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Abstract

Let V be a grading-restricted vertex algebra and W a V-module.
We show that for any m € Z, the first cohomology H_. (V,W) of V
with coefficients in W introduced by the author is linearly isomorphic
to the space of derivations from V to W. In particular, H} (V, W)
for m € N are equal (and can be denoted using the same notation
H(V,W)). We also show that the second cohomology H? (V, W) of V
with coefficients in W introduced by the author correspon?is bijectively
to the set of equivalence classes of square-zero extensions of V' by
W. In the case that W = V, we show that the second cohomology
H % (V,V) corresponds bijectively to the set of equivalence classes of

first order deformations of V.

1 Introduction

The present paper is a sequel to the paper [H]. We discuss the first and
second cohomologies of grading-restricted vertex algebras introduced by the
author in that paper.

Let V' be a grading-restricted vertex algebra and W a V-module. Recall
from [H] that for each m € Z, and n € N, we have an n-th cohomology
H!(V,W) of V with coefficients in W. For each n € N, We also have an
n-th cohomology HZ (V, W) of V with coefficients in W which is isomorphic
to the inverse limit of the inverse system {H(V, W)}mez,. We also have an
additional second cohomology H g (V,W) of V with coefficients in . In the

present paper, we disuss only H' (V, W) for m € Z, and H%(V,W).
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Let V be a grading-restricted vertex algebra and W a V-module. A
grading-preserving linear map f : V — W is called a derivation if

F(Wv(u,2)v) = Yy (f(u),2)v + Yiw(u, 2) f(v)
VY (v, —2) f(u) + Yo (u, 2) f (v)

for u,v € V. We use Der (V, W) to denote the space of all such derivations.

We have the following result for the first cohomologies of V' with cofficients
in W:

Theorem 1.1. Let V' be a grading-restricted vertex algebra and W a V-
module. Then H} (V,W) is linearly isomorphic to the space of derivations
from'V to W for any m € Z,, that is, H} (V,W) is linearly isomorphic to
Der (V,W) for any m € Z,.

In particular, H} (V, W) for m € N are isomorphic (and can be denoted
using the same notation H'(V, W)).

Definition 1.2. Let V be a grading-restricted vertex algebra. A square-zero
ideal of V' is an ideal W of V such that for any u,v € W, Yy (u, z)v = 0.

Definition 1.3. Let V be a grading-restricted vertex algebra and W a Z-
graded V-module. A square-zero extension (A, f,g) of V by W is a grading-
restricted vertex algebra A together with a surjective homomorphism f :
A — V of grading-restricted vertex algebras such that ker f is a square-
zero ideal of A (and therefore a V-module) and an injective homomorphism
g of V-modules from W to A such that g(WW) = ker f. Two square-zero
extensions (A1, f1,91) and (Ag, fo, g2) of V by W are equivalent if there exists
an isomorphism of grading-restricted vertex algebras h : Ay — As such that

the diagram
0 > W > Aq >y V > 0

91 f1

o ol

0 > W > Ao > V > 0,

g2 f2

1s commutative.

The notion of square-zero extension of V by W is an analogue of the
notion of square-zero extension of an associative algebra by a bimodule. (see,
for example, Section 9.3 of [W]).



We have the following result for the second cohomology H?(V, W) of V
2
with cofficients in W:
Theorem 1.4. Let V be a grading-restricted verter algebra and W a V-

module. Then the set of the equivalence classes of square-zero extensions of
V by W corresponds bijectively to H3(V,W).
2

Definition 1.5. Let ¢t be a complex variable. A family of grading-restricted
verter algebras up to the first order in t is a Z-graded vector space V, a
family V; : V@V — V((z)) for ¢t € C of linear maps of the form Y; = Yy +¢¥
where Y and ¥ are linear maps from V@ V' to V((z)) independent of ¢, and
an element 1 € V such that (V)V}, 1) satisfies all the axioms for grading-
restricted vertex algebras up to the first order in ¢.

Definition 1.6. Let (V, Yy, 1) be a grading-restricted vertex algebra. A first
order deformation of V is a family YV; : V.® V — V((z)) for ¢t € C of linear
maps of the form Y; = Yy + t¥ where

V. VeV — V()
v Uy — Y(v1,x)ve
is a linear map such that (V,Y;, 1) for ¢t € C is a family of grading-restricted
vertex algebras up to the first order in ¢. Two first order deformations Y;(l)
and Yt(Q), t € C, of (V,Yy, 1) are equivalent if there exists a family f; : V — V|

t € C of linear maps of the form f; = 1y + tg where g : V — V is a linear
map preserving the gradings of V' such that

£ (o1, 2)v0) = YV (filvr), 2) fulwa) € 2V ((2)) (1.1)
for vi,v9 € V.
We have:

Theorem 1.7. The set of equivalence classes of first order deformations of
a grading-restricted verter algebra is in bijection with the set of equivalence
classes of square-zero extensions of V by V.

From Theorems 1.4 and 1.8, we obtain immediately the following result
for the second cohomology H?(V, V) of V with cofficients in V:
2

Theorem 1.8. Let V' be a grading-restricted verter algebra. Then the set of
the equivalence classes of first order deformations of V' correspond bijectively

to H3(V, V).
2
We prove Theorems 1.1, 1.4 and 1.7 in Sections 2, 3 and 4, respectively.
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2 First cohomologies and spaces of deriva-
tions
We prove Theorem 1.1 in the present section. First, we need the following:
Lemma 2.1. Let f:V — W be a derivation. Then f(1) =0.
Proof. By defintion,
fa)y = fvv(1,2)1)

= lim F(V (1, 2)1)

= lim MDYy (1, ) £(1) + lim Vi (1,2) £(1)

= 2f(1).
So f(1) = 0. |

Let & : V — Wzl be an element of C, (V, W) satisfying 6}, ® = 0. Since
® satisfies the L(0)-conjugation property, for v € V{,y and z € C*,
2O (@())(0) = (2(z"V0))(0)
= 2"(®(v))(0).

