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Abstract

We establish an isomorphism between the space of logarithmic intertwining opera-
tors among suitable generalized modules for a vertex operator algebra and the space of
homomorphisms between suitable modules for a generalization of Zhu’s algebra given
by Dong-Li-Mason.

1 Introduction

In the representation theory of reductive vertex operator algebras (vertex operator algebras
for which a suitable category of weak modules is semisimple) and in the construction of
rational conformal field theories, intertwining operators introduced in [FHL| are in fact the
fundamental mathematical objects from which these theories are developed and constructed.
In [FZ], for a reductive vertex operator algebra V', Frenkel and Zhu identified the spaces of
intertwining operators among irreducible V-modules with suitable spaces constructed from
(right, bi-, left) modules for Zhu’s algebra A(V') associated to the irreducible V-modules. See
[L] for a generalization and a proof of this result. This result is very useful for the calculation
of fusion rules and for the construction of intertwining operators.

To develop the representation theory of vertex operator algebras that are not reductive,
it is necessary to consider certain generalized modules that are not completely reducible and
the logarithmic intertwining operators among them. The theory of logarithmic intertwining
operators corresponds to genus-zero logarithmic conformal field theories in physics. In fact,
logarithmic structure in conformal field theory was first introduced by physicists to describe
disorder phenomena [G] and logarithmic conformal field theories have been developed rapidly
in recent years. See [HLZ1] for an introduction and for references to the study of logarith-
mic intertwining operators, a logarithmic tensor category theory and their connection with
various works of mathematicians and physicists on logarithmic conformal field theories.

In this general setting, we can ask the following natural question: In the case that the
generalized modules involved are not necessarily completely reducible, can we identify the
spaces of logarithmic intertwining operators among suitable generalized modules with some



spaces constructed from modules for certain associative algebras associated to the vertex
operator algebra? We answer this question in the present paper. Our answer needs the
generalizations of Zhu’s algebra given by Dong, Li and Mason in [DLM]. For a generalized
module for the vertex operator algebra, we introduce a bimodule for such an associative
algebra. This bimodule generalizes the bimodule for Zhu’s algebra given in [FZ]. Our main
result establishes an isomorphism between the space of logarithmic intertwining operators
among suitable generalized modules and the space of homomorphisms between suitable mod-
ules for a generalization of Zhu’s algebra given in [DLM]. See Theorem 6.6 for the precise
statement of our main result. Our method follows the one used in [H1] and is different from
the one used in [L].

Our result will be used in a forthcoming paper on generalized twisted modules associ-
ated to a not-necessarily-finite-order isomorphism of a vertex operator algebra (see [H3] for
the definition and examples of such generalized twisted modules). In fact, the results on
generalized twisted modules in that forthcoming paper is the main motivation for the main
theorem that we obtain in this paper.

The present paper is organized as follows: In the next section, we recall basic notions
and results on generalized modules for a vertex operator algebra. In Section 3, we recall
the generalizations of Zhu’s algebra by Dong, Li and Mason in [DLM]. In Section 4, we
introduce and study a bimodule structure for such an algebra on a quotient of a lower-
bounded generalized module for a vertex operator algebra. In Section 5, we begin our study
of the relation between logarithmic intertwining operators and homomorphisms between
suitable modules for a generalization of Zhu’s algebra. Our main result is stated and proved
in Section 6.
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2 Generalized modules for a vertex operator algebra

In this paper, we shall assume that the reader is familiar with the basic notions and results
in the theory of vertex operator algebras. In particular, we assume that the reader is familiar
with weak modules, N-gradable weak modules, contragredient modules and related results.
Our terminology and conventions follow those in [FLM], [FHL] and [H2]. We shall use Z,
Z., N, R and C to denote the (sets of) integers, positive integers, nonnegative integers, real
numbers and complex numbers, respectively. For n € C, we use R(n) and J(n) to denote
the real and imaginary parts of n.

In this section, we recall the notion of generalized module for a vertex operator algebra
and related notions in [HLZ1] and also some related notions and basic properties in [H2].

We fix a vertex operator algebra V' in this paper. (In fact, the results in the present
paper are true for a grading-restricted Mobius vertex algebra (see [HLZ1]).) We first recall
the definition of generalized V-module and related notions in [HLZ1] (see also [M]):



Definition 2.1. A C-graded vector space W = [, .« W}, equipped with a linear map

neC

Yo : VoW — W((x))
vew — Yy(v,x)w

is called a generalized V -module if it satisfies all the axioms for V-modules except that W
does not have to satisfy the two grading-restriction conditions and that instead of requiring
L(0)w = nw for w € Wy,), we require that the following weaker version of the L(0)-grading
property, still called the L(0)-grading property: For n € C, the homogeneous subspaces Wi
are the generalized eigenspaces of L(0) with eigenvalues n, that is, for n € C, w € Wy, there
exists K € Z,, depending on w, such that (L(0) —n)%w = 0. We define homomorphisms (or
module maps) and isomorphisms (or equivalence) between generalized V-modules, generalized
V -submodules and quotient generalized V -modules in the obvious way.

Definition 2.2. An irreducible generalized V-module is a generalized V-module W such
that there is no generalized V-submodule of W that is neither 0 nor W itself. A lower
bounded generalized V-module is a generalized V-module W such that W,; = 0 when R(n)
is sufficiently negative. We say that lower-bounded generalized V-module W has a lowest
conformal weight, or for simplicity, W has a lowest weight if there exists ny € C such that
Wine) # 0 but Wi, = 0 when $(n) < R(no) or R(n) = R(ng) but I(n) # I(ne). In this case,
we call ng, Wy, and elements of W, the lowest conformal weight or lowest weight of W, the
lowest weight space or lowest weight space of W and lowest conformal weight vectors or lowest
weight vectors of W, respectively. A grading restricted generalized V -module is a generalized
V-module W such that I is lower bounded and dim W,) < oo for n € C. An (ordinary) V-
module is a generalized V-module W such that W is grading restricted and Wy, = W, for
n € C, where for n € C, W(,) are the eigenspaces of L(0) with eigenvalues n. An irreducible
V-module is a V-module such that it is irreducible as a generalized V-module. A generalized
V-module of length | is a generalized V-module W such that there exist generalized V-
submodules W = W; D --- D Wiy = 0 such that W;/W;,; for i = 1,...,1 are irreducible
V-modules. A finite length generalized V -module is a generalized V-module of length [ for
some [ € Z. Homomorphisms and isomorphisms between lower-bounded, grading-restricted
or finite length generalized V-modules are homomorphisms and isomorphisms between the
underlying generalized V-modules.

Remark 2.3. By definition, every V-module is a generalized VV-module, but the converse is
not true in general. In particular, an irreducible generalized V-module in general might not
be a V-module. A generalized V-module W has a lowest weight if W is R-graded and lower-
bounded or if W is lower-bounded and generated by one homogeneous element. In particular,
the vertex operator algebra V', any R-graded V-module, or any irreducible lower-bounded
generalized V-module has a lowest weight.

Let W = [],cc Wi equipped with Yy be a generalized V-module. As in [HLZ1], the
opposite vertex operator on W associated to v € V' is defined by

Y (v, ) = Vi (eP2W (—z72) L0 271y, (2.1)
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Let W’ be the C-graded vector subspace of W* given by

W= TTWe)". (2.2)

neC

We shall use the notation (-, )y, or (-,-) if the underlying space is clear, to denote the
canonical pairing between W’ and W. As in Section 5.2 of [FHL], we define a vertex operator
map Yy, for W’ by

(Vi (v, 2)w', w) = (W', Vi (v, x)w) (2.3)
forve V,w' € W and w € W. The correspondence given by v — Y}, (v, z) is a linear map
from V to (End W’)[[z,z!]]. Write

Vi (o,2) = S (Vi hulw)e !
(Y} )n(v) € End W) and
Yi(v,2) =Y (Vi )a(v)a™!

nez

((Y9)n(v) € EndW). Then for v e V, w' € W and w € W,

(Y )n(0)w',w) = (0, (Yif )n(v)w). (2.4)
We have:

Theorem 2.4. Let W be a lower-bounded generalized V-module. Then W' equipped with
Yy, is a lower-bounded generalized V -module. Moreover, Yy |vew = Y. |

The proof of this theorem is the same as those of Theorems 5.2.1 and 5.3.1 in [FHL].
Note that in this theorem, W does not have to be grading restricted. The space W' equipped
with Y}, is called the contragredient of W.

We also define the operators L'(n) for n € Z by

Yiy(w,x) = Z L'(n)z "2,

ne”L

As in Section 5.2 of [FHL], by extracting the coefficient of z7"72 in (2.3) with v = w and
using the fact that L(1)w = 0, we have

(L'(n)w',w) = (W', L(—n)w) for n € Z. (2.5)
The following fact is useful (see [H2]):

Proposition 2.5. The contragredient of a generalized V -module of length | also has length
l. |



3 Associative algebras from vertex operator algebras
and their modules

In this section, we recall the generalizations of Zhu’s algebra [Z] given by Dong, Li and
Mason in [DLM] associated to a vertex operator algebra. We prove some elementary but
useful results.

Recall that we have fixed our vertex operator algebra V' in this paper. For N € N, define
a product xx on V by

Uky V= Té}(—l)m (mj\;N) Res,z V"™ 1Yy (1 + o)X Ny )

for u,v € V. Let Onx(V') be the subspace of V' spanned by elements of the form
Res,z 2 717V (1 4 2) PO Ny, 2)o

forn € Z, u,v € V and of the form (L(—1) + L(0))u for u € V.

Theorem 3.1 ([DLM]). The subspace On(V') is a two-sided ideal of V' under the product
xn and the product xy induces a structure of associative algebra on the quotient Ay(V) =
V/On (V') with the identity 1 + On (V') and with w + Oy (V') in the center of An(V). |

Remark 3.2. When N = 0, Ay(V) is the associative algebra first introduced and studied
by Zhu in [Z].
Let W be a weak V-module and for N € N, let
QW) ={w e W | (Yw)i(u)w = 0 for homogeneous u € V,wt u —k —1 < —N}.

Theorem 3.3 ([DLM]). The map V — End Qn (W) given by v — o(v) = (Y )ww—1(v) for
homogeneous v € V' induces a structure of Ax(V')-module on Qn(W). |

From the commutator formula for vertex operators, we know that the space V of operators
on V of the form (Yy),(u) for u € V and n € Z, equipped with the Lie bracket for operators,
is a Lie algebra. Giving the operators (Yy ), (u) for homogeneous u the weights wt u—n—1, we
see that V becomes a Z-graded Lie algebra. We use VW to denote the homogeneous subspace
of weight n. Also, An (V') equipped with the Lie bracket induced from the associative algebra
structure is a Lie algebra.

