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bstract

A central problem in bioinformatics and systems biology is the selection of appropriate models in a rational and systematic way. This funda-

entally combinatorial problem can be readily formulated and addressed within an integer optimization framework. In this paper we examine two

uch applications related to the identification of informative genes and the quantification of regulatory networks. We demonstrate how multiple
lternatives can be systematically derived and assess the information content of the proposed solutions.

2007 Elsevier Ltd. All rights reserved.
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. Introduction

The recent advances in high throughput gene expression anal-
sis have sparked an ongoing revolution in modern biology
Bowtell, 1999; Cheung et al., 1999; Kafatos, 2002; Lipshutz
t al., 1999; Quandt et al., 1995; Schena et al., 1995). The capa-
ility of recording the coordinated response of a large amount
f interacting genes offers the tantalizing possibility of unravel-
ng, and quantifying, the elements guiding the temporal dynamic
esponse of an organism. The implications can, potentially, be
rofound as the identification of the structure and the quantifi-
ation of the interactions underlying the biological mechanism
hich controls the expression dynamic in response to external

ignals will provide important clues towards the understand-
ng of the process of activation and deactivation of key regu-
ators.

Extracting useful information from large scale genomic

tudies remains a daunting task. The combinatorial nature of
he selection process (which components and what structure)

akes simple enumeration techniques irrelevant. A multitude
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teger optimization

f approaches are motivated by the realization that model
eduction renders interpretation meaningful avoiding point-
ess over fitting of experimental data. In genomic studies
here the main goal is the generation of alternative testable
ypotheses, having the ability to generate multiple realiza-
ions is extremely important. Two critical issues arise that
equire further investigation: (i) how to effectively generate
ultiple simplified model realizations; (ii) how to control the

omplexity of those models. The inherent nature of the com-
inatorial character of these problems and the need for the
ystematic determination of alternatives, makes mathematical
rogramming, and in particular integer optimization, a useful
pproach.

In this paper we will discuss potential applications of inte-
er optimization in two important problems in bioinformatics
nd systems biology. Namely, the selection of informative genes
nd the construction of transcriptional regulatory networks. We
ill demonstrate how these tasks can be effectively formulated

s mathematical programming models and how reformulations
nd linearization techniques have to be invoked to improve the
olution efficiency. Specifically, we will test the hypothesis that
odel building can be formulated as mixed-integer (non)-linear
ptimization problems by analyzing two case studies: (i) the
election of informative genes in a cancer case study, and (ii)
he quantification of transcriptional regulatory networks in a rat
urn injury animal model.

mailto:yannis@rci.rutgers.edu
dx.doi.org/10.1016/j.compchemeng.2007.01.009
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. Informative gene selection

Novel computational approaches that exploit large ware-
ouses of gene expression data have been identified as major
nablers for realizing fully the potential of this technology
Bassett et al., 1999). A number of excellent publications have
ocused on different aspects of the analysis of gene expres-
ion experiments (Alizadeh et al., 2000; Allander et al., 2001;
lon et al., 1999; Bittner et al., 2000; Chilingaryan et al., 2002;
ettling & Buhlmann, 2004; Dudoit et al., 2002; Golub et al.,
999; Khan et al., 2001; Luo et al., 2001; Perou et al., 1999;
ollack et al., 1999; Ross et al., 2000; Szabo et al., 2002). The
ain focus of these studies is to derive a single interpretation of

he data by selecting a reduced set of genes that exhibit coher-
nt expression patterns. Further analyses of the computational
esults assign a certain level of significance to smaller subsets
f genes whose expression patterns could potentially indicate
more direct involvement in the biological process under

tudy.
Machine learning algorithms, like the ones usually employed

or gene slection, are known to be prone to deteriorating perfor-
ance when faced with many irrelevant or correlated features

Kohavi & John, 1997). A universal, therefore, problem is to
ecide on which aspects, i.e., features, of a problem are relevant.
arendra and Fukunaga (1977) were among the first to present
formal approach based on a branch and bound scheme for

ddressing the very same problem. A recent review by Kohavi
nd John (1997) examines a number of issues associated with
he problem of feature selection. More recently, Liu and Motoda
2000) also present ideas related to the coupling of information
heory and feature selection. A fundamental problem in machine
earning is the development of accurate classifiers in sparsely
opulated datasets, i.e., almost empty spaces (Duin, 2000). A
ey complexity of microarray experiments is the essential lack
f observables (cell lines or tissue samples) to support the large
umber of probes monitored. The consequences of the small
atio of features to samples were extensively discussed in Jain
nd Zongker (1997). The inability of sparse data to properly
apture the complexity of a classification problem was also ana-
yzed by Ho (2002). A nice discussion of the impact of the small
ample size problem in array expression data is presented in
ougherty (2001). The implications of the ratio of features to

amples is critical as sparsely populated datasets can very easily
ead to random features appearing to be informative (i.e., able
o classify data) when in reality no structure exists in the data
hatsoever. It should be expected that simple minimization of

he number of features (genes) in a model need not necessarily
rovide the best possible answer. Therefore, additional complex-
ty restrictions will have to be proposed to balance the lack of
vailable data although no definite answer can be provided as
o analysis can replace accurate and adequate data.

We recently examined the interplay between accuracy and
omplexity in the context of extracting informative genes

Androulakis, 2005) under the assumption that simplicity of
odel representation should be invoked when dealing with

parse data. However, modeling the complexity of a model is not
trivial task, with the exception of the straightforward require-

d
t
o
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ent that the least number of features are used in a model.
owever, the inherent model complexity, irrespective of number
f degrees of freedom, is a more intricate concept. Mathematical
rogramming approaches offer the advantage that a number of
tructural constraints, such as model complexity, can be explic-
tly incorporated. In the context of classification the idea of
ransforming the problem to a non-linear optimization formu-
ation is a very well established one. The pioneering work of

angasarian (1965, 1968) demonstrated how to formulate the
roblem of constructing planes to separate linearly separable sets
f points. In addition, early work by Freed and Glover (1981a,
981b, 1986), Gehrlein (1986), Glover et al. (1988) and Glover
1990) skillfully discussed various aspects of discriminant anal-
sis from the point of view optimization. A more recent excellent
eview was presented in Stam (1997) highlighting numerous
evelopments that defined the field of applications of mathemat-
cal programming to statistical classification. The more recent
ork of Shioda (2003) and Uney and Turkay (in press) identified
pportunities for successful reformulations of various data min-
ng tasks in the context of integer optimization while Busygin
t al. (2005) present some more recent ideas for addressing the
i-clustering problem as a fractional 0–1 optimization problems.
ne the main challenges, however, remains the issue of multiple

lasses. Multiclass feature selection was recently formulated as
mixed-integer linear problem in Iannarilli and Rubin (2003)
hereas Sun and Xiong (2002) discussed a linear formulation

or the selection of informative genes. However, none of these
pproaches consider the complexity of the classifier nor do they
ddress its control.