Thus (®(v))(0) € Wny. So (®(v))(0) is a grading-preserving linear map from
VtoW.
Since 4§}, ® = 0,

R((w', Y (v1, 21) (@ (v2))(22))) — R((w', (®(Yy (v1, 21 — 22)v2))(22)))
+R((w', Yiw (v2, 22) (P (v1))(21)))
=0

for vy,vo € V and w' € W'. By L(—1)-derivative property for ® and the
vertex operator map Yy,

R((w', Y (v2, 22) (®(v1)) (1)) = R({w', €3y (02, — 21 + 22) (@(v1))(0))).
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Thus we have

R((w', Yiv (1, 21) (R (v2))(22)) — R((w', (B(Yy (v1, 21 — 22)v2)) (22)))
+R((w', e DYy (va, —21 + 22) (R (v1))(0)))
= 0.

Let zo = 0. We obtain

R((w', Yw (v1, 21)(2(02))(0))) — R({w’, (B(Yy (01, 21)v2))(0)))
+R((w', e DYy (vg, —21) (2(01))(0)))
= 0.

Since w' is arbitrary, we obtain

(@(Yv (v1,21)v2))(0)
= e POVYyy (vg, —21) (®(01)) (0) + Y (v1, 21) (D(v2))(0)
= Yy ((®(v1))(0), 21)(®(v2)) (0) + Yi (v, 21)(@(v2)) (0)

for vy, vy € V. This means that (®(-))(0) : V — W is a derivation from V to
W. Note that 62 (C% (V,W)) = 0. So we obtain a linear map from H'(V, W)
to the space of derivations from V to W. .

Conversely, given any derivation f from V to W, let ®; : V. — W,, be
given by

(@1 (v))(21) = F(Yv(v, 21)1) = Yigy (f (v), 21)1

for v € V, where we have used Lemma 2.1. By Theorem 5.6.2 in [FHL], the
map from V to W,, given by v — Y, ((@(v))(0), 21)1 is composable with m
vertex operators for any m € N. Thus ®; € C}(V,W) for any m € N. For
vy, € V and w' € W',

((05,@7) (1 ® v2)) (21, 22)
= R((w', Yiw (v1, 21) Vi (f (v2), 22) 1))
—R((w", Yy (f (Vv (v1, 21 — 22)3), 22)1)))
+R((w', Yiw (v2, 22) Yigy (f (1), 21) 1))
= R((w', Yiw (v1, 21) Yy (f (v2), 22) 1))
—R((w', Yy (Y (f (1), 21 = 22)v2), 22)1)))
—R((w', Yy, (Yw (v1, 21 — 22) f (v2), 22)1)))
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+R((w', Yiw (v2, 22) Yoy (f (v1), 21) 1))

= R((w', Yiw (v1, 21) Yy (f (v2), 22) 1))
—R((w’, 2" DY (f(01), 21 — 22)02))
—R((w', e VY (01, 21 — 29) f (v2))
+R((w', Yiv (v2, 22) Yig'y (f (1), 21) 1))

= R((w', Y (v1, 21) Yy (f (v2), 22) 1))
—R((w', Yy (f(v1), 21)e" Hoy))
—R((w', Yw (v1, 21)e"" Y f (v3)))
+R((w', Yiw (v2, 22) Yy (f (v1), 21) 1))

= R((w', Yw (v1, 21) Yy (f (v2), 22) 1))
—R((w', Yiry (f (v1), 21) Vi (v, 22)1

w', Y (v1, 21) Yo (f (02), 22)1

w', Yiw (v, 22) iy (f (v1), 21)1))

w', Yy (f (01), 21) Yy (02, 22)1))

w', Y (v2, 22) Yy (f (01), 21) 1))

)
)

(2.1)

From Theorem 5.6.2 in [FHL], we know that the right-hand side of (2.1)
is 0. So we obtain a linear map f +— ®; from the space Der (V,W) to
HL(V, W) = CL(V, W),

Clearly these two maps are inverse to each other and thus Der (V, W)
and H} (V,W) are isomorphic. |

3 Second cohomologies and square-zero ex-
tensions

In this section, we prove Theorem 1.4.

Let (A, f,g) be a square-zero extension of V' by W. Then there is an
injective linear map I' : V' — A such that the linear map h : Vo W — A
given by h(v,w) = I'(v) + g(w) is a linear isomorphism. By definition, the
restriction of h to W is the isomorphism g from W to ker f. Then the
grading-restricted vertex algebra structure and the V-module structure on A
give a grading-restricted vertex algebra structure and a V-module structure



on V & W such that the embedding 75 : W — V @& W and the projection
p1: V@& W — V are homormorphisms of grading-restricted vertex algebras.
Moreover, ker p; is a square-zero ideal of V@ W | 45 is an injective homorphism
such that io(W) = kerp; and the diagram

0 W 2 vVew 2, v

wl o 5 1)

0 s W 5 A s V
g !