Proposition 3.4 ([DLM]). The map given by (Yv)w v-1(v) = v+ On(V) is a surjective
homomorphism of Lie algebras from Vo) to the Lie algebra Ay (V). |

Let W be a lower-bounded generalized V-module such that W =[]
hw € C and Wy,,,) # 0. For N € N, let

nhyy +N Wi, for some

N
QW) =TT Wingnl
n=0

It is clear that Q% (W) C Qn(W). Since for u € V', o(u) preserves the weights, Q% (W) is an
An(V)-submodule of Qx(W).



Remark 3.5. A generalized V-module W decomposes into generalized submodules corre-
sponding to the congruence classes of its weights modulo Z. For u € C/Z, let

W =T Wi
nepy
Then
W = ]_[ WH
neC/z

and each W* is a generalized V-submodule of W. In particular, if a generalized module W
is indecomposable, then there exists h € C such that W =[] Wy, In the case that W
is lower bounded, there exists h, € C for y € C/Z such that

we= T Wa

neh,+N

neh+7Z

for u € C/Z.

For a lower-bounded generalized V-module W, by Remark 3.5, there exists h, € C for
w € C/7Z such that
w= ] w»

neC/Z

where

WH = ]_[ Wi

neh,+N

for € C/Z are lower-bounded generalized V-submodules of W. Let

QW)= > QW+ cw.
neC/z

Since Q% (W*) is an Ay (V)-submodule of Qn(W*) for each u € C/Z, Q% (W) is an Ay (V)-
submodule of Qy (W).

Proposition 3.6. Let W be a lower-bounded generalized V -module generated by Q(W) for
some N € N. Then W is spanned by elements of the form

(Y )iy ()« (Vi )i (w0,

where u', ..., u* are homogeneous elements of V., mq, ..., my, are integers such that wt u’ —

m; —1 >0 and w € Q¥ (W).

Proof. We know that W is spanned by elements of the form

(Y )iy ()« (Vi ) (w0,



where u!, ..., u* are homogeneous elements of V', my, ..., m;, are integers and w € Q% (W).

We have to show that these elements can be written as linear combinations of elements of
the same form such that wt «* —m; — 1 > 0. If there exists ¢ such that wt ©' —m; — 1 <0,
then we can find an ¢ such that wt v’ —m; —1 <0 and wt v/ —m; —1 > 0 for j > i. The
component form of the commutator formula for vertex operators gives

(V0o () (Vi Y (1) = (Vi D, () (Vi ) ()
> ( jl) (Vi on =i (V) s+,
Thus we have

Yo )m, () - (Y ) (P
= (i) i) () |
'(YW)mz'+1 (ul+1)(YW)mi(uz)<YW>mi+2 (UH—Q) U (YW>mk (uk)w

+Z( ) Vi )y (@) -+ (Y, (w7) -

JEN
(Y =3 (V)5 (@)™ ) (Vi Yy (0 2) -+ (Vi )i, (1w,

Using this formula, the fact that (Yiy ), (u)w € Q% (W) for homogeneous v € V', m € Z and
w € Q% (W) such that wt w —m — 1 < 0, and inductions on & and on the largest number ¢
such that wt v’ —m; — 1 < 0, we see that

(Vi )iy (1)« (Vi ) (w0,

can indeed be written as a linear combination of elements of the same form such that wt v’ —

Using the definition of the opposite vertex operators Y°(u,z) for u € V, we see that
Proposition 3.6 gives:

Corollary 3.7. Let W be a lower-bounded generalized V-module generated by Q% (W) for
some N € N. Then W 1is spanned by elements of the form

Vit ) (1) - (V4 o (w0,

where u', ..., u* are homogeneous elements of V., mq,...,my are integers such that wt u’ —
m; —1 <0 and w € QY (W). |

In the results above, W must be generated by Q% (W) for some N € N. We now show
that generalized V-modules of finite length is lower bounded and have this property.

Let W be a generalized V-module of length [ and W = W; D --- D W;;; = 0 a finite
composition series of W. Since W;/W;y; for i = 1,... 1 are irreducible V-modules and
irreducible V-modules as modules are lower bounded, there exist homogeneous elements
w; € W; of weights h; € C for ¢« = 1,...,[ such that w; + W,y for ¢« = 1,...,[ are lowest
weight vectors of W; /Wi, .



Proposition 3.8. Let W be a generalized V -module of length l, W =W, D --- D W1 =0
a finite composition series of W and w; € W; homogeneous elements of weights h; € C
fori=1,...,1 such that w; + Wiy for i = 1,...,1 are lowest weight vectors of W;/W;1.
Let N be a positive integer such that |R(h;) — R(h;)| < N fori # j, 4,5 € {1,...,1} and
of the weights of elements of W and the subset {wy, ..., w;} of W is in Q% (W) and generates
W. In particular, Q% (W) generates W .

Proof. Since w; + W, is a lowest weight vector of the irreducible V-modules W, /W,
fort=1,...,1, W as a graded vector space is isomorphic to ]_[2:1 W;/Wiy1. Since the lowest
weight of W; /W, is h; for i = 1,...,[, the real part of the weight of any homogeneous
vector of W is larger than or equal to r = mineqr,. ;3 ®(hs). So W is lower bounded, 7 is
the smallest real part of the weights of the elements of the graded space Hizl W; /W, and
thus r is also the smallest real part of the weights of the elements of W.

Since [R(h;) — R(h;)| < N, wi,...,w € [lpgy<,on Win- By definition, we know that
HER(TL)SH-N Wiy C Q% (W). Thus wy,...,w € Q% (W).

Let W be the generalized V-submodule generated by w; for i = 1,... 1. Since W;/W; 4,
fori=1,...,1 are irreducible, w; + Wi, for i = 1,...,[ are generators of W;/W;,;. We now
show that W = . Since W, = W, /Wy, is generated by w;, we see that W, C W. Now
assume that W, C W. Then since Win_1/W,, is generated by w,,_1 + W,,, every element of
Win—1/W,, is a linear combination of elements of the form

,,,,,

(YW Jrs (W) =+ (Vi pwi g () (Wit + W)
= (Y )y (W) - (Vi g (W) Wim1 4 Wi,

Thus elements of W,,,_; are linear combinations of elements of the form
Y )i (@) - (Vv g (WP )1 + w0
where w € W,,. Since
Y Do (W) - (Yiw D (W) w1 € w
and w e W, C W,
Yo (1) - (Vv g (0F )01 +w € W,

So W1 C W. By the principle of induction, W = W, C W. Thus we see that {wy,...,w}
generates W. |

Remark 3.9. Let W be a generalized V-module of finite length. By Propositions 2.5 and
3.8, the contragredient module W’ is generated by Q% (W’) for some N € N.



4 Ay(V)-bimodules from generalized V-modules

In this section, for a generalized V-module W and N € N, we introduce an Ay (V)-bimodule
An(W). These bimodules should be viewed as generalizations of bimodules for Zhu'’s alge-
bra introduced in [FZ]. We emphasize that the formulas defining the right actions on the
bimodules given in this section are different from but equivalent to the one in [FZ] in the
case N = 0. Our formulas are more natural and conceptual.

In this section, we fix a generalized V-module W. We need the semisimple part L(0), €
End W of the operator L(0) on W defined by

L(0)sw = nw
for w € Wy, n € C. Recall from [HLZ1] that we have the commutator formula

[L(0)s, Yw (u, zo)] = [L(0), Yw (u, zo)]

d
= Yw(L(O)U, «TO) + l’Qd—Yw(u, ZE())
Lo

for w € V. In particular, we have
[L(0)s; L(=1)] = L(—1).
Thus we have the L(0)-conjugation property
YL O Vi (u, 2)y 1O = Vip (y* O, zy) (4.6)

for u € V and

L(0)s ,zL(—1)

y-Vee yHOs = pryk(=1), (4.7)

We also need the map
Yy :WeV — Wz a
wu — Yy (w,r)u

defined in [FHL] by
Y (w, z)u = VY (u, —z)w

for w € V and w € W. Proposition 5.1.2 and Remark 5.4.2 in [FHL] give in particular the
following:

Proposition 4.1 ([FHL]). The map Y}}}y, is an intertwining operator of type (,1,). In
particular, the Jacobi identity

L) (351;0352) Y (u, 21) Yy (w, 20)v — 250 ($2__:B0$1) Yy (w, 29) Yy (u, z1)v
-1 1 — Zo w
=250 ( " ) Yirv (Y (u, zo)w, x2)v (4.8)
2

9



holds for uw,v € V and w € W. Moreover, the Jacobi identity

L) (xlx_ 3:2) Yo (w, 1) Yy (v, 22)u — 258 ($2 ;%) Yiv (v, 29) Yy (w, 21 )u
0 —Zo
-z
=2, ( " 0) Yy (Yo (w, 0)v, 22)u (4.9)
2

also holds for u,v € V and w € W.
We also have:

Proposition 4.2. Forw € W,
y Oy (w,2)y M0 = Vil (O w, ).
Proof. This follows from the definition of Y%, and (4.7). |

For N e N, u € V and w € W, we define

Uuxyw =

N
(m N )Resxx_N_m_lYW((l + 2)HOHNy gy,

WxyuU =

Mz ||MZ

N
(m N )Resmele%,VV((l + 2)LOANy 2)a,

m=0

Let On (W) be the subspace of W spanned by elements of the form L(—1)w + L(0);w and
won w = Res,z 2 "2 (1 + 2)P O Ny, 2)w
foru e Vand we W. Let Ay(W) =W/On(W).

Remark 4.3. Note that in the case of N = 0, our right action is different from the right
action in [FZ]. Certainly, these right actions induce the same right action on Ay(WW) (see
Remark 4.5 below). The advantage of defining the right action using the formula above is
that many formulas involving the right action can be proved in the same way as the proofs
of the corresponding formulas for the algebra or for the left action, with some of the vertex
operator maps replaced by the map Y}1%,. On the other hand, we note that the definition of
the right action above makes sense only for generalized V-modules, not for weak V-modules
that are not generalized V-modules.

The following lemma generalizes Lemma 2.1 in [DLM]:

Lemma 4.4. LetueV and w e W.
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1. We have

2. Forp>q >0, we have

Res,z 2N 2P Vi (1 + )P OtV 0y ) € On(W),
Res,z V"2 P YW (1 + 2) 2O N4y 2y € On(W).

In particular,

w oy u = Res,z N 2YW (1 4 2) YO Ny, 2)u € On(W).

3. We have

wky w—w sy u— Res, Vi (1 4+ 2)X 0y 2)w € On(W),
w oy u—u sy w— Res, Y (14 2)X0 w2y € On(W).