An interesting idea was recently introduced (Street, 2005)
n the context of oblique multicategory classification trees,
hereby the class assignment is modeled through the use of

he concept of purity of a partition. Ideally, one wishes to con-
truct a multivariate classifier in such a way that each “partition”
s occupied by elements of a single class (orthogonal partitions).
owever, this formulation is faced with a number of complex-

ties. First, it is highly non-linear, second it does not perform
eature selection and finally it builds classifiers sequentially, in
he sense of the one-against-all concept. However, the purity
oncept introduces a very intelligent way of quantifying the abil-
ty of a classifier to partition the data. Furthermore, with proper

odifications to be discussed shortly, it allows the quantification
f the complexity of the classifier.

We will discuss the basic elements of a proposed approach
hich can be effectively generalized in the context of a mixed-

nteger optimization to develop a general framework of oblique
ulti-category trees to address the question of how to build

imple, yet informative, classifiers that simultaneously perform
nformative feature selection.

.1. Mixed-integer reformulation of the
blique-multi-category feature selection problem
We assume that we are given the ensemble of gene expression
ata in the form of n f-dimensional vectors belonging to k dis-
inct classes. The question is to identify how many, and which,
f these f features are critical for the construction of a simplified,



emica

y
i
t
o
t
b
t
t
k
i
0
i
p

t
v
o
w
d
w
a
n
p

y

o

y

c
(
m
o
b
t
r

E
o
c
f
f

(

d
a
t

c
t

2

o
o
“
s
v
d
a
t
m
a

2

1
p
t
t
r
i
s
s
“
o
a
s
i
a
i
i
r

2

c
t
p
t
t
m
i
r
a
b
e
n
S
a
d

E. Yang et al. / Computers and Ch

et informative, classifier. An oblique multi-category classifier
s defined by the intersection of a number of planes. We term
hese intersections “partitions”, π = 2p, where p is the number
f planes. We define complexity as the number of occupied par-
itions that are required to properly classify the data. qn,π is a
inary variable indicating whether point “n” belongs in parti-
ions π. The total number of points of class k in partition π is
ermed σk,π whereas vk,π denotes the fraction of points of class
in said partition. Finally, yk,π is a binary variable which is 1

f that partition contains even a single point from class k, and
otherwise. The location of a point relative a particular plane

s defined according to the binary variable zn,p which is 1 if the
oint is bellow the plane, and 0 otherwise.

This variable is a critical one since it basically defines all
he auxiliary variables in the formulation. Finally, sf is a binary
ariable indicating whether feature “f” is used in the construction
f the classifier. Given that p planes created 2p partitions we
ish to identify the partitions, and the corresponding spatial
istribution of points in the reduced space, defined by sf, which
ill create the “purest” possible partitions. We model this by

nalyzing the product yk,πvk′,π, k �= k′. In order to account for
on-linearly classifiable problems we are basically looking for
artitions that satisfy:

k,π × vk′,π ≤ E ⇒

⎧⎪⎨
⎪⎩

yk,π = 0 ∧ vk′,π ≤ 1

yk,π = 1 ∧ vk′,π ≤ E

yk,π = 0 ∧ vk′,π ≤ E

r

k′,π × vk′π ≤ E ⇒

⎧⎪⎨
⎪⎩

yk′,π = 0 ∧ vk,π ≤ 1

yk′,π = 1 ∧ vk,π ≤ E

yk′,π = 0 ∧ vk,π ≤ E

.

The modeling idea is that (i) the partition contains no point of
lass “k” and the maximum numbers of “k′′” (empty partition),
ii) the partition contains points of class “k” and contains the
inimum number of points of class “k′”, and (iii) if no points

f class “k” are present, then it may contain an arbitrary num-
er of points of class “k′”. Obviously, the point is to maximize
he number of type (i) partitions while satisfying the “purity”
equirements.

The objective thus becomes to minimize the “slack” variable
. The detailed formulation is summarized in Fig. 1. The novelty
f our approach is that it allows the complete control of the
omplexity of the model by treating explicitly the number of
eatures, and number of occupied partitions. Specifically, the
ormulation optimizes simultaneously the following criteria:

(i) the feature selection,
(ii) the construction of a multivariate, multi-class classifiers,
iii) the creation of multiple structurally alternative solutions

via the introduction of integer cuts (Biegler et al., 1997).
The overall framework remains linear and the solution is
one parametrically for a given number of occupied partitions
nd number of features. This is a simple way for decoupling
he objectives, however, more elaborate multi-objective schemes

a
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o
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an, and will be, explored. We will discuss a number of compu-
ational studies to illustrate the method.

.1.1. Motivating example
This is a simple motivating example to illustrate the effect

f constructing classifiers of increasing complexity. Since in
ur formulation the numbers of planes as well as the number of
occupied” partitions are both parameters we can construct clas-
ifiers of arbitrary complexity. This motivating example is two
ariable problem with two classes symmetrically partitions in 4
omains. The optimal planes for various numbers of partitions
nd planes are depicted in Fig. 2. The main message we wish
o convey with this trivial example is the possibility of creating

odels of arbitrary complexity and the benefits of having the
bility to explicitly control the structure of the model.