~
e}

~
e}

of V-moduels is commutative. So we obtain a square-zero extension (V @
W, p1, i) equivalent to (A, f, g). We need only consider square-zero extension
of V by W of the particular form (V @& W, py,45). Note that the difference
between two such square-zero extensions are in the vertex operator maps. So
we use (V & W, Yygew, p1,%2) to denote such a square-zero extension.

We now write down the vertex operator map for V & W explicitly. Since
(Ve W,Yvew,p1,ia) is a square-zero extension of V', there exists ¥(u, z)v €
W ((x)) for u,v € V such that

Yvew ((v1,0),z)(vs,0)
YV@W((UD 0)7 JC) (07 w)

Ywew ((0,w1),z)(v2,0) =
YV@W((O’wl)am)(O’w2) =0

for v1,v9 € V and wy, wy € W. Thus we have

Yy (v1, x)va, U (v, T)ve),

Ywew ((vi, w1), ) (vz, we)
= (Yy (v1, 2)vy, Yiy (v1, )wy + Vi (wi, 2)vg + U (vy, 2)vs)  (3.2)

for v1,v9 € V and wy, wy, € W.
The vacuum of V & W is (1,0). Since

Yvew((v,w),2)(1,0) = evewlh(y w)
(esz(—l)/v7 esz(—l)w)

= (YV(vax)]-’YVI[//VV(wax)l)
forv e W and w € W, we have

U(v,2)1 =0 (3.3)
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forveV.
We identify (V & W)' with V' @ W'. For vy,v, € V and w' € W/,

((0,0'), Yvaw ((v1,0), 21) Yvew ((v2,0), 22)(1, 0))
= (w', U (vy, 21) Yy (v2, 22)1 + Vi (v1, 21) ¥ (vg, 22)1)
= (w', (v, 21) Yy (vg, 29)1),
((0,w), Yvow ((v2,0), 22) Yvow (01, 0), 21)(1,0))
= (W', U(vg, 22) Yy (v1, 21)1 + Yoy (g, 22) ¥ (v1, 21)1)
= (w', ¥ (vy, 20) Yy (v1, 21)1),
((0,w), V@W(Yveaw((vlao)a 21— 22)(v2,0), 22)(1,0))
(w LY (U (v, 21 — 20)v9, 22)1 + U(Yy (v1, 21 — 22) 09, 22)1)
= (w', Y (U (v1, 21 — 22)vg, 22)1)
are absolutely convergent in the region |z;| > |za| > 0, |22| > |z1] > 0,
|za| > |21 — 22| > 0, respectively, to one rational function in z; and 2z, with
the only possible poles at 21,2, = 0 and 2; = z5. Using our notation in [H],
we denote this rational function by

R((w', ¥(v1, 21) Yy (v2, 22)1))

R((w', ¥(vg, 22) Yy (v1, 21)1))

or
R({(w', Y (U (vy, 21 — 20)v2, 22)1)).

Then we obtain an element, denoted by
E(\Il(vl, Zl)Yv(UQ, 2’2)1)

E (¥ (vq, 22) Yy (v1, 21)1)

or
E(Yyh (Y (v1, 21 — 22)v2, 20)1),

of WZI,ZQ given by

<U)I, E(\I](’Ul, Zl)Yv(’Ug, Z2)1)> = R((’U)I, \I](’Ul, Zl)Yv(’Ug, 2’2)1>)



(w', E(¥(vg, 20) Yy (v1,21)1)) = R({(w', ¥ (vg, 20) Yy (v1, 21)1))

or
(w', B(Yyy (¥ (vy, 21 — 22)v9, 20)1)) = R((w', Yy (U (v, 21 — 22) 03, 22)1)).
By definition, we have
E(¥(v,21)Yy(ve,20)1) = E(¥(vq,22)Yy (v, 21)1)
= EYy, (¥ (v, 21 — 20)v2, 29)1)
for vy, vy € V.

Let N
VRV =W, .

be the linear map given by
(@(Ul ®’U2))(21,2’2) = E(‘I’(’Ul,zl)YV(UQ,ZQ)].)
= E(\If(’()g, Z2)YV(U]_, 21)1)
= E(YVII?VV(\I](Ul, Z1 — ZQ)UQ, 2’2)1) (34)

for vi,vo € V and (21, 2) € Fo,C. We first prove that ® € C/Z\'i(V, w).

By the L(—1)-derivative property and the L(0)-bracket forzmula for VoW,
we have

row((6,0,9) = Vraw((Ly(=1),0),2) (35)

= [Lviw(=1), Ywew((v,0), )], (3.6)
[Lv4w(0), Yvew ((v,0),z)] = YV@W((LV(O)U,O)J)+$%YV@W((U,0)J)
(3.7)

for v € V. By (3.5), (3.6), (3.7), (3.2) and the L(—1)-derivative property
and the L(0)-bracket formula for V', we obtain

L yw,2) = U(Ly(=1)v,2) (3.9)

dx
= Ly (-1)¥(v,z) — ¥(v,z)Ly(-1),
(3.9)

Ly (0)¥(v,z) — ¥(v,2)Ly(0) = Y(Ly(0)v,z)+ x%\ll(v,x) (3.10)



for v € V. From (3.10), we obtain
ZOW(y, 2) = ULV Oy, 22)2Lv @ (3.11)

forveV.
For vy,v, € V and w' € W', by (3.8) and the L(—1)-derivative property
for V, we obtain

2, ,
g5 (W (201 © v2) (21, 22)
d

621

0
a_le((w , U (v, 21) Yy (vg, 22)1)