Proof. Using the definition of Y}, and the fact that L(—1)w + L(0),w € On(W), we
obtain

Yir(u,2)w = Yyh, ((1 + ) L0y, 1:—xx) (1+ )Ly mod On (W),
Y (w,2)u = Yy <(1 4 2) 7Oy, 1;x ) (14 2) O mod On(W).
T
Then
al m+ N
uAN W= Z(—l)m< N )Resny’“Yw((l +y) O Ny, yhw

m=0

Il
WE

0

3
|

()

Res,y V", ((1 4 y) TEO ANy, ﬁ) u mod On(W)

NE

N
(=" (mj\_] )Resx$_N_m_1Yv‘I//VV((1 + $)L(O)S+m_1w, T)u

3
I
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and

WE

m m+ N —N—m—
wivu = (" Resa R (4 PO N

N
(M)

.Resyy—N—m—IYW ((1 + y)_L(O)S+NU, ﬁ) w mOd ON(W)

Il
=)

m

Il
WE

3
I
=)

N
N
= Z(—l)N (mj\; >Resxme1YW((1 4 )L O Am=1y 2w,

[e=]

m

where in both formulas, the last steps are obtained by changing the variable x = % This
proves Part 1.

Similarly,
woxu = Resyy 2V 2V (1+5)"0 N, y)u
= Res,y vy ((1 + y) " LOsHNy, 1_+yy) w mod Oy (W)
= Res,z 22 (1 + )P O Ny 2)w

€ On(W).

Now the proof of Part 2 is similar to the proof of Lemma 2.1.2 of [Z].
Using Part 1, we obtain

U N W —W*y U

hes (i (e V) e x>m> |

N xNerJrl
m=0

Y (14 2)2 ==Ly, 2)w mod On (W)
= Res, Yir (1 + )1y, 2)w,

where the last step uses the formula

=1

S (m N\ ()14 )N (DN (1 4 2™
mEZ:O( N > I.N—i-m—&-l

given by Proposition 5.2 in [DLM]. This proves the first property in Part 3. The second is
similar. |
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Remark 4.5. By Part 1 in Lemma 4.4, we see that we can also define another right action
«y of V.on W by

N
N
w Ky u = Z (m]—f\—] ) (=) Res,z ¥ Y (1 + 2) X0ty p)w

m=0

for u € V and w € W. Then by Part 1 in Lemma 4.4, this right action induces the same
right action on Ay (W) as the one from *y. The advantage of this right action is that W
does not have to be a generalized V-module.

Lemma 4.6. The subspace O (W) of W is invariant under the left and right actions of V'
above.

Proof. We need to prove

(L(—D)w + L(0)sw) *x u € On(W), (4.10)
uxy (L(—1)w + L(0)sw) € On(W), (4.11)
(uoy w)xyv e On(W), (4.12)
vy (uoy w) € On(W) (4.13)

for u,v € Vand w e W.
The proof of (4.10) is the same as the proof of Lemma 2.2 in [DLM]. We omit it here.
Using Part 3 in Lemma 4.4, for v € V' and homogeneous w € W, we have

(L(=Dw) #x u — u*y (L(—=1)w) — Resy (1 + 2)™ “Y (L(=Dw,z)v € On(W),
(L(0)sw) *x u — u*pn (L(0)sw) — Resy (1 4+ 2)™ Y, (L(0)sw, x)u € On(W).

Since (4.10) holds, to prove (4.11), we need to prove
Res, (1 + 2)" Y, (L(=Dw, )v + Res, (1 4+ )™ “ Y, (L(0)sw, x)v € On(W).
Indeed, we have
Res, (1 + 2)™ Y (L(— 1w, x)v + Res, (1 + 2)™* 1Y, (L(0) sw, 2)v

d
- Resm%((l + )" Y (w, 7))

= 0.
Next, we prove (4.12). For homogeneous u € V' and w € W, we have

wonw = Res,y N 2V (1 + ) O+ Ny y)w
Res,y 2V 2(1 + )™ “"™VYiy (u, y)w.
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Then for homogeneous v € V', v € V and homogeneous w € W,

(U ON w) *N U

(1 + x2)wt u+wt w+NYI/IV/VV(YW(U, (1 + xg)y)w, .%'2)1}

—2N—-2 —N—m—1 t N
Res,,Res,, 7, TN 4 g 4 @)W Y

I
WE

T
3

N
N _
= Z(_l)m m]—l\—] Res,, Res,, Res,, 7516 <x1 x2) g N2 NomeL

To

(14 w9 4 20)™ V(1 4 20)™ PN (0, 21 Yigy (w0, 200

N
N _

Zo

'(1 + 9+ -T())Wt u+N(1 + JIQ)Wt w+2N+1YWV/VV<w, xg)YV(u, ZEI)U

N
N —
=y (=" (m N )ReSmResmoReszlxal(S <x1 xz) (1 — ) N2y N1

N 0

3
]
o

(1 + $1)wt u-l—N(l + xQ)Wt w+2N+1YW<u,:L'1)YWV/VV<w7 x2)v

N
N _
Z(—l)m <m]—l\—[ )ResteszoResmxalé <a:2 3:1) (—xo + $1)_2N_2m2_N_m_1 )

m=0
(1 + l.l)wt u-l—N(l + .Ig)Wt w+2N+1YMI/;/V(w7I2)YV(u’ {L‘l)?j

N
, N\ (—2N -2 . .
= Z (—1)m+i (m]—i\—[ ) ( i )ResxzResxlxI_QN_Z_%;N_m_HZ _
m=0 €N
(1A @)W OPENHLY L (1 4 o) HOs Ny 2 )Y (w, 20)0
N
, N\ [(—2N -2 -
_ Z Z(_l)m—‘rz (m]‘{\’[ ) < Z >Resx2ReSmx2_3N_m_3_ZI§ .
m=0 {eN
_(1 + l’l)Wt u+NYI/IV/VV((1 + xg)L(O)S+2N+1w,$2)Yv(U,Zlfl)?},
where in the third step, we have changed the variable y = % and in the fourth step, we
have used the Jacobi identity (4.8). Since all the terms in the first sum of the right-hand
side lie in Oy (W) by definition and all the terms in the second sum of the right-hand side
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lie in On (W) by Part 3 of Lemma 4.4, (4.12) holds.
For homogeneous u,v € V and w € W, using Part 3 in Lemma 4.4 and (4.12), we obtain

vy (uoy w)
= (uoy w) *y v+ Resy, (1 + 21)" Yy (v, 21) (v oy w) mod On (W)
= Res,, (1 +21)"" " 'Y (v, 21)(u oy w) mod On(W)
= Res,, Resg, (1 + 21)™ 711+ 20)™ “TN a2V 2Yi (v, 21) Yiv (1, 20)w

= Resy, Res,, (1 4+ 21)™ 711 4 20)™ N2V 72V (u, 29) Yiv (v, 21 )w

Ty — X
-1 1 0
+Res,, Res,,Res; x5 0 ( - ) .

_(1 + Il)Wt v—l(l + $2)wt u+N{B2_2N_2YW(YV(U, SI?O)U, SBQ)’LU
= Resy,Resy, (1 + 25 + 20)™ "7H1 4 )™ “TN a2V 2Y5 (Yo (v, 20)u, 22)w mod On (W)
tv—1 )
= Z (W UZ )Resxz(l + x2)Wt u+wt U+N_1_Z$2_2N_2YW(Y;‘(U)U,[L’Q)w
i€N
tv—1
= Z (W v )Resx2x22N2Yw((1 + 2)FOANY (), 20w

- 1
ieN

e ON(W),
proving (4.13). n
The main result in this section is the following:

Theorem 4.7. The left and right actions of V- on W induce an Ay (V')-bimodule structure
on An(W).

Proof. Lemma 4.6 says that the left and right actions of V on W give left and right
actions of V on An(W). We first need to show that these left and right actions of V' on
An(W) in fact give left and right actions of Ay (V) on Ax(W), that is, we need to prove

(L(—1D)u+ L(0)u) xy w € Ox(W), (4.14)
w oy (L(—=1)u+ L(0)u) € On(W), (4.15)
(uonv) *y w € On(W), ( )
wxy (vonu) € On(W) ( )

for u,v € V and w € W. The proof of these formulas are similar to the proof of Lemma 4.6
and we omit them.

Next we need to prove that these left and right actions indeed give left and right Ay (V)
modules, that is, we need to prove

(u*yn v) %y w mod Oy (W), (4.18)

wky (Vxyu) = (wxyv)*xyumod On(W) 4.19)

U *nN (U*NU})
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u,v € V and w € W. We prove only (4.19) here; the proof of (4.18) is similar.
For v € V and homogeneous w € W,

N
m(m+N Nem—
weyv = Y (=) ( N )Resyy MY (1 + ) MO N, y)o

m=0
N
m m+ N —N—-m— wt w
D e N | AT
m=0

Then for u € V., homogeneous v € V and homogeneous w € W,
(w N V) %y u

>3

m=0 n=0

Yy (1 + $2)L(O)S+Nyvg/v<wa Yy)v, T2)u
mt ) (n + N) Res,,Res,y N " Loy Vw1 4 )Wt ot
(L @)™t U+NYWV(YWV( , (14 z2)y)v, 22)u

N
m )(n—{— )Resteswoon mlyp Nl

N
(L @y 4 o)™ (L o)™ NIV (Y (w, o), s )u
_l’_

)(n+N)

1
‘Res,,Res; Res;, x5 0 (

m
m

I
M-

> =y

("
(7
("

L1 — T2\ _Nom—1_—N-n-1_
Lo Lo
Lo

(14 @9 + 20)™ TN (1 4 @)™ ENTY I (w0, 21) Yy (v, 22)u
— N N

Ty — T
-1 2 1 —N-m—1_—-N-n—1
‘Res,,Res,,Res;, xq 0 ( . >a:0 T

—To

_(1 + 2o+ )wt w+N(1 + xZ)Wt v+N+mYW(U’x2)YWV/VV<w’x1)u
N

EEer ()Y

m=0 n=0

— 22 —N—-m—1_—N—-n—1
‘Res,,Res, Res,, 750 < > (x1 — x2) T .

Zo
(14 2™ erN(l + x9)™* ”+N+mYV¥,VV(w, 1) Yy (v, 22)u
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e (V)

—N-m—1,,—-N—-n—1
‘Res,,Res, Res,, 750 ( " > (—xo + 1) x5 .
— o

_(1 + .Tl)Wt w+N<1 4 $2)Wt v+N+mYW<U’ x2>YMI/;/V(w’xl)u

-Er s ()T

ReS;mRele[ElN m—1— z —N n—1+i

(1 + 20)™Yp (1 4 1) ( VN w2 Yy (14 22) POV, 29)u

s ()T

2N—m—n—2—1
‘Res,,Res,, 77, :

Y (1 + xQ)L(O)S+N+mv, T9) Yoy ((1 4 xl)L(O)S+Nw, T1)u,

where in the third step, we have changed the variable y = 1_4:2)0 and in the fourth step, we
have used the Jacobi identity (4.9). By Part 2 in Lemma 4.4, we know that every term in
the second sum in the right-hand side lies in Oy (W). Also those terms with ¢ > N —m in
the first sum in the right-hand side lie in O (W). The sum of those terms with i < N —m

in the first sum in the right-hand side equals
N—m

S5 S () )

m=0n=0 1

N—-m—1— z —N—n—1+1
‘Resg,Res;, 27 Ty .

