Sem III (Bittner) Top 3: Plural anaphora Fall 2009

DYNAMIC PREDICATE LOGIC

1. ANAPHORIC PRONOUNS
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Ist try: Free variables in PL (Predicate Logic)

Jimi came in. Het sat down. (antecedent Jim1 ... anaphoric her)
[=um, g cm x(x =z1 A z1 = jim) A sit zy

g(z1) € [em] & g(z1) = [jim] & g(z1) € [[sif]

predict: order of antecedent & anaphor immaterial, e.g. (=)
intuition: antecedent must precede the anaphor, eg. (D#£Q)
He1 sat down. Jim1 came in. (anaphoric hes ... antecedent Jimy)

=, g Sit z1 A cm xX(x = z1 A z1 = jim)
8(z1) € [[sit] & g(z1) = [jim] & g(z1) € [cm]]

2nd try: Free variables in DPL (Dynamic Predicate Logic, G&S 1991)
basic idea: antecedent updates the context for interpreting the anaphor (see steps (a)—(c))

. antecedent [np”...] updates the input value of z, to an output value that satisfies the antec.

(‘glui...u,)h’ abbreviates ‘(output) / agrees with (input) g on all var’s other than u,...u,’)

Jim' came in.
=, ¢ Az1[z1 =jim A cm zi]
dh: gl 3zi[z1 =jim A cm z:1]]h DPL: [=y
3h: glzi]h & h(z)) = [jim] & h(z1) € [em] DPL: 3, A, ...
[jim] € [cm] simplify

. an anaphoric pronoun, pn,, refers to the input value of z,.
He1 sat down.
|:M, g sit zZ1
dh: gllsit z ) h DPL: |=y
dh: g=h & h(z)) € [sit] DPL: R
g(z1) € [lsir] simplify

. the output context of sentence 1 serves as the input for sentence 2.

Jim' came in. He1 sat down.
|=um, ¢ Az1[z1 =jim A cm zi] A sit zy

dh: gl dzi1[z1 =jim A cm z1] A sit zi]h DPL: |-, 4
Ah3k(g[Azi[z1 =jim A cm zi]]k & k{sit z1]h) sem: A
Ah3k(g[z1]k & k(z1) = [jim] & k(z1) € [em] & k=h & h(z)) € [sit]) ah, (1%
[im] € [em] & [jim] € [sit] simplify

He1 sat down. Jim' came in.
|=m. ¢ sit zv A Azi[z1 = jim A cm z]

3h: gllisit zy A Jzi[z1 =jim A ecm z,]]h DPL: |-, 4
dhk(glsit z1 1k A k[ 3zi[z1 =jim A cm z1]]h) sem: A
Ah3k(g =k & k(z)) € [sit] A k[z1]h & h(z)) = [jim] & h(z)) € [[cm]) (ah, (1%
g(z1) € [sit] & [jim] € [cm] simplify
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2. DYNAMIC PREDICATE LogGIc (DPL)

D1.1 (DPL basic expressions)

 Var = {z;,z25,...} (entity) variables

« Con = {jimyann,...} (entity) constants
Prd' = {man, wm, cm, sit,...} 1-place predicates
Prd® = {hsb, wife, see, spk, ...} 2-place predicates
Prd® = {gw,...} 3-place predicates

D1.2 (DPL syntax)

0. r€Trm if 1€ Con U Var

i. Rt..t,EFor if REPrd"&t,... 1, E Trm
1. # =t € For if t, € Trm

iii. —¢ € For if ¢ € For

iv. [¢p A yp]EFor if ¢, € For

v. Jdu¢ € For if u€ Var & ¢ € For

D2.1 (DPL models and assignments)

« A DPL model is a pair M = (D, [ - ) such that (i) D is a non-empty set (of M-entities),
(i1) [ - ] is an interpretation function that assigns to each 4 € Con an M-entity [A] € D,
and to each B € Prd”, an n-place relation [B] < (D)".

*  An M-assignment is a function g that assigns to each u € Var an M-entity g(u) € D.

*  For any M-assignments g, 4 and any variables uy,..., u, € Var:
gluy...u,)h ift Vv € Var\{uy, ..., u,}: g(v) = h(v).