=R (<w', %ll’(vl,zl YV Vo, 29 1>>
1

= R({(w', ¥(Ly(—1)vy, 21) Yy (vg, 22)1))
= (w', E(\IJ(Lv(—l)’Ul, Zl)Yv(’UQ, ZQ)].))
= (w', (®(Ly(—1)vy ® v9))(21, 22)) (3.12)

—(w', E(¥(vy, 21) Yy (ve, 20)1))

and

2,
7o, (0 (201 ® 02) (21, 22))
9

822

0
= a_ZZR(W U1, 21) Yy (vg, 22)1)

=R <<w', \II(U1,21)—YV Va2, 29 1>>

= R((’UJ ‘Il(Ul,Zl)Yv(Lv( )’UQ,ZQ >
= (w ,E(\I/(’Ul,zl)YV(Lv( )UQ,ZZ)].))
= (w', (®(v1 ® Ly (—1)vg)) (21, 22))- (3.13)

Using (3.8), (3.9) and the L(—1)-derivative property for V', we obtain

(w E(\P(Ul, Zl)YV(UQ, ZQ)].))

(8%2 n ({%) (W', (®(v1 ® va)) (21, 22))
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+ —) <w’, E(\I’(’Ul, Zl)YV('U2> 22)1»
9 4 _) R((w', ¥ (v1, 21) Yy (ve, 22)1)))

: iw(vl,zl)YV(”2’22)1>>

<w ’ 821
, 0

+R <<w , (v, 21) =— Yy (v, 22)1>)
822

R((w', W (Ly (—1)v1, 21) Yy (ve, 22)1))

+R((w', ¥ (vy, 21) Yy (Ly (—1)vg, 22)1))
= R((w', Lw (=1)¥ (v1, 21) Y (v2, 22)1))
= R({Lw(1)w', ¥ (v1, 21) Yy (v2, 22)1)

= (L (1)w', E(¥(vy, 21) Yy (ve, 22)1)
= (W', L (=1)E(¥(v1, 21)Yv (ve, 22)1))
= (w', Ly (—=1)(®(v1 ® v))(21, 22)) (3.14)

for v;,vy € V and w' € W', From (3.12), (3.13) and (3.14), we see that &
satisfies the L(—1)-derivative property.

Also for vy,ve € V and w' € W', by (3.11) and the L(0)-bracket formula
for V, we have

— ~ —

(w', 2" O(®(v, @ 1)) (21, 22))

= (w', 2PV O B (U (v, 21) Yy (02, 22)1))
= (zPw Oy B(T(vy, 21) Yy (02, 22)1))

= R((zE" Ow! W (vy, 21) Yy (v, 22)1))

= R((w', 2P OW (v, 2) Yy (va, 22) 1))

= R((w', U (2" Oy, 22) Yy (227 © )UQ 229)1))

= (', E(U(zLVOuy, 221) Yy (22 Ouy, 225)1))

= (w', (®(z" Ov; @ 21V O uy)) (221, 222)),

that is, ® satisfies the L(0)-conjugation property.
Since V @ W is a grading-restricted vertex algebra, for vy, vo,v3 € V and
w' € W', the series
<(07 wl)’ YVG‘BW((Ula O)’ Zl)YVGBW((UZa 0)’ ZZ)YVEBW((U3’ 0)’ Z3)(1’ 0))

11



and

<(07 wl)a YV@W(YVGBW((Ula O)’ Rl — Z2) (v27 0), 22)YV®W((U37 O)’ Z3)(1a 0)>

are absolutely convergent in the regions given by |2z;1]| > |ze| > |23/ > 0 and
by |z2] > |21 — 22|, |23] > 0 and |25 — 23| > |21 — 22|, respectively, to a same
rational function with the only possible poles at z; = 29, 21 = 23, 20 = 23.
But by (3.2) and (3.3), these series are equal to

<wl, ‘I’(Ub Z1)Yv(02, ZQ)YV(U3a 23)1> + <wl, YW(Ula 21)‘I’(U2, 22)YV(U3, 23)1)
and

(w', U(Yy(v1, 21 — 29)ve, 22) Yy (vs, 23)1)
+<wI, YV‘[//VV(\II(UM 21— 22)02, ZZ)YV(U?M Z3)1>7

respectively, and are absolutely convergent to a same rational function which
in our convention is equal to

R({w', U (v1, 21)Yy (v, 22) Yy (s, 23)1) + (w', Yiy (v1, 21) ¥ (e, 22) Yy (v3, 23)1))
and

R((w', \I’(Yv(Ul, Z1 — ZQ)UQ, ZQ)Yv(Ug, Zg)].)
+(w', YVI[/,VV(\IJ(Ul, zZ1 — 22)’1)2, Zg)Yv(’Ug;, 23)1>)

In particular, we have proved that ® € C2(V, W).
Since by (3.4),

(P(v1 ®9))(21,20) = E(V(v1,21)Yv(vg,22)1)
E(VU(vg, 22) Yy (v1,21)1)
(®(v2 ® v1)) (22, 21)

(012(®(v2 ® v1))) (21, 22)

for v1,ve € V and (z1, 29) € F,C, that is,

®(v1 ® v2) — 012(P(v2 ® 1)) =0
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for vy, v, € V, We obtain

Y (1) o (®(v; ® 1))

o€J2;1
= ®(v1 @ v2) — 012(P(v2 @ 1))
=0

for v1,v, € V. So ® € C*(V, W).
Next we show that §2 (®) = 0. For vy, v9,v3 € V, w' € W',
2