.1.2. Iris problem
This is a benchmark classification problem dating back to

936 (Fisher, 1936). Its originator, R.A. Fisher, developed the
roblem to test clustering analysis and other types of classifica-
ion programs prior to the development of computerized decision
ree generation programs. The dataset is small consisting of 150
ecords and the raw data readily available from the UCI repos-
tory (http://kdd.ics.uci.edu/). The target variable is categorical
pecifying the species 3 of iris, namely virginica, versicolor and
etosa. This test case is used to illustrate the concept of multiple
cuts”, i.e., structurally distinct models. The four characteristics
f the iris flower are treated as the features of the problem. The
dditions of the cuts for the identification of subsequent clas-
ifiers results in a significant deterioration of the model. The
mportant thing to realize is that the “most informative” vari-
bles (features 3 and 4) results in the best possible classification,
.e., min error. Once again, this motivating example is used to
llustrate the power of the ability to rationally generate multiple
ealizations of the classification model (Fig. 3).

.1.3. Small round blue cell tumor case study
“Small Round Blue Cell Tumors” (SRBCT) is a descriptive

ategory encompassing a large number of malignant tumors that
end to occur in childhood. They are united by their similar histo-
athological appearance. However, subtle clues may be present
o distinguish between the tumors. For proper characteriza-
ion pathologists often employ immunohistochemistry, electron

icroscopy, and molecular analysis for chromosomal abnormal-
ties. The SRBCTs of childhood include neuroblastoma (NB),
habdomyosarcoma (RMS), non-Hodgkin lymphoma (NHL),
nd the Ewing family of tumors (EWS). Currently no single
iological or chemical test exists that can detect SRBCTs. Khan
t al. (2001) presented a comprehensive study in which a large
umber of genes were monitored. The data were reduced by
VD decomposition and the leading factors were used to train
n Artificial Neural Network to build a predictive diagnostic
evice. This study constitutes a milestone since it was the first

ttempt to use microarray experiments in a predictive to explore
he potential application of using such methods for tumor diag-
osis. Computationally it is a very interesting problem. It is
f relatively modest size, containing the expression levels of

http://kdd.ics.uci.edu/
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Fig. 1. Mixed-integer reformulation for the

303 genes, with 63 cells, belonging to 4 cancer types, used for
raining purposes. Khan et al. (2001) construct their ANN by
sing as inputs the projection of the expressin measurements
nto the first 10 principal directions are determined by a Princi-
al Component Analysis of the raw expression data identified a
ub-set containing 96 of most informative genes by performing
n exhaustive sensitivity analysis. The genes are ranked based
n their ability to discriminate the four classes. The raw data are
re-processed used an extension of the signal-to-ratio approach
ntroduced by Golub et al. (1999). The original method was
xtended for multiclass-class problems in order to assist in the
limination of irrelevant features. This step reduced the initial
umber of features to 500. Multiple cuts were generated for a
ultitude of features/plane combinations and we discuss rep-
esentative results to illustrate the extracted information. The
aximally informative model has 3 features and 2 planes (4

ccupied partitions). As a standard validation, we did verify
hat scrambling the data (systematic error) does significantly

i
f
e
a

n of oblique multicategory decision trees.

eteriorate the performance of the classifier which is a further
alidation that the underlying structure in the data in the result
f a random process (Fig. 4).

The main goal of our methodology, beyond simply building
classifier, is to test the hypothesis that informative features

genes) should exhibit robustness with respect to the derived
odels. In other words we wish to identify potentially con-

erved subsets of genes that are statistically overrepresented
n the multiple solutions we have generated. Initial evidence
ith axis-parallel decision trees (Androulakis, 2005) pointed

ndeed to this direction. Through the aforementioned analysis
e have identified several conserved key genes across multiple

olutions, all of which are integral in tumor progression. The first
f these genes, caveolin-1 (CAV-1), has been documented, when

ts expression patterns are altered, to be a key component in the
ormation of a variety of tumors, such as prostate (Williams
t al., 2005), bladder (Rajjayabun et al., 2001), esophageal,
nd mammary (Lee, Park, et al., 2002; Williams et al., 2004).
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Fig. 2. Partitions of increased complexity.

Fig. 3. Multiple solutions to the iris problem.
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Fig. 4. Two plane, 4 partitions, 3 gene solution to the SRBCT prolem.

he effects of CAV-1 in tumorigenesis fall into three major
ategories: (1) deregulation of cell cycle control (Williams et
l., 2003); (2) metalloproteinase production (Williams et al.,
004); (3) induction of angiogenesis (Sonveaux et al., 2004).
umorigenesis caused by lack of cell cycle control is established

hrough a process involving the hyperactivation of cellular pro-
iferation mediated through cyclin D1. D-cyclins are involved
n controlling cell cycle progression by activating their asso-
iated kinases cdk4 and cdk6. These cyclin-dependent kinases
hosphorylate the retinoblastoma pRB protein, leading to tran-
ition through the G1 phase of the cell cycle. In cases where
ltered expression profiles exist for CAV-1, the aforementioned
ignaling system is modified, leading to a lack of cell cycle
ontrol, and subsequent rapid cellular growth. The second com-
onent of CAV-l’s involvement in tumorigenesis, is the effect of
AV-1 on metalloproteinase production, and the subsequent pro-
uction of extracellular matrix production. Specifically, when
AV-1 exhibits aberrant control of metalloproteinases, there

s an increase in matrix protein production, which allows for
ncreased tumor migration, invasion, and metastasis. The final
ffect that CAV-1 may have on tumor formation is its effect
n angiogenesis. Specifically, CAV-1 controls the activity of
itric oxide synthase, and vascular endothelial growth factor,
wo key mediators of angiogenesis. Angiogenesis itself is nec-
ssary for the growth of tumors, being that the large cell masses
omprising metastatic tumors need high levels of metabolite
nd oxygen transport in order to live-levels only acquired in
ighly vascularized environments. Thus, in cases where loss
f control of angiogenesis mediators is experienced, such as
hen CAV-1 is altered, angiogenesis occurs, supporting tumor
rowth. The second gene identified, neurofibromatosis 2 (NF2),
as also been shown to be involved in cancer formation, in
eural based tumors such as schwannomas and meningiomas
Fraenzer et al., 2003; Lomas et al., 2005; Ryu et al., 2005;
iao et al., 2003). NF2 exerts its effect through its gene product,

erlin, which is involved in the regulation of cell motility and

ell proliferation. Recent studies have highlighted the involve-
ent of merlin in tumor suppression through the inhibition

f Rac signaling. In cases where the production of NF2 is

t
l
h
t
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iminished, RAC signaling becomes activated, and the tumor
uppression capabilities of NF2 are lost. The third major gene
dentified is a myeloid/lymphoid or mixed-lineage leukemia

