2.3.1

5. A 3Ix3i(i = (x- i) A Ji & (x=0le)[F7*H(5) =1 A3V

6. [AxTi(j=(x-i) A Li A (x = ole))[VH A= | D2.3.1

7. A E Dy [i(G = (x - i) A Li A (x = ole))E/e AN = D2.3.Q3

8. AdEDIi EDy [ =(x i) A li A (x = ole) s/ HAINAIR] = D2.3.Q3

9. 3d € DAi € Dy D2.3.A, D2.1
[[]-]]g[l/c’l][i/j][?(/d][i/i] —[x- iﬂg[l/c’l][i/j][x/d][i/i] D2.3.=
&I []]g[l/C’l][i/j][X/d][l'/i]([[l-]]g[[/C’l][//j][X/d][i/i]) -1 D2.3.A
& [[X]]g[]/c’l][j/j][X/d][i/i] — [[Ole]]g[l/c'l][i/j][x/d][i/i] D23 =

10.3d € D1 € Dy
3= ((g[l/c' /5 Ix/AN[i/1](x) - TNl -y pppeletliBivallizly - pp 3. p D2.2

& c'1(1) =1 & d=[ole] D2.3.h,D2.2
11.3dE DAL ED;: 7={((d" Ti, Li) & c'1(i) =1 & d=[ole] D2.3.5,D2.2
12.3i €D 3 ={([ole] - Ti, Li) & c'1(1) =1 elim. 3d
13.3i €D,: 5 ={(([ole] - Ti, Li) & i € Y(c'y) A3%f
14.3i €Dy 5 ={(([ole] - Ti, 11) & i € {{w, po), (vV))| w € Vpo & v € Vps}  FQI%.c'y, A3
15.3i € DAw € peIv € Vpg: § ={([ole] - Ti), L1i) & i ={{w, po), (v)) df. {—--}
16.3i € DAw € YpoIv € Mpg: § ={([ole] - (w, po)), (v)) & 1 ={(w, po), (v)) A2.T, L
17. 3w € Ypoav € Ypo: 3= (([ole] - (w, po)), (v)) elim. 31
18. 3w € VpoAv € Mpy: 3 = ([ole], w, po), (v)) A2

FACT Q2°. If po = *{wq, w1, W2},
c'1[[x| (x = ole)°]]*

= *{{{[ole]l, wo, o), {wo)),
{([olel, wo, po), {w1)),
([olel, wo, po), (w2)),
{[[olell, w1, po), (wo)),
{([olel, w1, po), (w1))
{(llolel, w1, po), (w2))
{[[olell, w2, po), (wo)),
{[olel, wa, po), {w1)),
([olel, w2, po), (w2))}

11
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 Update 3: from state c’; to c';

FACT Q3°. c'5[[[sick,,, TO]I¢
= *{{(lolel. w. po). (")) w € po & v € l'py & (v, [olell) € "lsick]}  =: '

= s

Proof: For any index j € D, (1) iff (15):

1. 5 € Y(c2[[sick,, TOIT®)

2. 3 € U(cLIMA A sick Loy TOY)I®) FQ3'

3. 5 € Y(IAMA A sick Loy TOY)IA(C2)) af == f(a)

4. 5 € VNG A sick Loy TOj)]e1e?! D2.3.4

5. [N A sick Loy TO)IEV<H(G5) =1 A3.Uf

6. [ A sick Loy T)JEV=40A = D2.3.4

7. [[[J]g[l/c'2][i/j]([U]]g[l/cQ][i/j]) =1 D2.3.A, A
& [[Sick]]g[l/c'Z][i/j](lel]]g[l/c'Z][//j]([U]]g[l/cQ][//j]))([[Tél]]g[l/cf][//j]([[]']]g[l/c'Z][i/j])) =1