(14 )™Vl (14 ) O N, )Yy (1 + 22) 2OV 20 )
=w *N (v *y U)

N N
+ZZ m+n(m+ )(n;rv )Restesxlale mely=N-n-1,
m=0 n=0
(S (7)) )
i=0 jeN J Ty

'Yvyv((l + $1)L(O)S+NU}, x1) Yy ((1+ Iz)L(O)S+NU, To)u

N
N
+Z(—1)"<n+ >Resm2Resxlx1N LpyNon=t.

(S () (ES () )
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Yoy (1 + 1) PO N 2 )Yy (1 + 22) 2O Ny 20)u.
By Proposition 5.3 in [DLM],

Sor( ) (R 7)) 2) o

m=0 =0 jeN

Thus the calculations above give (4.19).
Finally we also have to show that the left action and the right action of Ay (V') on Ax (W)
commute, that is,
(usn w) *y v =uxy (wxyv) mod On(W).

The proof is similar to the proof of (4.19) and is omitted. n

5 Logarithmic intertwining operators

We begin our study of the connection between logarithmic intertwining operators and asso-
ciative algebras Ay (V') in this section. Logarithmic intertwining operators were introduced
first in the representation theory of vertex operator algebras by Milas [M]. Here we recall
the general definition of logarithmic intertwining operator from [HLZ2].

Definition 5.1. Let Wy, W5 and W3 be generalized V-modules. A logarithmic intertwining

operator of type (WIIVSVQ) is a linear map

V: Wi W, — Willogz|{z},
way @wey = Y (way, T)we) = Z Zyn;k(w(l))w@)w_”_l(log z)* € Wsllog z]{z}

neC keN

satisfying the following conditions:
1. The lower truncation condition: For any wy € Wi, wp) € Wi and n € C,

Ynimi(way)wey =0 for m € N sufficiently large, independent of k. (5.20)

2. The Jacobi identity:

r1 — X
55815( lxo 2>YW3(%xl)y(w(lb%)w@)

— X
—y 5( 1>3’(w(1)axz)YWQ(incl)w(m

— X
- x515<x1 O)y<YW1<U7xO)w(l)ax2>w(2) (5.21)

)

forv eV, wqy € Wi and wpy € Wa.
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3. The L(—1)-derivative property: for any wy € Wi,
d
Y(L(—Dwqy, z) = %J}(’w(n,x)- (5.22)

Using Proposition 3.6 and Corollary 3.7, we have the following result on logarithmic
intertwining operators:

Proposition 5.2. Let Wy, W5 and W3 be lower-bounded generalized V-modules and Y a

logarithmic intertwining operator of type (WZVSVQ) Let Ny and N be positive integers such
that Wy and W4 are generated by QY (W) and Q?Vé(Wé) For wny € Wy, W) € Wa, and
Wia) € Wy, the series (Wi, Y(q), x)W(2)) can be expressed as a linear combination of series

of the form {(wiy), Y(wa), z)wez)) for way € Wi, we) € %, (W2) and Wig) € Qoé(Wé) with
Laurent polynomials of x as coeﬁiczents.

Proof. By the commutator formula for vertex operators and logarithmic intertwining
operators, we have

(Y )m (w)V(w(ry, ©) — Y(way, ) (Y, Jm(u) = Reszy (22 + 20)" V(Yw, (u, 2o)w(y, v2)

for u € V and w(;y € Wi. The conclusion follows from this commutator formula, Proposition
3.6, Corollary 3.7 and induction on the weights of 1wy and @3)‘ |

Let

O(wpy, x Z Vno(way)z™ "1

neC
Then for v € V, w1y € Wi and wg) € Wa, the Jacobi identity for Y°(w(1), z) holds, that is,

_ Iy — X
xol(s( . 2>YW3(U7xl)yo(w(l)7$2)w(2)

Zo

- 5( —

=, 15($—2>y°(YW1 (v, o)W1y, T2)W(2)- (5.23)

)))0( ), T2) Y, (U, 21 )w(a)

Proposition 5.3 ([M]). Let Wy, Wy, W3 be lower-bounded generalized V -modules and let Y
be a logarithmic intertwining operator of type (W W) Let wuy € Wi, wig) € Wa, hy, hy € C,
and ki, ky € Z such that (L(0) — h1)* w1y = 0 and (L(0) — h2)k2w(2) = 0.

1. For wis € W, hy € C and ks € Z, such that (L'(0) — hg)k?’wzg) =0,

(wizy, V(way, v)wz))
€ Cghs=m=hz f Cghs=m=h2 o4 4 ... @ Cal3~M=h2(log g)krthatha=s,
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2. Suppose that there exist hs € C and ks € Z, such that for any homogeneous element
wig € Wi, (L'(0) — h3)k3wE3) =0. Then
V(wqy, 2wz € "2 Wy[[z, 7] + 2" MWy [z, 27 log &

R xhsfhlfhzwg[[x7 l’il]](lOg x)k1+k2+k373,

Let W be a generalized V-module. Recall the operator 2% in [HLZ2] defined by

L(0) —n) .

Oy = gHn Z w(i log )" € "W, [log 7] (5.24)
ieN b

for w € Wiy, Also recall the L(0)-conjugation property for logarithmic intertwining operators

in [HLZ2]: For any logarithmic intertwining operator ) of type (W%w) and any w(;y € Wi,

y OV (way, 2)y MO = V(" Owqy, zy). (5.25)

Let Wy, W5 and W3 be lower-bounded generalized V-modules and ) an logarithmic in-

tertwining operator of type (;,/'s. ). Then for N € N, Ay (W1) @4, vy Q% (W2) and Qf (Ws)

are both left Ay (V)-modules. Note that Q% (W3) as a subspace of Wj is also graded and

for any n € C, the image of Q% (W3) under the projection m, : Wi — (W), is denoted
QX (W3)) -

First, we consider the case that there exists h3 € C such that W3 = [ [, ¢, .n(W3)n and

(W3)hy) # 0. As above, let L(0), be the semisimple part of the operator L(0) on any module
for the Virasoro algebra. Let

p(y) : W1 & Q?v(WQ) — W3
be defined by

N
p(V)(way ® we)) = Z Res,z "3 10 (22 Osapyy )b O p )
n=0

N
- § ywt w(y)+wt w<2)*h3*n*170(w(1))w(2)7

n=0

for homogeneous w1y € Wi, w) € Q% (W2). In the general case that W3 = HME(C/Z Wi let
7 . W3 — W4 be the projection from W3 to Wi for u € C/Z. Then n# 0} is a logarithmic
intertwining operator of type (Wvlvébw) for each u € C/7Z. We define
p(¥) : Wi @ QR (Wa) — Wy
by
p(V) () @we) = > p(a" oY) (way @ we))

neC/Z
for w1y € Wi and w) € Q% (Ws). We have:
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Lemma 5.4. The image of W1 @ Q% (Wa) under p(Y) is in Q% (W3). In particular, p(Y) is
a linear map from Wy @ QR (W2) to Q% (Ws).

Proof. This follows from the definition by calculating the weights. [

The following lemma shows that p()) is in fact a linear map from Ay (W;) ® Q% (W2) to
Q(])V(Wg)

Lemma 5.5. For wy € On(Wh) and we) € Q3 (Wa), p(¥)(wa)y @ we)) = 0.

Proof. We prove the lemma in the case that W5 =[], . hs n(W3)p for some hz € C and
(W?))[ha] 7& 07

w(l) = UON W
= Res,z 272V, (1 + 2) 2O Ny 2)w
= Res,z 2V 2(1 + )™ “"NVYy, (u, 2)w (5.26)
for some homogeneous u € V and w € Wi, and wz) € (Q%(W2))n,)- The general case follows
easily.

In this case, by the definition of p(})’), (5.26), the L(0)s-conjugation property above and
the Jacobi identity for J°, we have

P(V)((way + On(W1)) ® w(z))

N
= Z Res,, Resg,zg 2N “2ab2 711 4 20)V
n=0
'yo(xg(o)sywl ((1+ xo)L(O)Ua m0)w(1), xz)w(g)
N
= Z Res,, Resy,zg 2N “2ah> 7711 4 20)V -
n=0

VO (Yw, (2 + xoﬂ?z)L(O)SU, l‘oxz)%g(o)sw(l)y T2)w(2)

N

T2 + Xox

o -1 2 042 —2N—-2 _ ho—hz—n—N-—1 wt u+N

= E Res,,Res; Res;, z7 "9 ($—> g Ty (29 + zox2) .
1

n=0

V0 (Y, (u, wows) 2y (O)Swm, Ta)W(a)

N

T + Tox

. -1 2 02 —2N—-2 _ ho—hs—n—N—-1_wt u+N

= E Res,,Res,,Res;, x1 "0 (—Zfl )xo T ) :
n=0

'yO(Ym (u, -?30332)955(0)510(1), iﬂz)w(z)

N
T —x

_ -1 1 2 —2N—2_hs—hz—n—N—1

= E Res,, Res; Res,, (zox2) 5( )xo To :

T2

n=0

.:L»\I’Vt u+NYW3 (U, $1)y0($QL(O)SW(1), CE’Q)UJ(Q)
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— L1 _9N— —hg—n—N—1
- E Res,,Resz,Res,, (zor2)” 15( )xo IN=2ho=hs=n :
—ZoX2

wt u+Ny0 (332 (0)s

"Xy W(1), z9) Y, (u, wl)w@)
N
o —2N—-2 _ho—hsg—n+N
= E Res,,Res;, (71 — x2) Ty .
n=0

2 N Y (a, 20) V0 (g O iy, 2w

N
—2N—-2, ho—hg—n+N
— E Res,,Res,, (—xy + xp) 2N 2gh2 et

n=0
.I'Wt u-‘rNyO( (O)Sw(l), J]Q)YWQ (U, $1)w(2)
N N
S (e
n=0 m=0

'Reszg (YW3)Wt u—N—2— l( )y()( L(O)s ( )7'/L‘2)w(2)

iz m 2N—2— l( 2]\; 2> i212—h3—n—N—2—l .

n=0 [eN
Resmyo( O)Sw(l) ;T2) (Y )wt s N1 (0)w(a). (5.27)

Since the weight of (Yis)wt u—n—2-1(u) is N + 1 4 [, the real parts of the weights of the
homogeneous components of the coefficients of

(Y )wt w-n—2-1(u)Y° (mﬁ(o)sw(1)7 T2)W(a)

are larger than or equal to N + 141+ r3. Thus the first term in the right-hand side of (5.27)
is equal to 0. Since w(z) € QX (Wa), (Y, )wt utrn+i(w)wz) = 0. From (5.27), we see that the
second term in the right-hand side of (5.27) is also equal to 0. Thus the left-hand side of
(5.27) is 0, proving the lemma. |