D2.2 (DPL semantics). For any DPL-model M = (D, [-]) and M-assignments g and A, the -
denotation [[-]]h and g-h relation g[ - |h are defined as follows:
0. [1" = [ if 1 € Con
= h(?) if t € Var
i glRt..tulh iff g=h& ([u]", ..., [t]") ERI]
ii. glh=nlh iff g=h&[n]"=[n]"
iii. g[—¢lh iff g=h& 3k h[Plk
iv. gllg A yllh iff Fk(glolk & klylh)
v. gl3uglh iff  Jk(glulk & k[ @]h)

D3 (Truth, entailment, and equivalence).

i.  ¢istruein M given input g,  written |=u, o ¢, iff I4: g[¢glh

ii. ¢ (DPL-)entails v, written ¢ |= v, iff VMV gV h(glolh = Fk: h[ylk)
iii. ¢ and vy are (DPL-)equivalent, written ¢ = v, iff VMV gV h: g[¢lh iff g[ylh

ABBREVIATIONS
c [9p— ] = oAyl
o VYug = —du—¢
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APPENDIX: DRT (Kamp 1981) ~ DPL (G&S 1991)

(3) Jim' has a? wifes. Shez is a doctor.
DRT (Kamp 1981)
* DRT syntax

| zZl1 Zp

| Z1 :]lm

| z» wife z
| dl’Zz

|
|
| (= K1)
|

e DRT semantics

* DRT-models: as for PL

* DRT-contexts: partial assignments
F"={f|Dom f S Var & Ran f S D}

* M-truth

=m K
iffaf € F*:
Dom f is the universe of K;
& fverifies every condition of K,
iffaf € F*:
Domf= {Z],Zz}
& f(z1) = [jim]
& (f(z2), f(21)) € Iwife]
& f(z2) € [dr]]
iff 3d € D:
(d, [jim]) € [wife]
& d € [dr]

DPL (G&S 1991)
* DPL syntax

[[3z1[z =jim A ElZz[WlerzZl]] A dr z3]
~ dz ElZz[Zl :]lm AN WlerzZl A dr Zz]
= Kll

* DPL semantics

* DPL-models: as for PL
» DPL-contexts: fotal assignments

G = {g| Dom g=Var & Ran g S D}
* M, g-truth

|:M,gK1’
iff 3h € GM-
aK\'lh

iff 3n € G-
glz1 z2]h
& h(z1) = [jim]
& (h(z1), h(z2)) € [wife]
& h(zy) € [dr]

iff 3d € D:

(d, [jim]) € [wife]
& d e [dr]
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DPL: TRUTH AND ANAPHORA

1. RELATIONAL TEST
(1) Sheqis adoctor.

dar )

FACT 1: gldr z2]h
iff g=h & g(z2) € [dr]

FACT2: |=umgdrz
iff g(z2) € [dr]
PROOF:
|:M, g dr V)

Fall 2009

ccp (context change
potential): fest

tc (truth condition)

iff  Jh: glldr z,]h D3: [=u, 4
iff Jh:g=h& h(zz) € [dr] D2.2:R,t
iff  g(z) € [dr] elim. &
2. EXISTENTIAL UPDATE
(2) Jim" has a2 wife.
FAcT 3: gl 3dzi[z)1 =jim A 3z wife z; zi]]h cep: update

iff g[z1 22)h & h(z)) = [jim] & {h(z22), h(z1)) € [wife]
PROOF:
1. gl[3zi[z1 =jim A Az, wife z; z1]]h
2. dk(glz1]k & klz1 =jim A Az wife z, z1]h) D2.2: 4
3. dk(g[z1]k & Fj(klz1 = jim]j & j[ Az wife z; z1]h)) D2.2: A
4. Jk(g[z1]k & Jj(k =j & j(z1) = [jim] & jl[ Tz, wife z; z1]h)) D2.2:=¢
5. dk(g[z1]k & k(z)) = [jim] & k{[3z, wife z; zi]h) elim. j
6. dk(g[z1]k & k(z)) = [jim] & Fj(k[z2]] & jlwife z z1]h)) D2.2: 4
7. Jk(g[z1]k & k(z1) = [jim] & Fj(k[z]j & j = h & {h(z2), h(z1)) E [wife])) D2.2:R,t
8. Tk(g[z1)k & k(z)) = [jim] & k[z2]h & {h(z2), h(z1)) E [wife]) elim. j
9. Fk(g[z1lk & h(z1) = [jim] & k[z2]h & {h(z2), h(z1)) € [wife]) gl...]h
10. k(g[z1]k & k[z2]h) & h(z1) = [jim] & {h(z2), h(z1)) € [wife] 1 &
11. g[z1 z2]h & h(z)) = [jim] & {h(z,), h(z1)) E [wife] gl...1h
FACT 4: |=u, ¢ Azi[z1 =jim A Tz, wife z; z1] tc