8. ch(i)=1 D2.3.h, D2.2
& [[SiCk]]([[.L(D]]]gU/CQ]U/j](j ))([Tal]]g[l/c'z][i/j](j )) =1

9. €], A3
& [sickD(((L3))D((TF))1)) = 1 D2.3.a

10. 3 € {((lolell, w, po), (V)| w € 'po & v € Upo} FQ2’.c';, A3
& [sickD(((L3)) (T 1) = 1

11. 3w € Ypyav € Vpy: df. {—-}
3 = (([olell, w, po), (v)) & [sickI(((L3),)D(((T)s)1) = 1

12. 3w € Ypoav € Upy: A2.1i,Ti
3= ([lolel, w, po), (v)) & [sickI((({(v))))((Lolell, w, po)s)1) = 1

13. 3w € Up,dv € Vpy: A2.(x)q
= ((llolel, w, po), (v)) & [sickI(({(v))((([olel))1) = 1

14. 3w € Ypyav € Vpy: A2.(x),
j = ((llolel, w, po), (v)) & [sickl(v)([ole]) = 1

15. 3w € {}pOEIV &= {}po: A3{}

3 ={([olel, w, po), { ) & (v, [ole]) € V[sick]

FACT Q3°. If po = *{wo, w1, w.} and " [sick] = {{wo, [ole]), (w1, [ole])}, then
c’s[[sick,, TO]I®
= X{«[[Ole]]’ Wo, pO)J <WO>>>
([olell, wo, Po), {w1)),
<<|IOI€]], Wi, po>a (Wo»,
([ole]l, w1, o), (w1))
([olell, w2, po), {wo)),
<<|IOI€]], W2, po>, <W1>>}

12
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« Update 4: from state c'5 to ¢’y

FACT Q4°. ¢'5[[p| p = Lo {|}]I#

= {{[olell, w, po), (p1, V)| w E U'py & v € Vpy & (v, [ole]l) € Y [sick]

&p =Hv|v' E Upo & (v', [olel) € {}[[SiCk]]}}

Proof: For any index j € Dj, (1) iff (15):

3 € U(csllpl p = Lo{}])

5 € U(eSIAN pAi(i=(p - i) A Li A p= Lo {I})]®)

3 € V(MY Ipi(i=(p - i) A i A p= Lo {T})](c5))

3 €A I = (p- i) Adi np= Lol

[ 3p3i( = (p - i) A li a p= Lo {IHN]F"715) = 1

[3p3iGi=(p - i) A Li A p= Lo {T)EV W =1

Ip1 €D i €D: [j=(p - i) Ali A p= Lo {2 AR =

[[jﬂg[l/c’3]U/j][P/Pl][i/i] =[p- i]]g[l/c’3][i/j][P/Pl][i/i]

& [ WA P el 310 W10y —
& [[p]]g[l/c’zs][i/j][p/pl][i/i] = [Lo; {I}]]g[l/c’3][/'/j][p/p1][i/i]
9. dp, €D,3i €Dy
j= <-|-l[l-]]g[l/c'3][/'/j][P/pl][i/i]’ (e[/c'10/53 1[plo: [/ 1(p) - J_[[i]]g[l/cs][i/j][p/pl][i/i])>
&c'5(1)=1&p.=[Lo; {I}]]g[l/c'3][i/j][p/p1][i/i]
10. 3p; € D31 € Dy:
j=(Ti, (p1 - Li)
&i€E {}C/3 & p1= X{[[J_(Dl]]g[l/c’3][f/j][P/pl][i/i](k)| = {}lﬂ]] g[l/c’3][i/j][p/p1][i/i]}
11.3p; € D31 € Dy:
I=(Ti,(p1 - Li) & i € c's & pr="{((Lk) )| k € Vc's}
12.3p, € D 3i € Dy
j= <Ti9 (pl : J-i)>
& i € {{[ole], w, po), (v)) w € 'py & v € Upy & (v, [ole]l) € "[sick]}
& p1="{((LX) )| k € {(llolel, w', po), (v')|
w' € Vpo & v/ € Vpy & (v, [olell) € Vsick]}}
13. 3p; € D1 € DAw € Vpyv € Vpy:
3 =(Ti, (p1 - L1)) & i = {[[ole], w, po), (v)) & (v, [[ole]) € " [sick]
& p1="{((Lk),)i| I’ € V'poAv’ € Vpy:
k = {([ole], w', po), (v')) & (', [ole]) € Y [sick]}
14. 3p; € DoAw € Upedv € Upy:
3= {[[ole], w, po), (o1 - (v))) & (v, [ole]) € "[sick]
& p1="{({(VD )| V' € Upo & (v, [ole]l) € V[sick]}
15. dp; € D,Aw € Upedv € Ypy:
3= {[[ole], w, po), {p1, v)) & (v, [ole]) € V[sick]
&pi1=Mv|v' €Vp, & (v', [ole]) € Ullsick]}