(', ((52 (@) (v1 ® v2 @ w3))(21, 22, 23))

= R((w', (ES) (v1; ®(v2 ® v3))) (21, 22, 73))
+(w', (®(v; @ E@ (v, ® v3;1)))(21, 22, 23)))
—R((w", (B(EP (v; ® v2;1) @ v3))(21, 22, 23))
+(w', (Bypy (B(v1 @ v2); 03)) (21, 22, 7))
= R((w', Y (v1, 21) ¥ (v, 22) Y (v3, 23) 1)
+(w', U (vy, 21) Yy (ve, 22) Yy (vs, 23)1))
—R((w', U(Yy (v1, 21 — 22) 03, 22) Yy (v, 23)1)
+(w', gy (U (01, 21 — 22)v2, 20) Yy (v, 23)1)). (3.15)

Since V @ W is a grading-restricted vertex algebra, we have the associativity
property

R(((Oa wl)7 YVGBW((UD 0)7 ZI)YVEBW((U% O)a ZQ)YV®W((U37 0)’ 23)(1’ 0)))

= R(((O’ wl)’ YVGBW(YV@W((Ul’ 0)’ &1 — 22)(7)2’ O)’ ZQ) ’
Yvew((vs,0), 23)(1,0))),

which, by (3.2) and (3.3), is equivalent to

R({(w', ¥ (v, 21) Yy (ve, 22) Yy (v3, 23)1)
+(w', Y (v1, 21) ¥ (v, 22) Yy (v3, 23)1))
= R((w', ¥ (Yy(v1, 21 — 22)v9, 29) Yy (v3, 23)1)
+ (', Yol (U (v1, 21 — 20)v2, 22) Yy (s, 23)1)),

as we have noticed above. So the right-hand side of (3.15) is 0. Thus ® +
65C3(V, W) is an element of H?(V,W).
2

13



Conversely, given any element of H? (V W), let & € 02 (V,W) be a rep-

resentative of this element. Then for any v, vy € V, there exists N such that
for w' € W', (w', (®(v; ® v2))(2,0)) is a rational function of z with the only
possible pole at z = 0 of order less than or equal to N. For vy,vy € V, let
U(vy,x)ve € W((z)) be given by

(w', ¥(vy, 2)vs) o= = (W', (D(v1 @ 12))(2,0))-

for z € C*. For vy, vy € V, define Yygw (v, z)ve using (3.2). So we obtain a
vertex operator map Yygw. Reversing the proof above, we see that V@ W
equipped with the vertex operator map Yy, and the vacuum (1,0) is a
grading-restricted vertex algebra and together with the projection p; : V &
W — V and the embedding oo : W — V& W, V & W is a square-zero
extension of V' by W.

Next we prove that two elements of ker 6% obtained this way are differed

2
by an element of 6,C'(V,W) if and only if the corresponding square-zero
extensions of V' by W are equivalent.
Let ®;,®d, € keré? be two such elements obtained from square-zero

extensions (V @ W, Y‘%W,pl, ir) and (V @ W, Y‘%W,pl, i2). Assume that
®, = &y + §;(T) where T' € C*(V,W). Since

(W', ((61(1)) (v1 ® v2)) (21, 22))
= R((w', Yiw (v1, 21) (T'(v2)) (22)))
—R((w', (C(Yy (v1, 21 — 22)v2))(22)))
+R((w', Y (v2, 22) (I'(v1)) (21))),

we have

R({(w', Wy (vy, 21)Yy (ve, 20)1))

= (w', (@1 (v1 ® v2))(21, 22))

= (w', (P2(v1 ® v2))(21, 22))
+(w', (0:1(T)) (21, 22))

= R({w', Wo(v1, 21) Yy (ve, 22)1)
+R(<w' Yiw (v1, 21)(F'(v2)) (22)))
—R((w', (T(Yy(v1, 21 — 22)v2))(22)))
+R((w', Yiv (va, 22) (I'(v1)) (21)))
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= R((w', Wy(v1, 21)Yi (02, 22)1)

R((w', Yiv (v1, 21) (T (v2)) (22)))

—R((w' ( (Yv(vi, 21 — 22)02))(22)))

+R((w', e =W DY (vy, —20) (T (1)) (22))- (3.16)

_|_

Let 22 go to zero on both sides of (3.16). We obtain

(W', Uy (v1,21)v9) = (W', Wy(vy, 21)v9)
+(w', Y (v1, 21) (T (v2))(0))
— (', (T (Yv(v1, 21)v2))(0))
+(w', e DYy (vg, —21) (T(01))(0))
= (W', Wy(vy, 21)v9)
+(w', Y (v1, 21) (I'(v2))(0))
—(w', (D(Yy (v1, 21)v2))(0))
+w', Yy ((C(01))(0), 21)v2).-

Then

(v, 2)ve = Wa(v1, 2)vz + Vi (01, 2) (T (v2))(0)
—(C(Yv(v1,2)2))(0) + Yy (T (1)) (0), 2)va. (3.17)