As we mentioned before, by this lemma, p()) is in fact a linear map from Ay (W) ®
Q% (Wy) to Q% (W3). We now have:

Proposition 5.6. The map p()) is in fact an Anx(V')-module homomorphism from Ax(W1)®
Q% (Wy) to Q% (W), that is,

p(¥) € Homa vy (An(Wh) @ QR (Wh), O} (W)
Proof. We need to prove
p(V)((uxn way + On(W1)) @ wz) = o(w)p(Y)((ww) + On(W1)) @ wz).

for u € V, wqy € Wi, and w) € Q?V(Wg). We prove this in the case that W3 =
[cn,on(W3)pm for some hz € C and (W3)n,) # 0. The general case follows easily.
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Let w(g)

€ Q% (W5) be homogeneous of weight hs.

proof of Lemma 5.5 give

p(V)((u+n wa

N

I
WE

Il
o

n m=0

[
1[M]=
Mz

3
3
]
o

M =

>

m=0

3
Il
=)

WE

>

m=0

i
o

WE

>

m=0

i
o

n=

>3

0 m=0

) +On(Wh)) ®
(MY

yo(%
m m+N>

al
(
(
(

wz))

N—-—m—1 h hz—n—1 N
)Resszesmoxo 2 (1+ )

Y, (1 + 20) " Ou, zo)wry, m2)wia

N—m—1_ ho—

hg—n—1
Res,,Res,,zy gh2 (] )Y

L(0)

VO (Y, (w2 + oma2) " Vu, woma) 2y wiay, w2)wie)

—N-—m—1
) xo .

“ha=n=N=1 (00 4 o) TN YO (Vi (u, xoxz)xg(o)sw(l)ym)w(?)

—N-—m—1
) xo .

V0 (Yiw, (u, o) w5 wiy, 22)wee)
oY N Yy (u, 1) V0 (2 3w w1y, T2)W(2)

N
(m N >ResmResxoResx1 (zox2) ™16 ( ) :

‘:L,}le hz—n—N-1 w(1),$2)YWQ (Uaf’fl)w@)

) + Lo
T

m

> Res,,Res,,Res;, 1 ) (

To + Lol
T

N
)™ mT )RestResxoResxlazl s (

—h3—n—N—-1_wt u+N

Ty
m+ N T —T

)™ )Res,gcQResgcoResgCl (wox2) 10 (#
LoT2

N—1_—
—hz—n— wOle

To — T1
—ToT2

—N—-m—1

L(0)s
;5 wt u+Nyo(x2( )

T

—N-m—1,_wt u+N |

N
" (mj\—f )Restesm1 ha=ha=ntm=l(p 1)

(1) .
n=0 m=0
Yo (u, $1)y0($§(0)5w(1)7 Ta)w(a)
Al m+ N
- Z Z(_l)m( N )ResteSI1 ha= h3*”+m*1(_x2 o) N Tm gyt ut N

n=0 m=0

0wy wir), 22) Y (0, 21wy

3 (o

l
(Yt wm—1- ()Y (x5 P wy, 22)wa)

2

ha—hz—n+m-+Ii—1
) Res,, 7, .
IEN
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N N
meNemeii{m+N\ (=N —-—m—1 e NI
R (o G L

n=0 m=0 [eN

-yo(:cé(o)Sw(l), T2) (Y )wt ug- N1 (W) w(a)

_ i i ]t;:(_l)m+l (m]—;N> (—N —lm — 1) Res,, 2 ~hs—mtm -1
(Y )t weme1-1(@) Y0 (25 P w0y, w0 )iz
S S (M) (N R
N 1 m
(Yt umict ()Y (25 O wiay, 2wy
_ iv: g: Z 0(_1)i (m]—i\—[N) (—Ni:rgl— 1) Res,, 22 ~hs i1 .

'(YW3)wt ufifl(u)yo(xg(o)sw(l), xz)w(2)

=

- Z Resxzx}f h3_n_1(YW3)Wt w1 (W)Y’ (xg(O)Sw(l)v T2)w(2)
n=0

e e

n=0 =1 m=0

‘Rese, Yy Jwt u—i-1(u )yo( Wy, T2)W(2).- (5.28)

Since fori = 1,..., N,

0
£ (30
£ (7))

2]\(}; Z) (1—1)
, (5.29)

I
o

the right-hand side of (5.28) is equal to

D Rese, (Yivg )t w1 ()Y (25w, wo)wigy a2~
n=0

= o(u)p(Y)((wa) + On(W1)) @ wiz).
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This completes the proof. |

Proposition 5.7. The map p(Y) is in fact an An(V')-module homomorphism from Anx(W1)® 4 v
Q% (Wy) to Q% (W3), that is,

p(Y) € Homa, (v) (An(W1) @ a5 (v) Q% (Wa), Q% (Ws)).

Proof. We need to prove
p(V)((way *n u+ On(Wh)) @ wiz)) = p(V)(wy + On(W1)) ® o(u)wiz))

for u € V, way € Wi, and wey) € Q% (Wa). We shall prove this equality only in the case that
W3 = Hneh3 n(W3)p for some hz € C and (W3)(n,) # 0. The general case follows easily.
Let wz) € Q% (W2) be homogeneous of weight hy. By Part 1 in Lemma 4.4,
UJ(l) N U + ON(Wl)
al <m + N

N ) (—1)MRes,z VY (1 + 2) Oy )wqy + On (W7).

p(V)((way *5 v+ On(W1)) @ wia))
N N
N
- E , E (—DY (m;\Lf )ResmzResxong_m_leQh3"1(1 + o)™t

V(a5 " Vi, (1 + 20) X Ou, o)wry, 22)w)
m + N)

Res,, Resg,zg Y " Lah2=hs == (1 4 gg)m 1.

L(0)s

'yO(YW1 (w2 + xo@)L(O)Ua T0T2) T, w(), $2)w(2)

m+ N _ T2+ T0T2\ N1 ho—ha—m—
N )RestesxoResmxllé (— gy Nomtghemhamnom
L1

g + o2)™ YO (Vi (u, o)y VP winy, 2w

m+ N Ty + Tox
-1 2 0-~2 —N—m—1,_ho—hz—n—m
)RestResxoResxlxl o (— x Ty .

1
WE
WE
é
VR VR /i\ N\

n=0 m=0 N 1
wt u+m—1~30 Y; L(0)s
Ty N ( Wl(ua$0$2)$2 w(l),l’z)w@)
N N
m+ N Ty —
= Z Z(—l)N )ReSWReSgEOReSgg1 (zox2) ™16 (#) :
n=0 m=0 N Loz
wt wy+he—hs—n—-m _N_m—1 wt utm—
Ty L ) N lxlt * 1YW3 (u, xl)yo(w(l)u T2)W(2)
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N N
N —_—
_ZZ(—l)N (mj\_f )RestResxoResxl(xo%)—lé (u) ‘

ToT
n=0 m=0 042
h —hz—n—-m _,—N—m—1_wt u+m—1~50 L(O)s
2T T, ] Vo (" wy, 2) Y, (u, 21)w(g)
N N
m+ N wt w(yy+ha—hz—n+N N
= E g ( )Restesm% @ (z1 — @)~ N7t
n=0 m=0

$1t wm= 1YW3(U %)yo(w(l),@)w@)

N N
N
- Z Z(_l)N (m; )RGSxQRele ha— h3—n+N(_$2 + xl)*mefl .

xlt u+m— 1y0( (O)Sw(l), $2>YW2<U7 Il)w@)

SR ()

wt u—N—2-1
‘Res,, 7" ™ Y, (U, 1) Vst w(yy+ha—hs—n+ N+2,0(W(1) ) W(2)

S () ()

n=0 m=0 [eN

Resyya? """ Y 0y M wiy, @2) (Yt wem-10(w)wge)
iifvm m+l(m+N) (—N—m—l) .
n=0 m=0 [=0 N l

Res,, 752~ hs*n*mflflyo(xg(o)swu), T2) (Y )wt utm—141(0)wiz)

N X m+N\/—N-m-—1
Sy (") (V)
—hg—n—i—1y0<x§(0)s

-Resg[;zge2 w1y, T2) (Y )we wri-1(w)wio)

2erer( ()

Res,, 2~ (@ Dy, 22) (Y, ) wrios (w)wea)

N
= Z Res,, 52~ h"’*"*lyo(xg(o)sw(l), T2) (Y )wt u—1(w)wo)

+§§NJ ;(_1)i(m]+vN> <—Ni—_r:1— 1) ,

Res,, @ "1 Y0 (2 Oy 20) (Ve Jwt i (w)wiz)
= p(V)((wa) + On(W1)) @ o(w)w(z), (5.30)
where in the last step, we used (5.29). This completes the proof. [ |

26



Let Y be a logarithmic intertwining operator of type (WWW ) For homogeneous w;y € Wi

and w) € Wa and wiy € Wy, let ki, ko, k3 € Zy such that (L(0) — wt w(l))klw(l) =0,
(L(0) — wt wz))*2w(e) = 0 and (L'(0) — wt w23))k3w23) = 0. Then by Proposition 5.3,

<w23)7y(w(1)7 ) (2)>
c C[IZ’Wt w —wt w()—wt wg) + Cl’Wt w( 3) —wt w()—wt wg) lOg.’E
4ot C{L‘Wt w —wt w(y)—wt w<2)(10g x)k1+k2+k3—3'
For z € C, let log z be the value of the logarithm of z such that 0 < argz < 2w. We sub-
stitute et Wiy W LW wE)0BE g WUl W W)W W (log 2)¥ for (logx)* for k =
0,..., kitko+ks—31in (wiz), V(wa), © ) w(2)) to obtain a complex number (wi,, y( W1y, Z)W(2))-
Then we define (w(y), Y(w(), z)w() for nonhomogeneous wu) € W1 and wp) € Wa and
w(s) € W; using linearity.
The L(0)-conjugation property (5.25) for logarithmic intertwining operators recalled
above gives
(Wizy, Y(way, ©)wzy) = (wL,(O)wfg), V(@ HOw ), 1)aE0w) (5.31)
for wy € Wi, wey € W, and w(3) e Wj.
Proposition 5.8. Assume that Wy and W} are generated by Q(Ws) and Q%(W3), respec-
tively. Then the map
piVitw,  — Homuyw)(An(W) @ ay ) Qu(Wa), Q% (W3))
y = pQ)
18 1njective.
Proof. Assume that p(¥) = 0. We have W3 = [[,cc/z(W3)". For wi) € (A (Wa))ny
and wfy € (O} (W)t

(wig), Y(wa), 2)w)

= (w(z), (1" 0 V) (wq), )w(z)
= (z L(O)w(?,) (7" 0 V) (™ Owpy, e Vw))
= (

L (O)w(g) (7r“ o )})Lo(x_L(O)w(l))$_L(0)w(2)>
1€C

w23)7 (7'('# o y)wt w(1)+h2—h§—n—1,0(x_L(O)w(l))x_L(O)w(Q)>

T

— <IL’(0)

’ —hl—m— - N
— (@ Ouly 373 Resy el T (1 0 90 (2E 02 E 0wy, g)aH Oy

neC/zZ m=0

= (" Oufy, S p( 0 V) (@ Owpy + Oy (W) @ 27O wgy)
neC/z

= (@ Owly, pV) (@ " Owiy + On (W) @ 27 Owz))

=0.
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Since ho, p and n are arbitrary, this equality holds for w) € Q% (W>) and Wiz € Q% (W),
Then by Proposition 5.2, we have

for all wy € Wi, W) € Wy and 11123) € Wj. Thus Y = 0. So p is injective. |

6 The main theorem

In this section, under conditions stronger than those results in the preceding section, we state
and prove our main theorem. The conditions needed in our main theorem is that some lower-
bounded generalized V-modules involved should satisfy a certain universal property. Before
we state and prove our main theorem, we first give a construction of such lower-bounded
generalized V-modules.