iff 3d({d, [jim]) E [wife])
PROOF:
1. |:M,g ElZ][Z] :]lm AN ElZz WierZZl]
2. dh: gl Azi[z1 =jim A Tz wife z; z(]]h D3: |=um, 4
3. Jh(glz1 z2)h & h(z)) = [jim] & (h(z2), h(z1)) € [wife]) F3
4. 3Ad,, do(dy = [jim] & {da, dv) € [wife]) D2.1: g, g[..
5. Adx({dy, [jim]) € [wifel) elim. d;

I
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3. CONJUNCTION AS RELATION COMPOSITION
(3) Jim'has a2 wife. She, is a doctor.

FAcCT 5: gl[EIzl[zl =]zm A ElZz wife ) Zl] AN dl"Zz]]h
iff glz) 221k & h(z1) = [jim] & (h(z), h(z1)) € [wife]l & h(z2) € [dr]

PROOF:
1. g[[ElZl[Zl :]lm AN E|Z2 wife Z2 Z1] A dr Zz]lh
2. Jk(gl3zi[z1 =jim A Iz, wife z, z1]1k & kldr z2]h)
3. Jkiglz 2k & k(z1) = [jim] & (k(z), k(z))) € [wife]

& k=h & h(z:) € [dr])
4. gz 2]k & h(z1) = [jim] & (h(z2), h(z1)) € [wife] & h(z) € [dr]

FACT 6: |:M,g ElZ][Zl :]lm AN ElZz wife Z2 Z1] A dr zy
iff 3d({d, [jim]) € [wife] & d € [dr])
PROOF:
|:M,g ElZ][Z] :]lm AN ElZz wife o) Z]] A drzy
dh: g[321[21 =]zm A dz, wife V) Z1] A dr z]h
Ih(g[z1 221 & h(z) = [jim] & {h(z), h(z1)) € [wife] & h(z) € [dr])
ad,, dx(d, = [jim] & {d>, d\) € [wife] & d, € [[dr])
3do({dby, [jim]) € [wife] & d> € [dr])

kW=

4. NEGATION TESTS
(4) Jim' doesn’t have a2 wife.

Fact 7: gl[EIzl[zl =]zm A _‘322 wz'fe Zn Zl]]lh

iff g[z1]h & h(z)) = [jim] & —3d({d, h(z))) € [wife])
PROOF:
1. gl[3zi[z1 =jim A —3z; wife z, zi]]h

FACT§: |:M,g ElZ][Zl :]lm AN _‘322 wife ) Z]]
iff ~3d({d, [jim]) € [wife])

PROOF:

1. |:M,g ElZ][Z] :]lm A 3z, wife V) Zl]

FACT 9: gll¢ — ylh

iff g=h & Vk(h[¢lk = Jj: k[y]))
PROOF:
1. glg — yln

FACT 10: g[Vuglh
iff g = h & Vk(h[ulk = 3j: k[ ]))
PROOF:

Fall 2009

ccp: update

D2.2: A
F1, F3

elim. k

tc

D3: |:M,g

F5

D2.1: g, g[...]h
elim. d;

cep

tc
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APPENDIX: PROOFS OF F7-10

FAcT 7: gl 3zi[z1 =jim A —3z, wife z; z1]]h cep

iff g[z1]h & h(z)) = [jim] & —3d({d, h(z))) € [wife])
PROOF:
1. gl[3z[z1 =jim N —3z; wife z, zi]]h
2. Jk(glz1]k & klz1 =jim A =3z, wife z; z1]h) D2.2:3
3. dk(g[z1]k & Fj(klz) = jim]j & j[—3z, wife z; z1]h)) D2.2:A
4. Jk(glz1]k & Jj(k=j & j(z1) = [jim] & j[—~3z, wife z; z,]h)) D2.2:=, ¢
5. dk(g[z1]k & k(z)) = [jim] & k[—3z, wife z; zi]h) elim. j
6. dk(g[z1]k & k(z1) = [jim] & (k= h & —3j: h[ Iz, wife z; z1]))) D2.2:~
7. glzilh & h(z1) = [jim] & —3j: h[ 3z, wife z; z1]))) elim. k
8. glz1]h & h(z)) = [jim] & —3jIk(h[z:2]k & k[wife z; z1])) D2.2:3
9. glz1]h & h(z)) = [jim] & —FjIk(h[z2)k & k=] & {j(z2), j(z1)) € [wife]) D2.2:R, t
10. g[z1]h & h(z)) = [jim] & ~Fk(h[z22]k & {k(z2), k(z1)) € [wife]) elim. j
11. g[z1]h & h(z)) = [jim] & —3d({d, h(z1)) € [wife]) D2.1:g, g[...]h
FACT§: |:M,g ElZ][Zl :]lm AN _‘322 Wlerz Z1] fc