For vy, vy € V and wy,wy € W, by (3.2) and (3.17), we have

Vg (v, w1), ) (va, ws)
= (Y (v1, 2)va, Yiv (01, 2)wy + Yoy (w1, 2)ve + U (v1, 7)va)
= (Yv (v1, 2)ve, Yiv (v1, 2)wa + Yy (w1, 2)ve + Uo(v1, T)vo)
+ Yy (v1, 2)va, Yiw (v1, 7)(T'(v2))(0))
—(Yv (vi, 2)ve, (D(Yv (v1,2)v2))(0))
+(Yv (v1, 2)vs, Yigy (T (01))(0), 2)vs)
= Yy 2w (01, w1 + (T(01))(0)), 2) (v2, w2 + (T(v2))(0))
— (Y (vi, 2)ve, (D (Y (v1, 2)v2))(0)). (3.18)

We now define a linear map h: VAW = VS W by

e(v,w) = (v, w + (I'(v))(0))
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forv € V and w € W. Then h is a linear isomorphism and (3.18) can be
rewritten as

RV D (v1, wr), 2) (vg, w3)) = Vi (B(vy, wy), ) h(ve, ws). (3.19)

for v1,v9 € V and wy,wy € W. Thus h is an isomorphism of grading-
restricted vertex algebras from (V& W, Y‘%W, (1,0)) to (Ve W, Y‘%W, (1,0))
such that the diagram

0 W 25 Vew PV s 0

1Wl hl llv (3.20)

0 s W 25 Vew PV s 0

is commutative. Thus the two square-zero extensions of V' by W are equiv-
alent.

Conversely, let (V & W, Y‘Eﬁw,pl,ig) and (V & W, Y‘Qw,pl, i2) be two
equivalent square-zero extensions of V by W. So there exists an isomorphism
h:VeW — VeW of grading-restricted vertex algebras such that (3.20) is
commutative. We have the following lemma which is also needed in the next
section:

Lemma 3.1. There exists a linear map g : V — V' such that
h(v,w) = (v,w + g(v))
forveV andw e W.

Proof. Let h(v,w) = (f(v,w),g(v,w)) for v € V and w € W. Then
by (3.20), we have f(v,w) = v and g(0,w) = w. Since h is linear, we have
g(v,w) = g(v,0)+¢(0,w) = w+g(v,0). So h(v,w) = (v, w+g(v,0)). Taking
g(v) to be g(v,0), we see that the conclusion holds. |

Let (['(v))(21) = e2Iw(Dg(v) € W. Then I' : V — W,, is an element

of C}(V,W). By defintion, we have g(v) = (I'(v))(0) and h(v,w) = (v, w +
(T(v))(0)) for v € V and w € W. Let ® and ®, be elements of ker 42
2

obtained from (V & W, Y‘%W; p1,iz) and (V@ W, Y‘S?W,pl, i), respectively,
and ¥; and Wy the corresponding maps from V ® V' to W((z)). Then since
h is a homomorphism of grading-restricted vertex algebras, (3.19) holds for
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v1,vy € V and wy, we € W. Thus the two sides of (3.18) are equal for vy, vy €
V and wy, ws € W. So the two expressions in the middle of (3.18) are equal
for v1,ve € V and wy, we € W. Thus we have (3.17) for vy, v, € V. Formula
(3.17) implies that the two sides of (3.16) are equal for vy, ve € V. Thus the
middle expressions in (3.16) are all equal for v;,v, € V. In particular, we
obtain ®; = & +T'. So ®; and ®, are differed by an element of §;C*(V, W).

|

4 Square-zero extensions and first order de-
formations

In this section, we prove Theorem 1.7.
Let V; : V@V — V((z)), t € U, be a first order deformation of V. By
definition, there exists

UV: VeV — V()
v ®uy — Y(v1,x)v9
such that
Yi(v1, x)ve = Yy (v1, 2)ve + W (01, )09

for v,vy € V. By definition, (V,Y;, 1) satisfies all the axioms for grading-

restricted vertex algebras up to the first order in ¢ and consequently have all

properties of grading-restricted vertex algebras up to the first order in .
The identity property for (V,Y;, 1) up to the first order in ¢ gives

YV(17 33)’0 + t\II(]_, .I)’U =v+ O(t2)

for v € V. So we obtain
U(1l,z)v=0 (4.1)

for v € V. The creation property for (V,Y;, 1) up to the first order in ¢ gives
lim(Yy (v, 2) + 40 (0, 2))1 = v + O(t%)
%

for v € V. Then we have

IimU(v,2)1 =0 (4.2)

t—0
forveV.
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We have the following duality property up to the first order in ¢: For
v1, V2,03 € V and v' € V', the coefficients of t° and ¢! terms of

(v', Yi(vr, 21)Yi(v2, 22)v3)
(v, Yy(va, 22) Yy (v1, 21)3)
(', Yy (Yi(v1, 21 — 22)v2, 22)v3)
are absolutely convergent in the regions |z;| > |za| > 0, |22| > |21| > 0 and

|za| > |21 — 22| > 0, respectively, to common rational functions in z; and 2o
with the only possible poles at 21, 20 = 0 and z; = 25, or equivalently,

<’UI, (Yv(’l)l, Zl)‘ll(’l)z, 22) + \I/(’Ul, Zl)Yv(UQ, ZQ))’U:),) (43)
<’l)l, (Yv(’l)Q, ZQ)‘II(Ul, 21) + \I/(’UQ, ZQ)Yv(’Ul, Zl))’l):),) (44)
(v, (Yo (W(v1, 21 — 22)09, 22) + V(Y (v1, 21 — 22)v9, 22))V3) (4.5)

are absolutely convergent in the regions |2z;| > |29| > 0, |29| > |21| > 0 and
|za| > |21 — 29| > 0, respectively, to a common rational function in z; and 2z
with the only possible poles at 21, 2o = 0 and z; = 2s.