arker (AF1Q). While the literature on this gene is limited,
t is known that this gene is necessary for neuronal differentia-
ion (Lin et al., 2004). Thus, it may be possible that uncontrolled
egulation of this gene may lead to neuronal-based tumors. The
ourth gene, sarcoglycan, alpha (SGCA), is a component of the
ystrophin–glycoprotein complex, and has been linked to the
nset of mammary tumorigenesis (Weir & Muschler, 2003).
umorgenesis is induced when mutations inhibit the production
f SGCA. This leads to a subsequent loss of control over a variety
f functions such as growth control, cell survival, cytoskeletal
rganization, basement membrane assembly, branching mor-
hogenesis, polarity, and tumor suppression in epithelial cells.
s mentioned previously in the case of CAV-1, when these key

omponents of cellular function become aberrant, tumorigen-
sis ensues. The final gene identified through our analysis is
he CD99 antigen (CD99), which has been determined to be a

arker of lung carcinomas as well as mammary tumors. It is
hought that CD99 might play an integral role in the aggregation
f breast cancer cells, the initiating step of tumorigenesis. CD99
lso assists in the invasive processes characteristic of metastatic
umors. Finally, the gene for receptor, IgG, alpha chain trans-
orter (FCGRT, FCRN). This gene, as well as a few others, has
een detected through the use of cDNA microarrays, in stud-
es involved in elucidating the underlying genomic profile of
strocytomas (Huang et al., 2005). Specifically FCRN is known
o mediate immune defence in response to the onset of pilo-
ytic astrocytomas, possible keeping the astroctyoma in a benign
tate. In addition, FCRN is known to be expressed by dendritic
ells (Zhu et al., 2001) and may serve as a basal mechanism of
mmune function.

Taken together, these genes may work in a concerted effort
o induce tumorigenesis, initialized through the signaling capa-
ilities of CD99. CD99 has been shown to initiate cytoskeletal
eorganization (Cerisano et al., 2004), a dominant cellular pro-
ess which is also influenced by NF2, as well as SCGA.
owever, further studies will be needed to elucidate the inter-

ctions of these proteins. Finally, it is very important to realize
hat all the most frequent genes have already been directly impli-
ated with the various types of SRBCT type of cancers in the
iterature (Baer et al., 2004; Khan et al., 2001).

.2. Discussion

Several issues remain to be addressed within this framework.
y far the most critical is to augment the design objective with
n additional component to model maximum separability of
lasses, along the support vector machine principles (Guyon
t al., 2002). Furthermore, the systematic analysis of the mul-
iple criteria needs to be addressed in an integrated framework
s well as alternative decomposition methods for the solution of

he linear, albeit significant in size, integer optimization prob-
em. However, the current results have clearly supported the
ypothesis that simplicity does improve the information content,
hrough the selection of reduced sets of informative features, as
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ell as the realization that indeed conserved elements in the
eature space can be identified and provide excellent leads for
urther investigation.

. Design of regulatory networks

A number of approaches have been proposed in recent years
o decipher the hidden complexities of modeling regulatory net-
orks. Statistical methods, such as principal component analysis

Raychaudhuri et al., 2000), independent component analysis
Liebermeister, 2002), or singular value decomposition (Holter
t al., 2000) have been applied successfully in order to extract
eaningful information from large scale genomic studies by

eveloping low(er)-dimensional representation of the original
xpression data. Furthermore, other techniques take a more
comprehensive” approach and attempt to build dynamic mod-
ls by appropriately fitting linear models and selecting among
he possible alternatives the ones that generate the best approx-
mation of the available data (Dasika et al., 2004).

Recently a new method, Network Component Analysis
NCA), was proposed Liao et al. (2003) and Kao et al. (2004).
CA is driven conceptually by two key realizations. First, a

ritical concept behind the proposed equivalence between co-
xpression and co-regulation is that a limited number of key
ranscription factors control the observed dynamic of an ensem-
le of genes that exhibit similar expression temporal dynamics.
hile even though the number of observables (genes) might be

arge, the actual number of controlling degrees of freedom (tran-
cription factors) should be significantly smaller. The second
onceptual observation is based on the realization that relevant
nformation regarding the nature of transcription factors already
xists (and more is accumulated). This has rarely been taken
nto account when regulatory networks are being quantified. In
ther works, instead of looking at the entire space of all possible
onnections, such as through analysis and identification of key
ime-lagged correlations as proposed by Schmitt et al. (2004)
ne should limit the search on the space of biologically plausi-
le interactions. The latter is beginning to be assembled either
s a result of extensive experimentation or computations (Wei
t al., 2004).

The key innovation provided by NCA was the realization that
ranscription regulatory networks are not in fact a black box sys-
em in the traditional sense of the word. This is because outside
nformation about the structure of the regulatory network exists,
amely the connectivity of the transcription factors in relation
o the genes being investigated. Therefore, instead of making

athematical assumptions in order to make the decomposition
easible, what NCA does is make an assumption with a basis in
iology in order to facilitate decomposition. NCA has already
een used to decipher regulatory architectures in systems such
s E. coli (Liao et al., 2003).

NCA is based on the fundamental premise that a unique
ecomposition, once a set of transcription factors has been

dentified, can be derived provided that a set of very specific

athematical conditions are satisfied. One of the limitations
owever, is that in its present form the methodology cannot
est the validity of the assumptions a priori and therefore these

3

fi
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onditions have to be verified after the model has been built.
n addition, these decompositions, and hence the regulatory
tructures, are not structurally unique (Boscolo et al., 2004).
his potential multiplicity (redundancy) is a key concept often

nvoked to justify the apparent robust of biological systems
Kitano, 2004). However, generating the alternative structures in
systematic manner is also an open question. The latter becomes
uite critical as it has already been hypothesize that biological
ystems can be potentially be characterized by a very high degree
f interconnectivity between the different genes (Barabasi &
ltvai, 2004; Herrgard et al., 2004; Qian et al., 2003). Hence

ystematic identification and evaluation of alternative structures
ecomes an important issue.