iff —3d({d, [jim]) € [wife])
PROOF:
1. |:M,g ElZ][Z] :]lm AN _‘322 wifezz Zl]
2. dh: gl Azi[z) =jim A =3z, wife z; z]]h D3:=
3. Jh(glz1]h & h(z)) = [jim] & ~3d({d, h(z1)) E [wife])) F7
4. dc(e = [jim] & ~3d({d, ¢) € [wife])) D2.1:g,g[...]h
5. —3d(d, [jim]) € [wife]) elim. ¢

FACT 9: gll¢ — ylh
iff g=h & Vi(h[¢lk = 3j: kyl]))

PROOF:

1. glg — yln

2. gl~(¢ A ~)lh DPL: (¢ — ) ==~ A ¥)
3. g=h&—3j:hl¢p A ~Ylj D2.2: —

4. g=h & ~jAk(h[ 9]k & k[—y])) D2.2: A

5. g=h & —~3k3j(hl¢lk & k[~y])) PL: dxdy¢= ydx¢

6. g=h & ~3k(h[glk & Fj: k[~yl)) PL: dx(¢ A Px)=(¢ A JxPx)
7. g=h& Vi~(h[plk & Fj: k[~y1)) PL: ~dx¢p= Vx—¢

8. g=h & YKHhIIk > ~3j: K~yl)) PL: (§p > 9) = ~(9 & =)
9. g=h& Vk(hl¢lk = —~Fjk=j & ~3j" jlylj)) D2.2: —

10. g=h & Vi(h[ ¢k = —3;" K[yl elim. j

11.g=h & Vi(h[plk = Fj" klylj) PL: —¢=¢

12. g=h & Vi(h[plk = Fj: k[y])) rename j’
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FAcT 10: g[Vuglh
iff g=h & Vk(h[ulk = Fj: k[ $]))
PROOF:
glVuglh
gl=3u—¢llh
g=h & —~3j: h[Ju—¢]j
g=h & ~FjFk(h[ulk & k[—¢l))
g=h & —3k3j(h[ulk & k[—¢l))

ISR S

2. g=h & Vk(h[ulk = 3j: k[$]))

Fall 2009

DPL: Vu¢ :=—Ju¢
D2.2: —
D2.2: 4
PL: dxdy¢ = dydx¢

rename j’
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PLURALITY AND ANAPHORA (K&R 93, ch. 4)

1 SOME EXAMPLES

* Quantification (by p/) & summation

(1) 'John introduced Bill to Mary.
*They had been friends for a long time.

(2) 'John introduced Bill to Mary.
*They became friends.

(3) 'John introduced Bill to Mary.
*Now they are all inseparable.

(4) '(Last month) Fred bought three donkeys.
*(Now) they are all unhappy.
* Collective & distributive predicates

(5) 'John and Mary are a nice couple.
*They met in Alaska.

(6) (Last year) John and Mary bought a house.
*They both like it a lot.

(7) (Last year) John and Mary (both) bought a house.

*They both like them a lot.

(8) '(Today) Bill’s students worked in groups.
*They all worked on different problems.
3The group with the hardest problem came up with
the best solution.

* Dependent plurals

(9) 'Most of Bill’s friends own cars with
automatic transmissions.
2They like them a lot.