Let

Yver: (VeV)e(VeV) - (VeV)zz™
(u1,v1) ® (uz,v2) = Yygu((u1,v1), z)(usg, vs)

be given by

Yyev ((u1, v1), ) (uz, v2)
= (Yy (uy, z)ug, Yy (u1, x)ve + Yy (v1, 2)us + V(uy, z)us)  (4.6)

for uy,uq, vy, v9 € V. By (4.6) and (4.1),
YVEBV((]'v 0)7 :L‘)(’U,, U) = (YV(17 .’L‘)’U,, YV(la .T)’U + YV(07 .’L‘)’U, + \II(]': .’E)U)
= (u,v)

for u,v € V, that is, (V &V, Yyav, (1,0)) has the identity property. By (4.6)
and (4.2),

liH(l) Yvev((u,v),z)(1,0)
z—
= (il—I}(l) Yy (u,z)1, ;]CI_I)I(I) Yy (u, )0+ alcl_I)I(l) Yy (v,2)1 + ¥(u,x)1)

= (u,v)
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for u,v € V, that is, (V @&V, Yyev, (1,0)) has the creation property.
By (4.6), we have

(', 0"), Yvev ((ur, v1), 21)Yvev ((us, v2), 22) (us, v3))
= <(u/, UI)? YVGBV((UI: Ul)v Zl) :
(Yo (ug, 22)us, Yy (U2, 22)vs + Yy (va, 22)us + ¥ (us, 20)us))
= (v, Yy (u1, 21) Yv (ug, 20)us) + (v', Yy (uy, 21) Yy (uz, 22)vs)
+{(', Yy (u1, 21) Yy (02, 20)us) + (v, Yo (u, 21) U (ug, 22)us)
+(v', Y (01, 21) Yy (ug, 20)us) + (v, U(uq, 21) Yy (ug, 22)us). (4.7)

By the properties of V' and the absolute convergence of (4.3), we see that
the left-hand side of (4.7) is absolutely convergent when |z;| > |22 > 0.
Similarly, by (4.6), we have

<(ul’ UI

), Yvev ((us, v2), 22) Yvev ((u1,v1), 21) (us, v3))

(', Yy (ug, 22) Yy (ug, 21)us) + (v', Yy (ug, 20) Yy (ug, 21)v3)

+(v', Yy (ug, 22) Y (v1, 21)us) + (v, Yy (ug, 20) W (ug, 21 )us)

+{v', Yy (v, 20) Yy (ug, 21)us) + (U, W (ug, 22) Yy (u, 21)us)  (4.8)

and the left-hand side of (4.8) is absolutely convergent when |z;| > |2;| > 0.
Moreover, since (4.3) and (4.4) converges absolutely when |z;| > |z5] > 0
and when |z3| > |z1] > 0, respectively, to a common rational function with
the only possible poles at z1, 29,21 — 22 = 0, the left-hand side of (4.7) and
left-hand side of (4.8) also converges absolutely when |z1| > |z3] > 0 and
when |z9| > |21] > 0, respectively, to a common rational function with the
only possible pole at z; — 2z = 0. By (4.6) again, we have

('), YWwav (Yvav ((u1, v1), 21 — 22) (ug, v2), 22) (u3, v3))
= ((u',v"), Yvov (Yv(u1, 21 — 20)uz,
Yv(uy, 21 — 29)vg + Yy (v, 21 — 29)ug
+U(ui, 21 — 29)us), 22) (us3, v3))

= (u', Yy (Yy(u1, 21 — 20)ua, 20)us) + (v, Yy (Yir(us, 21 — 20) g, 29)v3)
+(v', Yy (Y (u1, 21 — 29)v2, 29)us) + (v, Yy (Yir(v1, 21 — 22)ua, 22)u3)
+{', Yy (W (ug, 21 — 20)Ug, 22)u3) + (v, O (Vi (u1, 21 — 29)Us, 22)u3).

(4.9)
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By the properties of V and the absolute convergence of (4.5) and (4.9), we see
that the left-hand side of (4.9) is absolutely convergent when |2zo| > |21 — 25| >
0. Moreover, since (4.3) and (4.5) converges absolutely when |z;| > |22 > 0
and when |z3] > |21 — 23] > 0, respectively, to a common rational function
with the only possible poles at z1, 22,21 — 22 = 0, the left-hand side of (4.7)
and left-hand side of (4.9) also converges absolutely when |z;| > |2z3| > 0 and
when |z3| > |21 — 22| > 0, respectively, to a common rational function with
the only possible poles at z, 29,21 — 20 = 0. So (V& V, Yiqv, (1,0)) has the
duality property.

Note that the L(—1)-derivative propery and the L(—1)-bracket property
are consequences of the other axioms. Thus (Va&V, Yyev, (1,0)) is a grading-
restricted vertex algebra.

By definition,

p1(Yvev ((u1,v1), 2)(uz, v2))
= p1(Yy (uy, 2)ug, Yy (u1, 2)ve + Yy (v1, 2)ug + VU(uyg, x)us)
= Yy (ur, v)uy

= YV(p1 (Ul, vl)a 33)231 (U2, U2)

for uy, ug, v1,v9 € V. Also
kerpr =080V

and
YVGBV((O: Ul)v .T) (07 U2) = (07 0)

for v1.v9 € V. So p; is a surjective homomorphism of grading-restricted
vertex algebras and ker p; is a square-zero ideal of V @ V.