Let W be a lower-bounded generalized V-module such that W = [, . Win) for some
hw € C and Wy,,) # 0. Then Gy(W) = Wy, +n] is an Ay (V)-submodule of QY (W).
We now would like to construct a generalized V-module from Gy (W) satisfying a certain
universal property. We consider the affinization V[t,t7!] = V ®CJt,t~!] of V. For simplicity,
we shall use u(m) to denote u ® t™ for u € V and m € Z. We consider the tensor algebra
T(V[t,t™']). For simplicity we shall omit the tensor product symbol when we write elements
of T(V[t,t71]).

For any u € V,m € Z, u(m) acts from the left on T(V[t,t7']) ® Gy(W). We shall
also omit the tensor product symbol when we write elements of T'(V[t,t™']) ® Gn(W). The
gradings on T(V[t,t7!]) and Gn(W) give a grading on T(V[t,t7!]) @ Gn(W). Explicitly, for
homogeneous u; € V,m; € Z,i = 1,...,s and homogeneous w € G (W), the weight of

uy(my) - ug(mg)w

is
wtu —my—1+---+wtu, —mg — 14+ wt w.

Let
Y peayw)(w, ) : T(V[ELE]) @ Gy(W) = (T(V[t 1) @ Gy(W) [z, 271]]

be defined by
—-m—1

Yrwi- ey (u2) = Y u(m)z
meZ
forueV.
Let Iy be the T(V[t,t7])-submodule of T(V[t,t]) ® Gn(W) generated by the ele-
ments
u(wt u — 1w — o(u)w
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for homogeneous u € V and w € G (W), the elements
ur(my) - ug(mg)w

for homogeneous u; € V, m; > wt u; — 1 satisfying >°7  m; > >0 (wt u; — 1) + N,
w € Gn(W) and the coefficients in x; and x5 of

Yrwiseecyw) (W ) Yrw ey w) (v, T2)w
—YrwiteDeay w) (U 22) Yrw e eayw) (U, T1)w

r1 —
-1 1 0
—RGSIOZL’Z ) <

2 ) Yrw e ey w) (Y (u, 2o)v, 22)w

for u,v € V and w € T(V[t, t71]) @ Gn(W).
Let
SV W) = (T(V[t, 7)) © Gn (W) /Ly,

We shall use elements of T(V[t,t7']) ® Gn(W) to represent elements of S(V;W). But note
that these elements now satisfy the following relations:

u(wt u — 1w = o(u)w
for homogeneous v € V and w € Gy (W),
ui(my) -+ - us(ms)w = 0

for homogeneous w; € V, m; > wt u; — 1 satisfying > 7, m; > > . (wt u; — 1) + N,
w e Gy(W) and

Yo eens w) (W, 20) Yoy 1)ecy w) (v, 12)w
— Y1 ey w) (U, T2) Yo heayw) (U, 11)w

= Res,, 750 (

1 — Zo

. ) Yo ecww) (Y (s 2o)v, 22)w
2

for u,v € V and w € T(V[t,t7]) @ Gy(W). i
The map Yo -1))ecyw) induces a map for S(V; W) and we shall denote it by YS(V;W)'

By the definition of S (V; W), the commutator formula for Y5(v.wy holds. Using this commu-

tator formula and other properties given by the definition of S(V; W), we see that S(V; W)
is spanned by elements of the form

up(my) - - ug(mg)w (6.32)
for homogeneous u; € V, m; € Z, i = 1, ..., s satisfying
wtug—my—12>2--->wtus—ms—1,

wtuy, —my—1+---+wtus—ms—12>—N,
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w € Gn(W). The grading of T(V[t,t™']) ® Gn(W) induces a grading on S(V; W) such that
the weight of the element (6.32) is

wtu, —m;—1+---+wtu,—ms— 1+ wt w.

Thus the real parts of the weights of the elements of S (V; W) are bigger than or equal to
R(hw). In particular, for u € V and w € S(V; W), u(m)w = 0 when m is sufficiently large.
Recall the Z-graded Lie algebra V of operators on V of the form (Yi),(u) for u € V
and n € Z, equipped with the Lie bracket for operators in Section 3. Since the commutator
formula for Y.y, holds, S(V;W) is a graded U(V)-module. Let Py(V) = Hk>NV( k)

f/(g). Then Py(V) is a subalgebra of V. We know that Gy (W) is an Ay(V)-module and
is therefore a graded module for f/(o). Let ‘7(_k) for k > N act on Gy (W) trivially. Then

Gy (W) is a Py(V)-module. Let U(-) be the universal enveloping algebra functor from the
category of Lie algebras to the category of associative algebras. Then S (V;W) as a graded
U(V)-module is a quotient of the graded U(V)-module

U(v) Rupy iy G (W)

Let Jy.qv be the graded U(V)-submodule of S(V; W) generated by the coefficients in

d
Yy (L(=Du, z)w — %YS(V w (w, @)w
and the coefficients in zq, x5 of
Yswvw) (Y (u, xo)v, z9)w — Ysww) (u, o + $2)Y§(V;W) (v, z2)w

+Res,, 7516 <

To — 1

—x ) YS'(V,W) (U7 xQ)YS'(V;W) (U, Il)w,

for u,v € V and w € S(V;W). Let
SN(GN(W)) = S(V; W)/ Ty

Then Sy (Gn(W)) is also a graded U(V)-module. We shall sometimes still use elements of
T(V[t,t7]) @ Qn (W) to represent elements of Sy (V; W). But note that these elements now
satisfy more relations than the elements of S(V; W) written in the same form. The vertex
operator map YS(V;W) induces a vertex operator map

Ysyaxry : V @ Sn(Gn(W)) = (Sn (G (W) [z, z7]].
In general, for a lower-bounded generalized V-module W, we know that there exists

h, € C for p € C/Z such that W = @ cc/zW* where W# for u € C/Z are grading-
restricted generalized V-modules such that W# = [T, ¢, ,n(W")p). For p € C/Z, we have
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defined Gn(W*), Sy(Gn(W*)) and Ys, (cy ey above. Let

Gv(Ww) = ] G,
neC/Z
Sn(Gy(W)) = ] Sn(Gn(W™)
neC/z

and let
Yon@vwy : V @ Sny(Gn(W)) = (Sn(Gn(W))[[z,27"]]

be the map given by
YSN(GN(W))<U7 x)(w’” + -+ me) — YSN(GN(WM))(U, x)w’“ + -+ YSN(GN(WMm))(U, x)w#m
forueV, uy, ..., pm € C/Z and w*r € WH . Jwhm € WHm,

Theorem 6.1. Let W be a lower-bounded generalized V -module. The graded space S (G n(W))
equipped with vertex operator map Ys,(ayw)) 15 a lower-bounded generalized V -module such
that Gn(Sn(Gn(W))) is isomorphic to Gn(W). The lower-bounded generalized V -module
SN(Gn(W)) satisfies the following universal property: For any lower-bounded generalized

V-module W and any Ax(V)-module map ¢ : Gn(W) — Gy (W), there is a unique homo-
morphism ¢ : Sn(Gn(W)) — W of generalized V -modules such that @l m) = ¢.

Proof. 'We prove the theorem only in the case that W =[], . ho 8 Win); the general case
follows. By definition, the commutator formula and the associator formula for the vertex
operator map Yg, ayw)) holds. Thus the Jacobi identity holds. The other properties are
clearly satisfied.

Since S(V; W) is spanned by elements of form (6.32), we see that the subspace of S(V; W)
spanned by homogeneous elements of weight Ay, + N is isomorphic to Gy (W). Since the grad-
ing on Sy (Gn(W)) is induced from the grading on S(V; W), we see that Gy (Sy (G (W)))
is isomorphic to Gn(W).

The universal property follows from the construction. [ |

Remark 6.2. In [DLM], given an Ay (V)-module U, an N-gradable weak V-module My (U)
is constructed. In the case that U = G ~(W), it can be shown using the universal properties
for My(U) and for Sy(Gy(W)) that the generalized V-module Sy(Gn(W)) constructed

above is isomorphic to My (U).
We need the following definition:

Definition 6.3. For k € Z., we say that the L(0)-block sizes of a generalized V -module W
are less than k if for any homogeneous w € W, (L(0) — wt w)*w = 0. We say that the
L(0)-block sizes of a generalized V-module is bounded if there exists k € Z, such that the
L(0)-block sizes of W are less than or equal to k.
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Remark 6.4. Let Wy, W5 and W3 be lower-bounded generalized V-modules such that W, =
HoenczWV)mp, Wo = [Hcn,z(Wo)pm and W3 = Hneh3+Z(W3)[n] for some hy, hy,hy € C
and such that the L(0)-block sizes of Wy, Wy and W3 are less than ky, ks and ks, respectively.
Then by Proposition 5.3, we have

V(way, x)we) € xh3_h1_h2W3[[:v, $_1]] D xh3_h1_h2W3[[:U, x_l]] log x &

@ gt [ 2] (log o) FrtRetRs =S,

Let W; and W5 be lower-bounded generalized V-modules. Assume that there exist
hi,hy € C such that Wi = [[,cp 1 z(Wi)p and Wy = [1 4,7 (W2)p and that there
exist ki, ky € Z, such that the L(0)-block sizes of W and Wy are less than k; and ko,
respectively. Let hy € C and k3 € Z,. Similarly to the construction of Sy(Gn(W))
above, we now construct from W; and Gx(W3) a lower-bounded generalized V-module
Sn(V; Wy, Ws) and a logarithmic intertwining operator ), of type (V[i]\’sgvv(gi (VVI‘/,QQ)))) such that
Sn(Vi Wi, Wa) = [Henrz(Sn (Vs Wi, Wa)) ) and the L(0)-block sizes of Sy (V; Wi, Wa) are
less than or equal to kj.