The gene expression measurements are assumed to have been
ssembled in the form of a matrix [E] of size N (rows) × M
columns) where the expression levels (ratio) of N transcripts
re recorded at M time points. Assuming that the transcriptional
esponse is controlled by L regulatory signals, then we wish to
econstruct a model describing the expression levels as follows:

E] = [A][P] (1)

Such that the matrix [P] (size: L × M) consists of samples
f the L regulatory signals at each time point. A meaningful
eduction is achieved provided that L < N, that is the number
f controlling regulators is less than the number of expressed
enes. Additionally the number of transcription factors must
lso be less than the number of time points. The matrix [A]
size: N × L) quantifies the connectivity strength of an active
nteraction between an expressed genes and a regulator. Eq. (1)
s in essence to be interpreted as a function expansion of the
riginal signal [E] along the set of basis functions defined by [P].
he essential complexity of the method however results from the

act that the proposed decomposition of [E] into matrices [A] and
P] is ill-defined and in general non-unique. However, Liao et al.
2003) and Kao et al. (2004) demonstrate that the introduction
f additional assumptions then the solutions of (1) are such that

[Ā] = [A][X]

[P̄] = [X−1][P]
(2)

However, the formulation of NCA restricts the solution
pace, where all of the solutions derived from the same ini-
ial connectivity matrix with the same error differ by a diagonal
caling matrix. In order to achieve this, the following criteria are
mposed on the structure of the decomposition matrices [A] and
P]:

. The connectivity matrix [A] must be full rank.

. When a node in the regulatory layer is removed along with
all the output nodes connected to it, the resulting networks
must be characterized by a connectivity matrix that is still
full-column rank. This condition implies that each column
of [A] must have at least L-1 zeros.
. [P] must be full row rank.

When an identifiable network, in terms of [A], has been identi-
ed then the solution to the following estimation problem yields
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Amax − Amin

]
y(i, j)
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n acceptable solution

min ||[E] − [A][P]||2
s.t. A ∈ Z0

(3)

here Z0 is a topology induced by the network connectivity pat-
ern, i.e., forcing appropriate elements of the [A] matrix to zero.
n addition to that, if a particular entry of [A] can be biologically
ustified, that is there is no documented interaction between a
egulator and a gene, also the corresponding entry is forced to
ero. NCA Criterion III cannot, in general, be tested a priori.
herefore, the solution may have to be further analyzed to ver-

fy that indeed it satisfied all the identifiably properties. The
onstraints upon [A] and [P] are common to all of the compo-
ent analysis techniques, which strive to decompose the original
bservational matrix into a two linearly independent matrices.
his is done to satisfy the mathematical notion that the solution
pace is not being fitted with more dimensions than is neces-
ary. The second criterion in NCA effectively implies that, “No
ranscription factor can be regulating only a subset of another
ranscription factor.” This forces the solution space to be a set of
olutions which differ only by a diagonal scaling matrix. What
his implies is that each column must have at least L-1 zeros.
owever, one must be careful to note, that the solutions will
nly differ by a diagonal scaling matrix if and only if the residue
s identical.

One the major complications however stems from the fact
hat given an initial binary connectivity matrix obtained through
ranscription factor analysis (Wasserman & Sandelin, 2004), it
s very rare that the initial A matrix will be NCA compliant.
herefore, manipulations must be done in order to allow NCA

o operate on this initial matrix. The approach taken by Liao et
l. (2003) and Kao et al. (2004), is to go through the A matrix
nd remove any transcription factors and the genes that break the
CA criteria of full column rank, and the full rank of the reduced

rom. The result of this is the network can be decomposed into
any independent cliques. Furthermore, most biological sys-

ems are densely connected, and breaking the problem up into
ndependent cliques removes a lot of the inherent richness in the
esponse of an organism to a simple input.

.1. Mixed-integer network component analysis (miNCA)
eformulation

We are proposing an extension to NCA, mixed-integer net-
ork component analysis which attempts to address a number
f issues. First, as mentioned earlier, NCA proceeds in two, pos-
ibly three steps: identification of Z0, solution of the estimation
roblem, validation of rank requirements on [P]. Furthermore,
or dense interactions it is expected that potentially multiple
tructures could be identified. Therefore, the question arises
hether an integrated framework can be developed that would,

ystematically, address both these issues. One of the main goals

f this analysis is to determine whether by pruning an initially
ense connectivity matrix which we obtain through transcrip-
ion factor analysis, and determine if NCA in an optimization
ramework will provide information allowing for the selection
l Engineering 32 (2008) 633–649

f highly conserved connections. What we are trying to find
ssentially is the connectivity structure that yields the best fit to
he data. It is our belief that these highly conserved connections
ill, perhaps, represent the primary response pathways of an
rganism to various stimuli.

In order to make this evaluation, we must determine the opti-
ality of the generated connectivity subsets in terms of their

bility to reproduce the given expression profile. Since this
akes assumptions upon the [A] matrix, it is important that
e apply the NCA formulation instead of the other compo-
ent analysis algorithms discussed previously. Given the large
ombinatorial space of the solutions space, it would be infeasi-
le to enumerate all of the possibilities for the pruned subset.
herefore, in order to solve the problem in a reasonable amount
f time, we turn to an optimization approach, namely mixed-
nteger non-linear programming. That mixed-integer non-linear
rogramming theoretically allows is the evaluation of which sub-
et of connections yields the best fit as evaluated by the closeness
f fit compared to the original measured response without hav-
ng to evaluate every possible subset of the initial connectivity

atrix. However, in order to do this, the constraints given by
CA must be appropriately modeled in a closed form.
The reconstruction error at each time point is modeled as the

ifference of between positive slack variables.

min
∑

i

∑
t

eP(i, t) + eN(i, t)

s.t.

eP(i, t) ≥ 0, ∀i, t

eN(i, t) ≥ 0, ∀i, t

E(i, t) −
∑

j

A(i, j)P(j, t) = eP(i, t) − eN(i, t), ∀i, t

(4)

(i, t) is the expression profile log normalized to the expression
t time 0. The set “i” denotes the genes, i = l, . . ., M; “j” denotes
he set of transcription factors, j = 1, . . ., L; the set “t” denotes
he number of time points. eP(i, t) is the positive slack variable
nd eN(i, t) is the negative slack variable.

The existence of a particular regulatory interaction is modeled
y using a binary variable y(i, j) such that

(i, j) =
{

1, if TF “j” afftects gene “i”

0, otherwise
(5)

In order to control the complexity of the approximation the
ollowing set of constraints has to be incorporated.