XN kL=
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FQ4!

af = f(a)
D2.3.4
A3V s
D2.3.4
D2.3.Q3
D2.3.a, D2.1
D2.3.=
D2.3.A
D2.3.=

D23.-,b,D2.2
D2.3.b, D2.2

D2.3.5, D2.2
A3.Y,D2.3.{}
D2.3.a, b, D2.2

FQ3%.c'5, A3

df. {--}

A2.T1, 1,
elim. 1, k, w’

A2.:
A2.(x)a, (X)n
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FACT Q4°. If po = *{wo, w1, w.} and " [sick] = {{wo, [ole]), (w1, [ole])}, then

c’sllplp = Lo {[} 11
= X{(([[ole]], Wo, Po): <X{W0a w1}, WO»s
(([olel, wo, po), (*{wo, w1}, wi)),
(([olell, w1, po), (*{wo, w1}, Wo)),
<<[[OI€]L Wi, Po): <X{W0a w1}, Wl>>
{([ole]l, w2, po), (*{wo, w1}, Wo)),
<<|IOI€]], w2, Do), (“{wo, W1}, wi))}

 Update 5: from state c’, to c's

FACTQ5'. [Q| Q= L1Q{|}]

= AMAAQIA(G=(Q i) Alin Q=1LQ{l})

FACT Q5% Given {u| u € Yp, & (u, [ole]) € V[sick]} # D,

c'o[[QI Q = LQ{[}1]®

= *{("{p:}, [olel, w, po), (p1, V)|
wE Vpy & v € 'py & (v, [[ole]) € V[sick]
& pr =*{ul u € Vpy & (u, [ole]) € "[sick]}}

Proof: For any index j € D, (1) iff (18):

S A U S

10.

11.

3 € U(c4[[Q Q=1Q{}}])

3 € U(cu[A2 3QAi(j = (Q - i) A Ii A Q = LQ{IN]®)

j € U([A14 3QIi(j = (Q i) A li A p= LQ{TI}](c's))

3 € "[4/3Qi(i = (Q i) A Li A Q= LQ{T}HF

[43Qi(i = (Q - i) A Ii A Q= L {IN]**(3) =1

[3QIi(j = (Q - i) A fi A Q= L {TH 1P =1

30, €D Ai €Dy: [j=(Q - i) A li A Q = LQy {7} 1V 4IVANQOLIIRT -

30, € D31 € Dy:
[Uﬂg[l/c'4][//j][Q/Ql][i/i] — [[Q . i]]g[l/c'4][/'/j][Q/Ql][i/i]

& [[I]]g[l/C"l][i/j][Q/Q1][i/i](|Il~]]g[1/C’4][f/j][Q/Qll[i/i]) =1
& [[Q]]g[l/C’4][i/j][Q/Qll[i/i] - [[lgl{I}Hg[1/0’4][f/j][Q/Qll[i/i]

HQl &= DQtal S DS:

Spring 2009

Ad.v, il

FQ5'

af = f(a)
D2.3.1
A3.Uf
D2.3.4
D2.3.Q3
D2.3.a, D2.1
D2.3.=
D2.3.A
D2.3.=
D2.3.-,b,D2.2

j= <(g[I/C'4][f/j ][Q/Qﬂ[i/i](Q) . T[[l-]]g[l/C’4][i/j][Q/Ql][i/i])’ J_lIl-]]g[l/C’4][f/j][Q/Ql][i/i]>

&c'y(i)=1&0Q:= [[LQI{I}]g[1/0’4][i/j][Q/Q1][i/i]
HQl &= DQtal S DS:
= <(Q1 “T1), Li>

D2.3.h,D2.2

D2.3.h,D2.2

&ie {}C'4 & 0, = X{[[_LQI]]g[I/C’4][i/j][Q/Ql][i/i](k)| kK € {}[[1]] g[1/0’4][i/j][Q/Ql][i/i]} A3.{}, D2.3.{}

HQl EDQtal EDS:
3={(Q: - Ti), Li) & i € Vc'y & 01 ="{((Lk)o)i| k € Vc's}

14
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12.

13.

14.

15.

16.

17.

10, € D, A1 € Dy:
3={(Q: - Ti), L1)
& i € {{[ole]l, w, po), (p1, V)|

w E Vpy & v € 'py & (v, [[ole]) € V[sick]

& p1="{u|u € Ypy & (u, [ole]) € V[sick]}}
& 01="{((LX))| k € {(([[ole], w', po), (g1, V')

w' € lpy & v € Vpy & (v, [ole]) € V[sick]]
& g1 =*{u'|u' € Yp, & (U, [ole]) € V[sick]}}}
30. € D,Ai € DAw € YpyAv € VpyIpa:
3=((Qy - Ti), Li) & i = {[[olell, w, po), (p1, v)) & (v, [ole]) € V[sick]
&p1="{u|u € py & (u, [ole]) € UlsickT}
& 01 ={((Lk)o)1| Iw' € VpoIv’' € VpeIan:
k = (([ole]l, w', po), {a1, v')) & (v', [ole]) € U [sick]
& qr =*{u'|u' € Yp, & (U, [ole]) € V[sick]}}
30. € D,Aw € YpyAv € YpoIpa:
3={((Q1 - ([olel, w, po)), (o1, v)) & (v, [ole]) € V[sick]
& p1="{u|u € py & (u, [ole]) € UlsickT}
& 01 ="{(({ar, vV'Vol| v' € Ypo & (v', [[ole]) € M[sick]
& qi=*{u'|u' € Yp, & (u', [ole]) € V[sick]}}

30, € D, Aw € Vpedv € VpoIps:
5 =0, [ole], w, o), (p1, V)) & (v, [ole]) € V[sick]
& pr="{ulu € Ypy & (u, [ole]) € U{lsick]}
& 01 ={aq| IV'(v' € Vpy & (v, [ole]) € V[sick]) & q1=p1}
30. € D,Aw € YpyAv € YpoIpa:
3 =0, [ole], w, o), (p1, v)) & (v, [ole]) € V[sick]
& p1="*{u|u € Vpy & (u, [ole]) € UlsickT}
& 01="*{p1}
dw e {}p()HV e {}poflplz
§={(*{p1}, [ole], w, po), (o1, ) & (v, [ole]) € "[sick]
& p1="{u| u € "p, & (u, [ole]) € V[sick]}

FACT Q5°. If po = *{wo, w1, w,} and "'[sick] = {{wo, [ole]), (w1, [ole])}, then

cu[[Ql Q= LQ{}1I*
= X{«X{X{Woa w1}, [ole], wo, po); <X{Wo, Wi, Wo»,
((*{*{wo, w1}}, [olell, wo, po), (*{wo, w1}, w1)),
<<X{X{W0» wi}}, [ole], w1, p0>, (X{Wo, Wi}, Wo>>,
(({*{wo, w1}}, [olel, wi, po), (“{wo, w1}, w1))
<<X{X{W09 w1}, [ole], wo, p0>, <X{Wo, Wij, Wo>>,
((“{*{wo, w1} }, [olell, wa, po), (“{wo, w1}, wi))}
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FQ3%.c'5, A3

df. {--}

A2.T1, 1,
elim. 1, k, w

!