Let h = h3 — hy — hg and ko = ky + ko + k3. From Remark 6.4, if Sy (V; Wy, W3) and Y,

are constructed, we must have
Vi(way, x)wey € 2" Sy (Vi Wi, W) [z, 2] @ a"Sy(V; Wi, Wa)[[z, 27| log x
@ ® 2" Sy (V; Wi, We)|[z, 2~ ']) (log z)*~2.
We consider
t=h Wt t ) logt] = Wy @ t"Ct, t~][log t].
For simplicity, we shall use u(m) and wg(n, k) to denote
u@t™ e VIt,t ]
and
way @ 1" @ (logt)* € "W [t,t~"[logt],

respectively, for u € V,wqy € Wi,m € Z,n € —h + Z and k € N. We consider the tensor
algebra
T(V[t,t7 ] @ t™"Wi[t,t ] [logt]).
The tensor algebra T'(V[t,t7!]) is a subalgebra of this tensor algebra and ¢~"W,[t, t~1][log ]
is a subspace. Let Ty.qy, be the T(V[t,t~!])-sub-bimodule of T(V[t,t~!| & t~"W,[t, t][logt])
generated by t "W [t,t7|[logt]. Then Ty, @ Gn(W2) as a T(V[t,t~!])-module is equivalent
to
TVt ) @t "Wt tlogt] @ T(V[t, t7']) @ Gn(Ws).

For simplicity we shall omit the tensor product symbol for elements. In particular, Ty, ®
G n(Ws) is spanned by elements of the form

Uy (ml) e us<ms)w(1)(n> k)uerl(merl) e us+t(ms+t>w(2)7
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foru; e V,m; e Z, keN,i=1,...,s+t, wq) € W) and wp) € Gy(Wa).

For any u € V., m € Z, u(m) acts from the left on Ty .1, @ Gn(W2). The natural grading
on t~"Wi[t, t71] gives a grading on ¢t~"W,[t, t7!]|[logt] with the weight of logt being 0. The
gradings on T(V[t,t71]), t "W [t, t71]{logt] and G (W2) give a grading on Ty.y, @ G (W2).
Explicitly, for homogeneous u; € V,m; € Z,i = 1,...,s +t, and homogeneous wg) € W
and w) € Gy (W2), the weight of

ur(ma) -+ - s (Mg )wy (n, k) us1 (Msr1) - - Uspe (M) wea)
1s
wtuy —my— 14+ Wt ugy —meyy — 1+ Wb way —n—1+wt we).

For u € V', recall the map
Yrwieeayme (w,2) : T(V[EET]) @ Gy (Wa) = (T(V[E 7)) @ Gy (We)) [z, 27 1]].
For w € V and w() € Wy, let

Yipa ooy (W, 2) 1 Ty, @ Gu(Wa) = (Tvw, © Gn(Wa))|[z, 271,
Vi(way,z) . T(V[ELE]) @ Gy(Wa) — 2" (Tyw, @ Gy(Wa))[[z, 2~ ']][log ]

be defined by

YTV;W1®GN(W2)(U’:E) = Zu(m)x_m_l,

mEZ
Vi(way, ) = Z Zw(l)(n, k)x~" ' (log x)*,
n€—h+7Z keN

respectively.
Let Iy.w,.w, be the T(V[t, t~!])-submodule of Ty .y, ® Gn(Ws) generated by elements of
the following forms:

au(wt u — 1wy — ao(u)w) for a € Ty, u € V, and wy) € Gy (Ws),

auy(mq) - - - us(ms)wey for a € Ty, homogeneous u; € V, m; > wt u; — 1 satisfying
S (Wt g —m; — 1) < =N, wpy € Gy(Wa),

uy(my) - - - us(ms)wey(n, k)wey for homogeneous u; € V, m; € Z, way € Wi, n € C, k € N,
w2 € Gn(Wa), and either n & —h+Zor >0, wt u;—m; —1+wt way—n—14+wt we) <
§R(h,3) or k> ko — 3,

and the coefficients in xq, 9 and log xy of

aY (i) ecn (W) (U T1) Y e 1) ey (we) (U, T2)w

—aY1 (it ey (W) (U, T2) YT (vt 1) ecx (wa) (U, T1)w
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1 — X

—Resg, 150 ( ) aYrwp-1)ecyws) (Yv (U, 20)v, 22)w,

4]
YTV;W1 ®G N (W2) (uv II)YTV;WI ®G N (W2) (U7 1‘2)11}

_YTV;W1 ®GN (W2) (v, xQ)YTV;Wl ®GN (W2) (u, z1)w
—Res,, 7516 (

YTV;W1®GN(W2) (U, xl)yt(w(l)a xQ)'UJ

_yt(w(1)7 xQ)YT(V[t,tfl})@)GN(WQ) (u, :L‘l)w

—Resy, 150 ( ) Ve(Yw, (u, zo)w(y, v2)w,

1 — Zo

. ) Y1 v, @G W2) (Vv (€, 20)v, 22)10,
2

1 — X

T2

for a € Ty,w,, u,v € Viway € Wi, w e T(V[t,t71 @ Gy(Wa) and @ € Ty, ® Gn(Wa).
Let

S(V; Wi, Wa) = (Tvaw, @ Gn(Wa))/Tv.w, w, -

We shall use elements of Ty.y, @ Gy (Ws) to represent elements of S(V; Wy, W,). But
these elements now satisfy relations. Recall the U(V)-module S(V;W,) above. The maps
Y1y @Gy W) (U, ) for u € V- and Yi(wq), z) for wuy € Wy induce maps from S(V; Wy, Wa)
to (S(V; Wi, Wo))[[z, 27 Y]] and from S(V;Ws) to z"(S(V; Wy, Wa))[[z, z]][log ], respec-
tively. We shall use the notation Yg(V;Wl,Wg)(u7 x) to denote the first map and the same
notation ))t(w(l),x) to denote the second map. These maps for all v € V' and w) € W,
give us maps YS‘(V;Wl,Wg) and ),;. Recall the map Yé(V;W2)<U> x) for u € V and Yé(v;wz)- By
the definition of S(V; Wy, W5), the commutator formulas for Y.y a0d for Yao y ),
Vi and Ygy g,y hold. Using these commutator formulas and other properties given by the

definition of S (V; Wy, W3), we see that S (V; Wy, W3) is spanned by elements of the form
uy(my) - - - us(ms)way (n, k)w) (6.33)

for homogeneous u; € V, m; € Z, i = 1,...,s, homogeneous wy € Wi, n € —h + N,
0 <k < ko—3and wy) € Gy(IW2), satisfying

%(hg) < wtway —n— 14wt w(2), (6.34)
R(hs) < Z(Wt u; —m; — 1) + wt way —n — 1+ wt w). (6.35)
i=1

The grading on T4y, @ Gn(Ws) induces a grading on S(V; Wy, W5) such that the weight of
the element (6.33) is

wtuy —my — 1+ +wtu, —ms —1+wtwy —n—1+wtwey.
Thus the real parts of the weights of the elements of S (V; W1, Wy) are bigger than or equal to

R(h3). In particular, for v € V,wqy € Wy and w € S(V; Wy, Wa), u(m)w = 0, way(n, k)w =
0 when m, n and k are sufficiently large.

34



~ ~

Since the commutator formulas for Yg .y, u,) holds, S(V; Wi, W) is a U(V)-module.

Let Jv.w, w, be the U(V)—submodule of S’(V; W1, Ws) generated by the coefficients in z
and log x of

aYS(V§W2)(L(_1)u’ 'T)w o G%YS(V;W2)<U? x)wa

o )
YS(V?leWQ)(L(_l)u’ [L')w o %YS(V§W17W2)(’LL7 iL')U),

d
Ve(L(=Dwq, 2)w = — Ve(way, 2)w,
Vi(way, 2)w — 22OV, (27 Ow ), 1)z L0,

and the coefficients in xg, x5 and log xy of

aYg(V;WQ)(YV(u, T0)V, To)W — aYg(V;WQ)(u, xo + Qfg)Yg(v;WQ)(U, To)w

+Res,, 158 (

To — T1

-1 > aYS(V;Wz)@’ IQ)YS(V;%)(U’ T1)w,

Y we) (Yv (W, ©0)v, 22)0 — Ya g, wy) (W To + 22) Ve, wy) (v, 22)10

To — T

—l—ResgClxalé( i )YS‘(V;Wl,Wg)(U’IQ)YS‘(V;W1,W2)<U7 )W,

Ve(Yv (u, zo)wy, T2)w — Yraw, wy) (U, o + 2)Vi(wa), x2)w

To — X
2 1) yt(w(1)7 x2>Y,§'(V;W2)<u7 J}l)w,

+Res;, 1510 (

for a € Tyw,, u,v € V, way € Wi, w € S(V; Ws) and w € S(V; Wy, Wa).
Let

Sy(V; Wi, Wa) = S(V; Wi, Wa) / Tvawy -

Then Sy (V; Wy, Ws) is also a U(V)-module. We shall use elements of Ty, ® Gy (W2) to
represent elements of .S ~(V; Wy, W3). But these elements now satisfy more relations than
the elements of S(V'; Wy, Wy) written in the same form.

The maps Y.y, w,) (4, @) for u € V and Y, (wq), z) for wuy € Wi induce maps

Yy viwywa) (U, @)« Sy (Vi Wi, Wa) — (Sy(V; Wi, Wa)) [z, 271]]

and
Vi(way, x) : Sn(Gn(Wa)) — 2™ (Sn(V; Wi, Wa)) [z, 2~ ]| [log ],

respectively. These maps give maps

YSN(V;Wl,WQ) Ve SN(V; Wi, W2) — (SN(V; W17W2))[[x;$_1“

URQwW YSN(V§W17W2)(U’7 T)w
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and

Vo : Wi ® Sy(Gy(Wa)) — 2" (Sy(V; Wi, Wa)) [z, 2] [log ]
way @we) = Nl(wa), 2)we).

By construction, these operators satisfy the lower truncation property, the identity prop-
erty for Ys,(v.wy,ws), the commutator formula for Ys, «v,w, ws) and for Ys, (v.w, wy), Vi and
Yoy (anme)), the associator formula for Y (qyws)) and for Ys vw, wy), Vi and Ys Gy ws))s
the L(—1)-derivative property for Ys, (v.w, w,) and for ), and the 2O _conjugation property
for Ys, (v.w, we) and for V.