Salient reading(s)

rdgl: they = John + Bill
rdg2: they = John + Mary

they = Bill + Mary

they all = John + Bill + Mary

rdgl: they all = the 3 donkeys
rdg2: they all = Fred + the 3 donk’s

collective

collective rdg

distributive rdg

distribution down to pluralities
quantification over pluralities
superlative quantification

one or more cars per friend
one transmission per car
rdgl: them = their cars
rdg2: them = their car’s transmission
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2 DPL wiTH PLURALITIES (DPL", G&S 91, K&R 93, Brasoveanu 07:Ch. 1-2)

D1.1 (DPL" basic expressions)

e Var = {x,y,z,...,21,22, ...}

e Con = {jim,ann,...}
Prd' {SG, PL} U {man, dnk, ..., cm, sit,...}
Prd’ {hsb, wife, see, spk, ...}
Prd> = {gw, ...}

D1.2 (DPL" syntax)

0. r€Trm if t€Con U Var

. (it ETrm if tt,...,t,E€Trm summation
ii. [u] € For if u€& Var

iii. (¢; ¥) € For if ¢, y€E For

iv. —¢ € For if ¢€E For

v. Rt...t, € For if ReEPrd" &1, ....,t, € Trm

vi. 1<t &€ For if t, € Trm part-of

vii. || =n € For if t€ETrmandrneE {1,2,...} cardinality
viil. £ = 2Zu.¢ € For if t€Trm,u € Var and ¢ € For abstraction

iXx. Ou¢, ) EFor if ¢, & For,u € Var and Q € {ALL, MOST, ...} selective wk. qnt.

D2.1 (DPL" models and assignments)
« A DPL" model is a pair M = (D, [ - ]) such that (i) D = P(A)\{D} for some set 4 # D
(ii) [ - ] assigns [A] € {d € D: |d| =1} to each 4 € Con, and [B] < (D)" to each B € Prd".
(iii) [sG] = {dE€D: |d|=1}
[pL] = {dE D:|d> 1}
* G :={g| g Var — D} is the set of all M-assignments
« forallg, h € G: glu;...u,]h iff Vv € Var\{u,, ..., u,}: g(v) = h(v)

D2.2 (DPL" semantics). For any DPL-model M = {D, [ - ]} and M-assignments g and :

0. [q" = [ if 1€ Con
=« if t € Var

i [t +6l = ([n]" v [L]")

i, gl[u]lh iff  glulh

i gl(¢; w)lh iff  Ik(gl¢lk & k[ylh)

iv. gl—¢lh iff g=h& -3k hlglk

v. glRt...t,]h iff g=h& (], ..., 41" ER]

vi. glh <wlh iff g=h&[ul" < lnl

vii. gl[|f] = nlh iff g=h&|l"=n

viii. gl[it = Zu.¢]h iff  g=h& [1]" = U{k(u): h[p]k}
ix. glou¢, wlh  iff  g=h& Q({kQu): hl¢lk}, {k(u): (ALl & jLylk)})
where all(X, ¥) iff XcX
most(X, ¥) iff |[X N ¥]>[X\Y]

—
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D3 (Truth, entailment, and equivalence).

i.  ¢istruein M given inputg,  written |=u, o ¢, iff I4: g[¢glh

ii. ¢ (DPL™-)entails 1, written ¢ |= v, iff VMV gV h(gl¢lh = Ik: hylk)
iii. ¢is (DPL"-)equivalentto v, written ¢ ~ v, iff VMV gV h(g[plh iff g[y]h)

ABBREVIATIONS
*  Jug = ([ul; ®
Yug = —du—¢
(o= = (¢
c  [¢] = ¢ if pisatest (i.e. VMV gVh: glglh = g=h)
= undefined otherwise
(¢, ¥) = ([¢]; [¥D
[wr...uq| B] = ([wa]; ... ([un]; [9])
(t=1t) = (h<h,b<th)
(hEn) = (SGt,t1<th)
(D) = ~(xI;[x<t,x<t)])

3. USEFUL FACTS

F3: glduglh
iff Jk(glulk & klL¢lh)

FV: g[Vuglh
iff g=h & Vk(glulk = Fi: k[ ¢li)

F—: gllg — ylh
iff g = h & V(e[ glk = Ti: k[yli)

E.: gl(g, p)ln
iff g =h & h[gp]h & hl[y]h

F: gllul ¢, ..., ¢u]lh
iff glulh & g1 ]h & ... K[ @a]h)

gllurwa| ¢, ..., ¢ulllh
ff g1 uslh & A il & ... K[ Galh)

glllur wo us| ¢, ..., ¢alli
iff gluy up uslh & hig]h & ... h[¢a]h)

F=: gl[(ll = tz)]]h
iffg=h & [1]" = [t]"

Fe: gl(t € n)lh
iffe=h & |[u]"| =1 & [a]" < L]