The first two equations guarantee that if a connection exists
he corresponding weight is at least , whereas if the connection
oes not exist the corresponding weight should be
A(i, j) − Amin

Amax − Amin
≤ −Amin

Amax − Amin
+

[
1 + Amin

Amax − Amin

]
y(i, j)
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i

∑
j

y(i, j) = N

j

1 − y(i, j) ≥ L − 1, ∀i

i

y(i, j) ≥ 1, ∀j

i, j) /∈ YSuperSet ⇒ y(i, j) = 0, ∀i, j

et to zero. The third equation is a critical one as it controls the
xpected complexity of the approximation that is the number of
ctive gene–transcription factor interactions that are allowed in
he model. Hence, the addition of this constraint guarantees that
n approximation of minimum complexity will be identified. It
ust be emphasized that no such provisions were possible in the

riginal formulation. The fourth equation is the requirement for
bound on the number of zeros for each column in [A], the fifth
onstraint that each gene is regulated by at least one TF, whereas
he final equation captures the known biology about the system,
hereby we only allow for known regulatory interactions to be
uantified.

The next part of the model tests for linear independence. We
lected only to test [A] because of the following notion. If E is
f full row rank, and A is of full column rank, provided that the
umber of transcription factors is less than the number of genes
nd the number of time points, then the P matrix will also be full
ow rank. Therefore, we do not have to check for the row rank
f [P]. The linear independence check utilizes the Cholesky-
nfinity decomposition in order to determine if ATA will have a
on-zero determinant. This is done by simply checking of the
holesky-Infinity decomposition of ATA has any zero elements
n the diagonal. The Cholesky-Infinity decomposition in an opti-
izations framework is essentially the same as the Cholesky

actorization. However, there exists a small difference in that the
holesky-Infinity decomposition handles positive semi-definite
atrices whereas the Cholesky decomposition handles only pos-

tive definite matrices.

M = YTY

M = CTC

C(i, i) ≥ 0, ∀i

(6)

is the Cholesky decomposition matrix of Y. To check for
inear independence, we make sure that the diagonal entries
f the Cholesky matrix are non-zero. The first bilinear con-
traint, M = YTY, involves the product of binary variables since

(i, j) = ∑
ky(i, k)y(k, j). Following the reformulation pro-

osed by Glover (1975) these non-convexities can be eliminated
y introducing a new set of continuous variables w(i, j, k) = y(i,

)y(k, j) and the following set of constraints for new variable:

0 ≤ w(i, j, k) ≤ y(i, k)

y(k, j) − [1 − y(i, k)] ≤ w(i, j, k) ≤ y(k, j)
(7)

t
m
t
t

l Engineering 32 (2008) 633–649 641

he new continuous variables (w) and the associated constraints
7) eliminate a major source of non-convexities in our formula-
ion (Fig. 5).

The next set of constraints has not been activated thus far in
ur development due to the lack of available experimental data,
owever, it is being discussed to demonstrate the versatility of the
ethod as well as the potential extensions and advantages that an

ptimization-based framework can provide. It is conceivable that
urrogate measurements for the strength of transcription factor
ctivities could be estimated (Kao et al., 2004). In that case, we
an explicitly bound the predictions for that transcription factor
ctivity profile appropriately in order to account for additional
nformation about the process and it is associated biology.

P(j, t) − Pexp(j, t)| < ε (8)

It should be pointed out that recent work on NCA extensions
lso points to the possibility of incorporating certain types of
uch constraints into the original formalism (Tran et al., 2005). In
rder to systematically generate structurally independent solu-
ions that approximate the expression dynamics, the final set
f constraints needs to be implemented. Once an matrix [A] has
een identified that meets all the NCA criteria and is of an accept-
ble error, the corresponding active connections are defined by
he matrix Yactive = {(i, j)|y(i, j) = 1}. Addition of these “cuts”
uarantees that resolving the problem with these additional con-
traints will generate a structurally distinct solution, i.e., one that
oes use the exact combination of y(i, j) values (Biegler et al.,
997). This is probably one of the strongest elements of our for-
ulation as we now have the ability to generate, systematically

ets of optimal regulatory structures.
Given the existence of transcriptionally related signaling

ascades which are associated with specific responses (Scott
t al., 2002; Ogata et al., 1997), it seems plausible that only
subset of transcription factors will be directly contributing

o an organism’s response. It is our hypothesis that the set
f transcription–factor gene connections that are active under
n experimental protocol is a subset of possible transcription
actor–gene connections. The goal of miNCA is to identify the
equired set of active connections given both the expression data
s well as the connectivity structure between the given transcrip-
ion factors and the genes in question. However, to do so, we
eed to obtain the set of possible transcription factor–gene con-
ections in the set of identified genes. Unlike in yeast however,
here a large set of transcription factor–gene connections has
een identified (Teixeira et al., 2006), analogous information in
ammalian systems is much sparser. In order to obtain the nec-

ssary information then, we turn computational techniques for
he prediction of transcription factor binding sites. The approach
hich we are utilizing focuses upon the use of position weight
atrices (Wasserman & Sandelin, 2004), with the primary dif-

erence being that the output of our algorithm will not be a
inary 1–0 matrix in which the transcription factor binds, or

he transcription factor does not bind, but rather a probability

atrix in which under a certain threshold, the probability of
he transcription factor binding is zero, but over the threshold,
he transcription factor binds with a certain non-zero probability.
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Fig. 5. Mixed-intege

his was done since miNCA attempts to find the subset of active
onnections by pruning the initial set of TF–gene connections,
e need to differentiate the transcription factors by their bind-

ng specificities, under the notion that genes which bind more
ightly to their associated transcription factors are more likely
o be affected by them.

The transcription factor binding matrices were obtained from
RANSFAC (Matys et al., 2003). We conducted 500 random

rails and found that the distribution of scores is reasonably
aussian as determined via the Lilliefors test (NIST, 1998). This

llows us to define the probability of a score as in (10), under the
ssumption that a sequence with the maximum possible score
ust bind 100% of the time, and a sequence which is right above

he cutoff, will has a slight possibility in binding.
gene = erf(x/
√

2) − erf(2.5/
√

2)

1 − erf(2.5/
√

2)
(9)

t
u
l

rmulation of NCA.

is the probability of a transcription factor being active and x
s the number of standard deviations away the score is.