Theorem 6.5. Let Wi and Wy be lower-bounded generalized V -modules. Assume that there
exist hy, hy € C such that Wi = [[,cp, 1 z(Wi)p and Wy = 1, ¢, 12(Wa)im) and that there
exist ki, ke € Z, such that the L(0)-block sizes of W1 and Wy are less than ki and ks,
respectively. Let hy € C and ks € Z,. Then the graded space Sn(V; Wy, Ws) equipped
with vertex operator map Ys,(v,w, w) 1S a lower-bounded generalized V-module such that

Sn(Vi Wi, Wa) = [en, 2 (Sn (Vs Wi, Wa)) i) and the L(0)-block sizes of Sn(V; Wi, W) are
Sn (V;W1,W2) )

less than or equal to ks and Y, is a logarithmic intertwining operator of type (W1 S (G (W)

Proof. Since Yg, (v.w, w,) satisfies the lower truncation property, the identity prop-
erty, the commutator formula, the associator formula and the L(—1)-derivative property,
Sn(V; Wy, W) is a generalized V-module. Since ), satisfies the lower truncation property,
the commutator formula, the associator formula and the L(—1)-derivative property, ) is a
logarithmic intertwining operator of type (V[i]\.IS'(NV(gj\I;(WM//Qz)))) It is clear from the construction
and the properties above satisfied by Y, (v.w, w,) that Sy(V; Wy, W) is lower bounded,
Sn(Vi Wi, Wa) = [enz(Sn (Vi Wi, Wa))pm) and the L(0)-block sizes of Sy (V; Wi, Wa) are
less than or equal to k3. |

Now we state and prove our main result:

Theorem 6.6. Let Wy, Wy and W5 be lower-bounded generalized V-modules whose L(0)-
block sizes are bounded. Let N be a nonnegative integer such that Wy is generated by Q% (W)
and Wy and W3 are isomorphic to Sy(Gn(W2)) and Sx(Gn(W3)), respectively. Then the
map

PV, — Homa, ) (An(Wh) ®ayv) QX (Wa), Q% (Ws))
Y = p()

s a linear isomorphism.

Proof. Since Sy(Gn(W2)) and Sy (Gn(Wj)) are generated by Gy (Sn(Gn(Wa))) C
Q% (SN (Gn(WR))) and Gy (Sn(Gy(W3))) C QX (Sn(Gn(W3))), respectively, they are gen-
erated by Q% (Sn(Gn(W3))) and Q% (Sy(Gn(W3))), respectively. Since W, and W; are
isomorphic to Sy(Gn(Ws)) and Sy(Gy(W3)), respectively, Wy and W} are generated by
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Q% (Wy) and Q% (W3), respectively. By Proposition 5.8, p is injective. So we need only prove
that p is surjective. Given any element f of

Hom 4, (1) (An (W1) @y vy QX (Wa), Q) (W3)),

we want to construct an element )/ of VVngW{Z such that p(Y/) = f.

We first construct Y7 in the case that there exist h; € C for i = 1,2,3 such that
Wi = e, izl Wa = Ten,1z(Wa)pm) and Wy = T1,,ep, 4 2(Ws)pn). Since the L(0)-
block sizes of Wy, W5 and W3 are bounded, there exists positive integers ki, ks and ks such
that the L(0)-block sizes of Wy, Wy and W3 are less than ky, ko and ks, respectively. Let
h = hs — hy — hy and kg = ki + ko + k3. Then by Proposition 6.4, for the logarithmic
intertwining operator )/ that we want to construct, we have

V(way, x)we) € $hW3H$, x_l]] &) ZL‘hW3[[ZL', m_l]] logx & - P xhwg[[:r, x_l]](log m)ko_?’.

From Theorem 6.5, we have a lower-bounded generalized V-module Sy (V; Wy, Ws) such
that Sy (V; Wy, Ws) = Hneh3+z(SN<V§ W1, W3))m) and the L(0)-block sizes of Sy (V'; Wy, W)
are less than or equal to k3 and a logarithmic intertwining operator Y, of type (ViNS(NV(gﬁ (VV‘[/,QQ))))
Let S%(V; W1, Ws) be generalized V-submodule of Sy (V'; Wy, W3) generated by elements of
the form wy(n,0)we) € Sn(V; Wi, W) where wy € Wi is homogeneous, n < wt w(yy —
1 + wt we) — hg and wp) € Gy(W,) is homogeneous. Then we have a homomorphism
p: SV, Wi, Wa) — Ws of generalized V-modules defined as follows:

Using commutator formulas, we know that S%(V; W, Ws) is spanned by elements of
the form (6.33) for homogeneous u; € V, m; € Z, i = 1,...,s, homogeneous w(y € Wi,
n € —h+N, and wp) € Gy (W), satistying (6.34) and (6.35). For w(z) € Gn(Wj), we define

an element ,u’(wz?,)) € (S (V; Wy, Wa)) by

(1 (wig)), ur(ma) - - - us(ms)way (n, 0)w))
= (wE3), (YW3)m1 (Ul) T (YW3>ms (U3>Pwt w(p)+wt w(Q)—n—1f<<w(1) + ON<W1>> ® w(2))>
(6.36)

Note that the only relations among elements of form (6.33) are those given by Iy.w, w, and
Jv.w,.w,- These relations are also satisfied by elements of W3 of the form

(YW3)m1 (u1> T (YWB)ms (us)Pwt w(py+wt w(g)—n—lf((w(l) + ON(WI)) & w(2))-

Hence i/(w(s)) is well defined. More precisely, we can see that p/'(w(s) is well defined as
follows: Consider the graded subspace of Ty, ® Gy (W2) spanned by elements of the form

U (ml) T us<ms)w(1)<n7 0)w(2)

for homogeneous u; € V, m; € Z, © = 1,..., s, homogeneous w(y € Wi, n € —h + N, and
wez) € Gy(Wa), satistying (6.34) and (6.35). First, we define p/(w(3) using (6.36) to be an
element of the graded dual space of this graded subspace of Ty.y, ® Gn(W3). Then from
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the definitions of 4/'(w(y)) and Iv;w, w,, we see that p/(w(,) annihilates the intersection of
Iv,wy,w, and this graded subspace of Ty,w, ® Gn(Wa). So pi'(w(y)) is in fact an element of
the graded dual space of the graded subspace of S (V; Wi, Ws) spanned by elements of the
form
uy(my) - - ug(ms)way(n, 0)we)

for homogeneous w; € V, m; € Z, i = 1,...,s, homogeneous wny) € Wi, n € —h + N,
and we) € Gn(Wa), satisfying (6.34) and (6.35). But from the definitions of x/(w(;) and
Jvw,wy, We see that p'(wi,)) annihilates the intersection of Jy,w, w, and this graded sub-
space of S(V; Wy, W,). Thus p'(wiz)) is in fact an element of (S (V; Wy, Wa)).

By definition, we see that if w&s) is homogeneous, then p/' (wzg)) is also homogeneous and
wt i (wig)) = wt wig). Thus p'(wiy) € Gn((S%(V; Wy, Ws))') for any wis) € Gn(Ws3) and
we obtain a linear map p' : Gn(W3) — Gn((S(V; Wy, Ws))). The map 4/ is in fact a
homomorphism of A N(V)-modules, that is,

M'((levg)wt u_1(U)w£3)) = (Y(sg(v;wl,wg))’)wt u_1(U),u'(w23)),

for homogeneous u € V' and w3 € Gn(W3). But this is equivalent to

Ml((yv?/é)wt u_l(u)w@)) = ( (Osg)v(v;wl,wz))/)wt u—l(u)l/(w&))

for homogeneous u € V' and wiy) € Gn(Wj), which follows from the calculation

<M/((YW§)wt u—1(U)w23)); ur(ma) - - - us(ms)way (n, 0)wz)
= (( W3’)wt u—l(u)wéii)? (Yws )ma (1) -+ (Yo ), (us) -
Pt wiyy+wt wipy—n—1.f (W) + On(W1)) @ wz)))
= (W(g), Yy Jwt w1 () (Y by (u1) -+ (Yo ), () -
Py Wy +WE wegy—n— 1f((w 1+ On(W1)) ® (2))>
(W' (wig)), w(wt u = Dur(ma) - - us(ms)way (n, 0)wiz))
( (

= ( (%g(v;wl,WQ))/)wt u—l(u)//(w(z)) ur(ma) - ug ms)w ("70>w(2)>

for homogeneous u; € V, m; € Z, 1 = 1,..., s, homogeneous w(;y € Wi, n € —h + N, and
w2y € Gy (W), satisfying (6.34) and (6.35).

Since W3 is isomorphic to Sy(Gy(W3)), by the universal property of Sy(Gy(W3)),
we obtain a homomorphism, still denoted as p/, of generalized V-modules from W} to
(S%(V; W, Ws)), extending p' : Gy (W3) — Gn((S%(V; Wy, Ws))). The adjoint map p” of
' is a homomorphism of generalized V-modules from (S%(V; W1, Ws))” to Ws. In particu-
lar, the restriction of u” to S (V; Wy, W) is a homomorphism p of generalized V-modules
from S (V; Wy, W) to Ws.

We now define

(V) o(way)w = pp(way(n, 0)w)
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for wuy € Wi, w € Sy(Gn(W2)) and n € —h + N. Since W, is isomorphic to Sy (Gn(W2)),
we obtain maps (Y/),0(w()) : Wo — Wj for n € —h + N. Let

(V1) (wy, 2) = Z (Y no(way)a™ "

ne—h+N
In particular, for wy € Wy, wee) € W, and wé3) e Wj,
(Wgy, V) (way, Dwey) = Y (wigy, (P no(way)we)
ne—h+N

is well defined. Now we construct a logarithmic intertwining operator Y/ of type (ng ) by

1 Wa
(w(g), Y (wry, 2)wezy) = (@ Owly), (Y1) (z7HOwq), 1)z Ow)

for wy € Wi, wez) € Ws and wiy) € W (recall (5.31)).

Smce YV satisfies the commutator formula, the associative formula and the L(—1)-derivative
property, so does Y/. Thus )/ satisfies the Jacobi identity and the L(—1)-derivative prop-
erty. So it is a logarithmic intertwining operator of the desired type. It is clear from the
construction that p()/) = f.

In the general case, by Remark 3.5, Wi, W5 and Wj can all be decomposed as direct sums
of grading generalized modules W such that G y(W) are spanned by homogeneous elements
of weights h +n for n = 0,..., N. Then the logarithmic intertwining operator }/ can be
obtained by adding those intertwining operators obtained from the case discussed above. W

From Proposition 3.8 and Theorem 6.6, we obtain immediately the following result:

Corollary 6.7. Assume that there ezists a positive integer N such that the absolute value of
the difference of the lowest weights of any two irreducible V -modules is less than or equal to
N. Let Wy, Wy and W3 be grading-restricted generalized V -modules of finite lengths whose
L(0)-block sizes are bounded. Assume that Wy and W3 are equivalent to Sx(Gy(W2)) and
Sn(GN(W3)), respectively. Then the map
P Vi, — Homayw)(An(Wr) @y QO (W), QX (Ws))
Y = p)

18 a linear isomorphism. [ |
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