FO: gl(n D t)]h
iffg=h&[n]" Nnl"=@

10
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PLURAL ANAPHORA IN DPL"

1 SUMMATION

(1) 'Al met his wife in Paris. “They are a nice couple.

tr(1): ‘ ‘
[x y z| x = al, wife” yx, z = paris, meet" xyz]; [xi| x1 = x + y, nice.couple x1]

cep:

gl[x y z| x = al, wife?” yx, z = paris, meet” xyz]; [x1| x1 = x + y, nice.couple x]]h

iff Ak(g[x y z]k
& k(x) = [al] & {k(y), k(x)) € [wife”] & k(z) = [paris] & {k(x), k(y), k(z)) € [meet™]
& k[xi1]h
& h(z) = h(x) U h(y) & h(z) € [[nice.couple]))

iff g[xyzxi]h

& h(x) = [al] & {h(y), h(x)) € [wife”] & h(x1) = [paris] & {h(x), h(), h(z)) € [meet™]
& h(xy) = h(x) U h(y) & h(x)) € [nice.couple]
M, g-truth:

=g [xyz|x=al, wife” yx, z = paris, meet™ xyz]; [x| x| =x +y, nice.couple xi]
iff A6(¢b, [ally € [wife”] & {[all, b, [paris]) € [meet™] & [al] U b € [nice.couple])

2 DISTRIBUTION VS. ABSTRACTION

(2) '(Last month) Al bought three donkeys. *(Now) they are all unhappy.

model A:

[al] = {a} [dnk] = {{d1}, ..., {d10}}

{d: d € [dnk] & ([al], d) € [buy]} = {{d1}, ..., {d3}} [unh] = {{a}, {d1}, ..., {d3}}
MB intuition: (1) true

model B:

[al] = {a} [dnk] = {{d1}, ..., {d10}}

{d: d € [dnk] & ([al], d) € [buy]} = {{d1}, ..., {da}} [unh] = {{a}, {d1}, ..., {d3}}
MB intuition: (1) false

model C:

[al] = {a} [dnk] = {{d1}, ..., {d10}}

{d: d € [dnk] & {[al], d) € [buy]} = {{d1}, ..., {da}} [unh] = {{a}, {d1}, ..., {da}}

MB intuition: (1) false
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tr(2): version 1
* [xy|x=al, buy xy, [y| = 3, ALL,1([y1| y1 € y], [dnk y1])];
[z| z=x +y, ALL1([1] y1 € 2], [unh y1])]

* CCp
gllx yl x = al, buy xy, [y| = 3, ALL,i([1| »1 € y], [dnk y1])];
[zl z=x + y, ALLy(D1| y1 € 2], [unh y1])]1A
iff g[x yz]h
& h(x) = [al] & (h(x), h(y)) € [buy] & |h(»)| =3 & Yd ED(d|=1 & d < h(y) = d € [dnk])
& h(z) = h(x) U h(y) & Vd(d|=1 & d S h(z) = d € [unh])

* M, g-truth
=u, ¢ [x Yl x = al, buy xy, [y| = 3, ALL,1(([v1| y1 € y], [dnk y1])];
[z z=x +y, ALL([1| y1 € 2], [unh y1])]
iff Ja, b(a = [al] & {a, b) E[buy] & |b|=3 & VdED(d|=1& d < b = d E [dnk])
& VdED(d =1&d < (a U b) = dE [unhl))

* predict (1) is true in model B and C on the plausible assumption that
(a, by} € [buy] & {a, b2) € [buy] = {a, by U by) € [buy]
MB intuition:

tr(2): version 2
* [xylx=al,y| =3,y =Zy.[yn| dnk y1, buy xy1]];
[z| z=x +y, ALL1([1] y1 € 2], [unh y1])]

* CCp
glllx yl x=al, [yl =3, y = Zy1.[n| dnk y1, buy xy1]];
[z| z=x + y, ALLy(D1| y1 € 2], [unh y1])]1A
iff g[x y]h
& h(x) = [al] & |h(y)| =3 & h(y) = U{d: d € [dnk] & {h(x), d) € [buy]}
& VdED(d=1&d < (h(x) U h(y)) = d E [unh])

* M, g-truth
=g [x Yl x =al, [y| = 3,y = Zy1.[01| dnk y1, buy xy1]];
[z z=x +y, ALL (1| y1 € 2], [unh y1])]
iff Ja, b(a = [al] & |b| =3 & b= U{d: d € [dnk] & {h(x), d) € [buy]}
& VdED(d=1&d < (a U b) = dE [unhl))