This formula compares the respective cumulative distribution
f the cutoff which in this case is σ = 2.5 and the calculated
core (X) for the transcription factor and promoter region. The
robability is then calculated so that if X equals the cutoff, the
robability is zero, and if X is much greater than 2.5σ then the
inding probability is essentially one.

The equation was formulated this way so that the cutoff
here binding is impossible is preserved, and so the probability

unction is still continuous.

.2. Results
Experimental DNA microarray data were obtained from
he GEO database available at http://www.ncbi.nlm.nih.gov/geo
nder the accession number GSE802. In this previously pub-
ished study, male Sprague–Dawley rats were subjected to a

http://www.ncbi.nlm.nih.gov/geo
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Fig. 6. Informati

utaneous third degree burn injury consisting of a full skin thick-
ess scald burn of the dorsum, calculated to be ∼20% of the
at’s total body surface area (Vemula et al., 2004). Liver sam-
les were obtained at 5 time points, 1, 4, 8 and 24 h post-burn.
RNA extracted from the livers was isolated and subsequently

ybridized to a U34A GeneChip that had 8799 probes rep-
esented on each chip. The control for this experiment was
btained at time 0, which was prior to the injury. It has been
reviously shown that time had so significant effect upon the
esponse of rats to the sham treatment (Lee et al., 2003).

In order to build a model which accurately reflects the under-
ying phenomenon being investigated, it is first important to
elect the relevant expression profiles with which to fit. These
xpression profiles are extracted from the overall set of 8799
enes via a novel gene selection algorithm that we have devel-
ped (Yang et al., 2006; Yang, Roth, et al., 2005) which utilizes
ashing in order to perform a fined grained clustering which
lusters the expression profiles into specific motifs. The motifs
re then selected based upon their ability to reproduce the
ynamic response of an experiment. This was done by utiliz-
ng the Kolmogorov–Smirnov Statistic in order to quantify the
ifferences in the distributions of gene expressions at any spe-
ific time point. Genes were selected based on the ability of their
otifs to reproduce the maximum deviations form the baseline

istribution (Fig. 6).
An initial list of transcription factors was extracted via Trafac

Jegga et al., 2002) with a promoter region of 200 base pairs
pstream of the start codon of the informative genes. We selected
00 base pairs upstream for our transcription factor analysis

iven the results from Taylor et al. (2006), which suggested
hat the region of promoter sequence homology between species
as at 200 base pairs or less upstream of the start codon. The

election of Trafac and the associated use of BLASTZ is not opti-

a
u
o
e

pression motifs.

al and it is well understood that the prediction of regulatory
lements remains a wonderful and open problem and various
ssessments have been provided in the open literature (Tompa
t al., 2005). In total 139 transcription factors families were
dentified in the Trafac database, however, what is most inter-
sting is the fact that we identify a significant enrichment for
ach class of informative motifs and further verified the identifi-
ation of known critical inflammation-specific TFs. The relative
nrichment in specific TFs for each cluster can be calculated and
ubsequently each cluster can be evaluated.

The purpose of our analysis was to identify regulatory
tructures of varying complexity able to reconstruct the tran-
criptional signals that were measured. Out of the 154 possible
onnections (Gene–TF combinations with non-zero probabili-
ies) we seek to identify the least number of possible connections
hat would accurately reproduce the expression dynamics. The

iNCA formulation overcomes the difficulty of searching via
euristic method for a connectivity matrix which satisfies the
CA requirements. A key advantages of miNCA, is also the

bility to systematically identify multiple solutions from a given
uper-set of possible interactions. Therefore, after verifying the
bility to generate a solution that was able to fit the expres-
ion data reasonably well, the second task was to determine
hether or not extending the mixed-integer optimization step
ould allow for the identification of significant connections. By

ctivating the cuts constraints, we generated a series of solu-
ions which would fit the data with similar accuracy and we
ttempted to determine if certain connections were in fact con-
erved. Solving the problem parametrically in the number of

ctive connections, optimization for the likelihood of the reg-
latory structure and estimation error, we obtain an ensemble
f solutions with diverse average likelihood and approximation
rror (Fig. 7).
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Fig. 7. Multiple miNCA solutions.
Examination of the transcription factor binding suggests that
erhaps by taking the transcription factor with the greatest prob-
bility for each row, one would be able to obtain an A0 for use
n NCA decomposition. And while this can lead to a valid NCA

c
[
u
k

Fig. 8. Transcription factor a
l Engineering 32 (2008) 633–649

ompliant A0, it however does not return the solution with the
owest error. While the optimal solution does include the tran-
cription factors and genes with the highest probability (from
ig. 7 (bottom panel)), it becomes evident that the solution with

he highest average probability does not lead to the lowest error,
ut more importantly that the optimal solution at 35 connections
the fewest possible connections given a naı̈ve strategy for select-
ng A0) is significantly worse than the solution reached with 49
onnections, signifying the need to include the less probable
onnections as well. It is the need to identify these less probably
onnections that arrant the use of miNCA. Figs. 8 and 9 show the
esults of the decomposition with Fig. 8 showing the predicted
ranscription factor activity. These profiles are normalized per
he procedure suggested in Tran et al. (2005) and Fig. 9 depicts
he results of the reconstructions, i.e., the expression profiles
btained when the predicted [A] and [P] matrices were multi-
lied together. The results of the decomposition appear to fit the
aw data well.

Given the linear nature of the model in question, the anti-

orrelated solutions are to be expected. Essentially there exists a
X] diagonal scaling matrix with a different sign that would end
p flipping the predicted transcription factor activity. While it is
nown that the gene expression levels of transcription factors are

ctivity reconstruction.
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be more likely to interact with Cluster 1 than any other clus-
ter. MEIS on the other hand was more likely to interact with
Cluster 2.
Fig. 9. Gene expression reconstructio

ot good analogues for transcription factor activity (Liao et al.,
003), due to complications in phosphorylation, dimerization,
r transport kinetics we believe that the expression data of these
ranscription factors can at least provide a hint as to the overall
p or down-regulation of that particular factor. Therefore, after
e have solved for the overall shape, we can determine either

he up or down-regulation of the transcription factor by look-
ng at the overall expression profiles of the transcription factor.
n Fig. 10, we can see the expression profiles for one of the
ranscription factors. While it does not track the predicted tran-
cription factor activity, it does however provide one important
iece of information, namely that the positive activity should be
elected.