A2.
df. {—-}
A2.(x)a (X)n

Given: {}pl +
elim. Q
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Lecture 16
PRIMARY TOPIC, ASSERTION, AND TRUTH

FacT4'. For any model M = ({Da}ac1yps ['1) and initial context po:
q € Tu,po ([X| (x = 0le)°]; [sickr,, TOL; [p| p = Tw{|}])
iff 'q# @ & q="{v| v € 'py & (v, [ole])) € "'[sick]}

Proof: For any g € D, (1) iff (10)
1. & Tu,po ([X] (x = 0le)°]; [sickr,, T8]; [p| p = Tw{|}])
2. g€ {(Ti)| Yg: i € "(*pol ([x| (x = ole)°’]; [sickr, T8]; [p| p =T {}DI¥)}  D3.2.T
3. g€ {(Ti)| Vg: i € U(*pol ([x] (x = ole)° ]Il [sicks, TOIIL[p| p = Tw{[}DI¥) D2.3.;
4. q€ {(Ti)]| Vg: F1%, 27, 3?
i € Y{{{p1, [ole], w, po), { W w E Ypo & (w, [ole]) E V[sick]
& p1 ="{v| v € Yp; & (v, [ole]) € V[[sick]}}
5. g€ {(Ti) A3,elim. g
i € {{{p1, [ole], w, po), { W w E Yo & (w, [ole]) € V[sick]
& p1 ="{v| v € Yp, & (v, [ole]) € V[[sick]}}
6. di: -
q=(Ti)
& i € {{{p1, [olel, w, po), ( )| w E Vpo & (w, [ole]) € V[sick]
& p1 =*{v|v € Vp & (v, [ole]) € V[sick]}}
7. 3iTwIp;: -
g=(Ti)i & i = {py, [ole], w, po), { )) & w € 'py & (w, [ole])) € [sick]
& p1 =*{v| v € Vp, & (v, [ole]) € V[sick]}
8. Aidp:: A2.Ti, (%)
a=p1 & i ={p, [ole], w, po), { )) & w(w E Upy & (w, [ole]) € U[lsick]) rearrange
& p1 ="{v| v € Vp, & (v, [ole]) € V[sick]}
9. dp1: q=p1 & 'p1 £ D & p1= *{v| v E Vpy & (v, [[ole]) € V[sick]} elim. i
10. Vg #£ @ & g="{v| v € Yp, & (v, [ole]) € V[sick]} elim. p;

FACT 4°. Given any model M = ({Da}aeTyps ['1), and initial context py € Dy:
([x] (x = ole)°]; [sickr, TO]; [p| p= Tw{|}]) is true in w,
iff w € Ypy & (w, [ole]) € V[sick]

Proof: (1) iff (6)

1. ([x| (x=ole)°]; [sickr, TO]; [p| p = Tw{|}]) is true in w

2. 39 € Dy: Tur, po ([x] (x = 0le)°]; [sickr, T8]; [p| p=Tw{|}]) = {q} & wE '"q D3.2.true
3. 3gED,: 'q# D & q="{v| v E 'py & (v, [ole]) € V[sick]} & wE Vg  F4!

4. we V(M| v E Vpy & (v, [ole]) E V[sick]}) elim. g
5. wE {v|v E Yp, & (v, [ole]) € V[sick]} A3.U,*
6. wE 'py & (w, [ole]) € V[sick] —-}
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