3 PROBLEM?
(3) (Last year) Al, Bill, and Sue each bought a house. “They like them a lot.
tr(3):
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APPENDIX: SAMPLE DERIVATIONS

FACT L: g[[x y| x = al, buy xy, |v| = 3, ALL,«([01| y1 € »], [dnk y1])]1A
iff glxylh
& h(x) = [al]) & (h(x), h(y)) € [buy] & |h(y)| =3
& VdeD(d=1&dc h(y) = d€eE [dnk])

PROOF:
L. gllxy|x = al, buy xy, [y| = 3, ALL,\([n| y1 € y], [dnk y1])]11A
2. glxylh & hlx = allh & h[buy xylh & hl|y| = 3]h & h[ALL,(([yvi| y1 € y], [dnk y1])]h F|
3. glxylh
& h(x) = [al] & {h(x), h(y)) € [buy] & |h(y)| =3 F=, D2.2:R, |1, ¢
& {k(y1): Al y1 € y1k} < tk(): ikl [dnk yi]1))} D2.2:V
4. glxylh
& h(x) = [al]l & {h(x), h(y)) € [buy] & [h(y)| =3
& {k(v): hilk & [k(On)| = 1 & k(v < k()} F|, FE, D2.2:¢
< {k(1): Jjk =j & jOn) € dnk])} [¢], D2.2:R, ¢t
5. glxylh
& h(x) = [al]l & {h(x), h(y)) € [buy] & [h(y)] =3
& th(y1): hyilk & k()| = 1 & k(1) < h(y)} D2.1:g[...]1h
< {k(n): k() € [dnk])} elim. j
6. glxylh
& h(x) = [al]l & {h(x), h(y)) € [buy] & [h(y)| =3
& {d € D| Ak(k(y1) =d & h[y1]k & |k(1)| =1 & k(1) S h(y))} D2.1, {f(a): ...}
< {d € D| kk(n) = d & k(y)) E [dnk])}
7. glxylh
& h(x) = [al]l & {h(x), h(y)) € [buy] & [h(y)| =3
&{deD||d=1&d< h(y)} € {dE D|dE [dnk]} D2.1:g, g[...]1h
8. glxylh
& h(x) = [al]l & {h(x), h(y)) € [buy] & |h(y)| =3
& YdeD(d =1&d< h(y) = d€E [dnk]) df. <
9. glxylh
& h(x) = [al]l & {h(x), h(y)) € [buy] & [h(y)| =3
& YdED(d=1&d < h(y) > d E [dnk]) D2.1:D, g
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FACT2: g[x y| x =al, [y| =3, y = Zy1.[n1| dnk y1, buy xy:1]1h
iff glxylh
& h(x) = [al] & |h(y)| =3 & h(y) = U{d € D|d € [[dnk] & {h(x), d) € [buy]}
PROOF:
1. gllxylx=al,|y| =3,y =Zyi.[v1| buy xy1, dnk y\]]h

2. glxylh & hlx = allh & h(|y| =314 & hly = Zy1.[y1| buy xy1, dnk y1]1h F|
3. glxylh
& h(x) =[al] & |h(y)| =3 F=,D2.2:|¢, ¢t
& h(y) = U{k(On): k| dnk y1, buy xy1 11k} D2.2:3
4. glxylh F|

& h(x) = [[al] & [h(y)| =3
& h(y) = Uik(y1): hinilk & klldnk y\llk & kl[buy xy: ]k}

5. glxylh D2.2:R, t
& h(x) = [[al] & [h(y)| =3
& h(y) = Utk(n): hivilk & k(y1) € [dnk] & (k(x), k(y1)) € [buy]l}

6. glxylh D2.1, {-:-}
& h(x) = [[al] & |h(y)| =3
& h(y) = U{d € D| Ak(k(y)) = d & h[y11k & k() € [dnk] & {k(x), k()) € [buy])}

7. glxylh D2.1:g[...]h
& h(x) = [[al] & |h(y)| =3
& h(y) = U{d € D| Ak(k(y1) = d & h[y11k & k(1) € [dnk] & {h(x), k(1)) € [buy])}

8. glxylh D2.1:g
& h(x) = [al] & [h(y)| =3 & h(y) = U{d € D|d € [[dnk] & {h(x), d) € [buy]}

L]
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