Due to the high degree of correlation Fig. 11 we believe that
he generalized shape has been correctly predicted. What we
an do at this point to determine whether or not the transcrip-
ion factor activity is being up-regulated or down-regulated is to
tilize information from the original microarray. Therefore, the
mportant character which we wish to observe is the correlation
f the solution. By looking at the correlation, we are able to eval-
ate how conserved the solution is over different combinations

f transcription factor–gene connections. Additionally, looking
ver the space of multiple solutions, we find that for the highly
orrelated genes, their conservation also tracks closely with that
f the gene enrichments. Calculating gene enrichments we find
bols: raw data, line: reconstruction).

hat the enrichment for AHR was greatest in Cluster 1 and the
nrichment for MEIS was greatest in Cluster 2. Likewise look-
ng at the number of possible connections, AHR was found to
Fig. 10. mRNA data for the AHR transcription factor.
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Fig. 11. Correlation am

From these results, we make the hypothesis that the transcrip-
ion factors that show the greatest degree of correlation between
olutions, i.e., exhibit unique profiles across multiple structurally
ifferent model realizations, are the most biologically significant
nes under the experimental regimes. By clustering gene expres-
ion data, we obtain a set of genes which are responding to a
iven stimulus. By conducting miNCA upon this group of genes,
he transcription factors which show the greatest conservation
re the ones which are least affected by the inherent randomness
e have inserted into the system to find multiple solutions, and
ould henceforth be the least affected by inherent biological
oise. That information can be useful if we wish to determine
hich genes to silence. For instance to eliminate a response in

ts entirety, one would target transcription factors which show
esponses which are less correlated with themselves and do not
eflect any of the activities of a given cluster. If one wanted to
liminate the response of a given cluster, then one would silence
he transcription factors which show both high correlation in
heir solutions as well as those which seem to trace the overall
ctivity of the genes they regulate.

In our motivating study we examined the reconstructed
ctivity profiles of the following transcription factors. Aryl
ydrocarbon receptor 1 (AHR1), transcription factor CMYB
CMYB), myeloid ecotropic viral integration site 1 (MEIS1),
ctamer-binding transcription factor 1 (OCT1), and upstream
timulatory factor 1 (USF) have all been demonstrated as inte-
ral in inflammatory response processes (Lee, Lee, et al., 2002;
chroer et al., 2002; Sollars et al., 2002; Vrzal et al., 2004).
f these transcription factors, AHR1 exhibits the highest level

f robustness, and also is the most documented in terms of
egulating key phases of the inflammatory response process,
pecifically through the control of cytochrome P450s such as
yp4501A1. An interesting finding, upon analyzing the kinetic

w
t
d
i

multiple TFA profiles.

rofile of AHR1 mRNA expression, AHR1 activity, and the
xpression profile of motif 1, in which AHR1 is the most
nriched, is that mRNA levels for AHR1 are up-regulated at
h post-burn, followed by the initiation of AHR1 activity, at 4 h
ost-burn, which is coupled with the initiation of up-regulation
f mRNA for genes contained within motif 1. This makes
ense biologically, being that the paradigm in biology is the up-
egulation of mRNA for a TF, followed by the translation of the
RNA to the protein product for the TF, and then the subsequent

nitiation of transcription initiated by the binding of the TF to its
pecific sites in the promoter regions of its related genes. In addi-
ion, these kinetics for AHR1, i.e., a 2 h separation between the
uantified up-regulation in TF mRNA levels and its subsequent
ranscriptional activity, have been experimentally validated, and
esponse times as short as 30 min have even been detected in
ther models of cellular stress response (Wang et al., 2004).
ue to the robust activity AHR1 displays, in conjunction with

ts expected temporal profile of up-regulation at the mRNA level
nd at the level of transcriptional regulation, as aforementioned,
HR1 may serve as a beneficial point of clinical intervention.
or example, it has been demonstrated that the use of small

nterfering RNA (siRNA) is capable of inhibiting transcriptional
ctivation by AHR, resulting in the down-regulation of AHR
esponsive genes (Abdelrahim et al., 2003; Chen et al., 2006;

iao et al., 2005). Thus, new age therapies may introduce the
se of siRNA, specific for AHR1, in order to modulate the level
f AHR1 activity, and hence the levels of production and activity
f AHR1 responsive genes. Network component analysis offers
he possibility of predicting actual transcription factor activities

hich may not necessarily coincide with mRNA levels of the

ranscription factors (Yang, Suen, et al., 2005). However, they
o capture the expected overall dynamic response of the activ-
ty of the transcription factors. What is quite remarkable is that
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espite the fact that the activity reconstructions were performed
n different regulatory structures (i.e., different regulatory archi-
ectures) significant consistencies do exist between the various
rofiles corresponding to the multiple solutions.

.3. Discussion

The versatility of the formulation does not come without any
ost. Two main issues remain to be resolved and we are currently
ursuing them aggressively. First, the complexity of the prob-
em is increased significantly as we need to introduce M × N
inary variables which significantly increase the complexity of
he problem but to its integer optimization character (Floudas,
995). Second, the formulation is non-linear and non-convex
ith the primary source of non-convexity be the bilinear terms

n Eqs. (4) and (7). As a result, global optimality of the cor-
esponding problem cannot be guaranteed unless appropriate
lobal optimization algorithms are implemented (Adjiman et
l., 2000; Sahinidis, 1996).

. Concluding remarks

Optimization has been greeted with renewed enthusiasm in
non-traditional” areas of process systems engineering (Floudas,
005). We have discussed opportunities and challenges of inte-
er optimization formulation in problems in bioinformatics
nd systems biology. Mathematical programming offers the
ossibility of extending available models and maximizing the
nformation upgrade from experimental data by allowing the
ational inclusion of biological constraints and the systematic
eneration of alternatives. Among the main challenges we iden-
ify primarily the combinatorial complexity and the non-linear,
on-convex nature of the resulting models, and also the general
ssues associated with the computational cost for the solution
f large scale (linear and non-linear) integer optimization prob-
ems. However, all are active areas of scientific research.
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