We use Y}/, to denote the vertex operator map for V&V when V&V
is viewed as a V-module. Then by definition,

in(Yv (v, m)v2) = (0,Yy(v1,7)v)
= Y&/GBV(UI::E)(O:'U”
= Yoy (vi,2)iz(v)
for v1,v9 € V. So 15 is an injective homomorphism of V-modules. Clearly,

we have (V) = kerp;. Thus (V &V, Yyev, p1,is) is a square-zero extension
of V by V.
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Conversely, let (V & V,Yyqy,p1,i2) be a square-zero extension of V' by
V. Then there exists

UV:VeV — V()
v Q®uy — Y(v1,x)ve

such that

Ywev((u1,0),2)(uz,0) = (Yv (u1, ©)uz, ¥U(ur, z)us)
for uy,us € V. The identity property and the creation property of the
grading-restricted vertex algebra (V @ V,Yygy, (1,0)) give (4.1) and (4.2).

The duality property for (V @V, Yygv, (1,0)) gives (4.3), (4.4) and (4.5).
For t € C, define

Yi(v1, 2)ve = Yy (v1, 2)vg + t¥ (01, )09

for v1,v9 € V. Then (4.1) and (4.2) imply that Y; satisfies the identity
property and the creation property up to the first order in ¢ and (4.3), (4.4)
and (4.5) imply that Y; satisfies the duality property up to the first order in
t. Thus (V,Y;, 1) is a grading-restricted vertex algebras up to the first order
in ¢, that is, Y; is a first-order deformation of (V, Yy, 1).

Now we prove that two first-order deformations of V' are equivalent if and
only if the corresponding square-zero extensions of V' by V' are equivalent.

Consider two equivalent first-order deformations of V' given by Yt(l) :
VeV = V() and Y, : VeV — V((z)) for t € C. Then there exist
a family f; : V — V, t € C, of linear maps of the form f; = 1y + tg where
g :V — V is a linear map preserving the grading of V such that (1.1) holds
for vy, v, € V. By definition, there exist linear maps

UiVeV — V(@)
V1 @V — ‘111(1)1,.’1}')’02

and

U VeV — V(@)
V1 QU9 — \Ifg(Ul,IE)’UQ

such that V) = v}, + ¢¥; and ;¥ = ¥}, + tT,. By (1.1), we have
\Ijl(Ul, .’,E)’UQ — \112(1)1, ZC)’UQ

= —g(Yv(v1,2)ve) + Yy (9(v1), x)ve + Yy (v1, 2)g(v2) (4.10)
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for vy, vy € V.

Let (Va&V, Y‘%V,pl, iz) and (V@V, Y‘%V,pl, i2) be the suqare-zero ex-
tensions of V' by V constructed from Y;(l) and Yt(2). Leth: VoV VoV
be defined by

h(v1,v9) = (v1,v9 + g(v1))

for vi,vy € V. Clearly, h is a linear isomorphism. For wu,us,v1,v9 € V, by
definition and (4.10),

MYy (u1, v1), @) (uz, 02)
= h(Yy (u1, )ug, Yy (u1, 2)ve + Yy (v1, 2)us + Uy (ur, )us)
= (Yy(uq, x)ug, Yy (u1, )ve + Yy (v1, 2)usg
+9 (ur, x)us + g(Yy (u1, z)us))
= (Yy(u1, x)usg, Yy (u1, x)ve + Yy (v1, 2)usg
+Wyo(ur, x)us + Yy (g(ur), x)us + Yy (ug, z)g(uz)))
= (Yo (w1, ¥)ug, Yy (u1, 7) (v2 + g(u2))
+Yy (v + g(u1)), x)us + Wo(uq, x)us)
= Y2, (h(ur, v1), 2)h(uz, vs).

So h is in fact an isomorphism from the algebra (V &V, Y‘%V, (1,0)) to the

algebra (V @V, Yx%w (1,0)). Now it is clear that the following diagram is
commutative:

0 >V > VeV > V > 0

12 p1

ST

0 — V > VoV

2 D1

<
\L
L~

So these two first order deformations are equivalent.

Conversely, let (V&V, Y‘%V,pl, iz) and (V&V, Y‘%;V,ph i2) be two equiv-
alent suqare-zero extensions of V by V. Let U1, ¥y : V@V — V((z)) be
given by

Y‘Sle;V((ula O)a l‘) (uZ; 0)) = (YV(U1, ﬂf)’UQ, \111 (’U,l, .Z‘)’UQ)’
Yy (u1,0),2)(u2,0)) = (Yo (ur, @)uz, Us(ur, v)uo)
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for uy,us € V. Then V), ¥ : V@ V — V((z)) given by

Y;:(l)(vb r)vy = Yy (v1, )vg + 1 (v1, 1)vg,
Y (v1, 2)vs = Yy (v, 2)02 + t2(v1, )03

for v1,ve € V are first-order deformations of (V, Yy, 1) by the proof above.
Let h: V&V — V@&V be an equivalence from (V & V,Y‘%V,pl,zé)

to (Va&l, Y‘%V,pl,ig). Then by Lemma 3.1, there exists a linear map
g:V — V such that

h(v1,v9) = (v1,v9 + g(v1))

for vy,v, € V. Using the fact that h is an isomorphism of grading-restricted
vertex algebras from (V @V, Yx%w (1,0)) to (VaV, Y‘%V, (1,0)), we obtain
(4.10) which implies (1.1). Thus the two first-order deformations Yt(l) and
Y;(Q) are equivalent. |
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